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Flat-Sphere Geometry. -> ae 40) 
: Szconp Paper. , l 
By Jon Exestanp.. 


2 
E, 


INTRODUCTION. 


In a paper published in American Journat or Marasmarios, Vol. XXXV," 

I have extended Lie’s Line-Sphere Geometry in 3-space to an odd-dimensional 

space in which a special self-dual element takes the place of the line in 4-space. 

Conforming to the notation of this memoir, to which we shall refer in the fol- 

‘lowing pages by the letter A, we denote the odd-dimensional space by Spa 
(n-even). The following theorem was proved (A, p. 226): 


There exist in Ta contact-transformations which transform the 

œ” flat spreads Pe S 
: . E or n—2 

a=ay tbh, e=Zoytd, [q= apah  t=1,2,-.-.4.—G-. 1) 
into the œ" spheres in S,,. These transformations are obtained by super- 
posing the inverse of the generalized Lie transformation L on the contact- 
transformations that leave the æ" flats (1) invariant. These transformations 
have the characteristic functions: l 


A, Dir Yis Dis Qis GPF Yli, LYi—LYe, Pi Pi, Pet IYr, 
EPa Ye» CY YEY EPH PPr — PRIYE EPY UY) 
ELA, EPY 22—2(GPyt-YjQj)s Er — Yr EL VAL yp 5 29, + PeXtyd; " (2). 
— QÈ kgj, P — egy LEP, + ZH yp, Tyy— VU jAy EYP 


n—2 


A WILD oc 3, so) ih. 











«<Ona Flat Spread-Sphere Geometry in Odd-Dimensional Space,” pp. 201-228. 
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© The aa of Lis: | . Ñ 
PuatiPau .. =e PyirttPa 


i +X u g= l 
7 | (Xa f x) — 1£Vi+5P; : M i+ ViP ° 
Puy —iPx F Pi iPa 
= H Spy Pua iP a 
Te Vio S (Kua iu) 14 V1i-+ SP?” an 3 
_ = (PueatiPu) (Xaai—iXa) g i=1.2.... 2T : 
Pris S 1 =e VIJA Pare ed bia J 2 


The same transformations L Gatin at2 transform the asymptotic curves on an’ 


n—2- spread Ms in Spa into the ines of curvature on the transform of M, a 
in S, 1. The differential equations of the asymptotic curves on M,_, are l 
; epee 
f i=l, 2.a 5° . 
-  dudp,».tdydq,.2=0, dq,dp,.—dp,dg,.=0, afr (£) 
T ES Eg T n— , 


z . t Pe eo 


and those of the lines of curvature on the transform are 
: ` A - a art i wa 
(d@X,+P,X,_1) dP, _2— (dX, s+ Pad Xni) dP,=0, ms i=], 2, ore ey n—3.- ` 


I 


§1. The lines that are here denoted as “asymptotic” are from the stand- 
point of the flat-sphere geometry in S,_, the analogues of asymptotic lines on a” 
ae 3-space, inasmuch as through any point on. the surface there pass l 

2 such lines, and to these correspond by the generalized Lie transformation 
a the lines of curvature on the transform.* 

"The lines of curvature on a spread M,_, in Peay are not necessarily coor- 
dinate lines of curvature in the Darboux sense. In fact, as Darboux has 
shown,t an »—2-spread has coordinate lines of curvature if and only if an 

n—I1-tuple orthogonal system exists of which the given M, is one of the‘n—1 
mutually orthogonal surfaces. If a surface has coordinate lines of curvature ~ 


*I, 8. in ‘general ; in the case of special surfaces we may have “bands” of curvature or curvature 
== epreads, in which case the transform has “bands” of asymptotic curves. Such cases we shall meet 
with in the present paper. 1: 

t Darboux, “ Leçons sur les systèmes Siegen et les coordinées curvilignes,” pp.-183-137 and 
176-162. See also a note in Comptes Rendus, Vol. CXXVIII, pp. 281-283; entitled “Sur les systèmes 

' orthogonaux,” by A. Pellet. 
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it may be shown that the coordinates X, and the direction cosines of the normal 
c; must Satisfy the generalized Olinde Rodrigue formulae 

OX, dc; N =l, 2, eaeoe n—I, 

Oey eh Ope READ asics, 
` that is, on a surface having coordinate lines of curvature: the functions 
Pis «+++, Pae are such that on a line of curvature p, the function p, only varies 
while the others remain constant. For 3-space this is always true, while for 
n>3 this condition imposes restrictions on the surface as an individual; while 
every surface in n-space has lines of curvature, not every surface is a member 
of an n-tuple orthogonal system of surfaces. 


0, 


We shall say that a spread M, , in S,_, has coordinate asymptotic lines 
whenever its transform by the transformation (3) has coordinate lines of 
curvature. i ; ; 

_ Through the researches of Darboux and others we now know a great many 
orthogonal systems in n-space, and therefore also an indefinite number of 
surfaces having coordinate lines of curvature. If in an odd space we trans- 
form these by (3). we obtain surfaces on which the corresponding lines are 
‘coordinate asymptotic lines, but since in general, to real surface-elements in 
S,-1 correspond imaginary elements in Sia this method is not always con- 
venient and sometimes even impractical, since the eliminations to be performed 
are rather complicated if the surface in S,_, is to be obtained in parametric.or 
Cartesian form. The lines of curvature being real on a real surface, the 
corresponding asymptotic lines will in general be imaginary if the transform 
is a real surface. - ` l 

§ 2. - We shall represent the tangent flat F,_, to an n—2-spread in S,_, by 
the following equation: 


(a+ By) X Fila b) Xt... +4 (an-2—Ba-t) Xpo 
+ (1-248) X,1+F=0. (5) 
the envelope of which is the spread M,_, (A, p. 208): 
l i ET 
X= (oth) x mary), 


X,=1 (2S) x 4 Sry), 
: (6) 


x = ZePa t EB FP 
-1 1+2a,8; . 
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The equations (5) may therefore be considered as the tangential equation of | 
the spread. The equations of the lines of curvature are (A, p. 204) : ZA l 


da, e dF, daß, aR ae fd Pe ere 
Ge Ga a, Oe a AN 


By_2 By— ; 
T T To T k=l, 





which may be put. in the form, writing P: for Fi and g Qı for fe ; 
dadga—s—dan-sdq a=, 1B ,dqo-2—dax—sdp,=0. ; (8) 


Tf pis +++) Pas are coordinate lines of curvature we must have 


Oa, gr an-s aq; OB; r-a . Jan-s OD, . 
2° È a 


which may be written 


8G, ; da; On: aB, tl, 2, , n 
Jo. Bow 3o. =Ma) n—2 P (10) 
ae o AE A k=l, B. 5— 
to which must also be added the n—2 conditions . | 
OF = ðu, 2 sa 
E [aia 261) “(ay 
- Pe 8 : P x 
: Expressing the conditions for the inteprability of (10) we obtain the following 


system of —— 


by the a’s and Bis: 


partial differential equations which must be satisfied 


20 dar 00 da, 30 o : i 
pE iE ee O, 12)... > 
(nn) pap Op.Opy ` Opy Ope ` Opr Oper — : £ ) 


. In the same way, expressing the condition for the integrability of (1) we are ’ 
n—2 : n—3. 
2 


Oo OD, Cay 0g, 98; A da, Oq: O: | si 


led to the system of equations: 


Ope Ope Opw Ope. Ope Opu Ope Opyt 
which by means of (10) may ie reduced to the following: 


RIA ağ, pêa Ajo oe ae By 
Aya : 13 
bf >> Ope pr T Ips Opr: x $ ( : 
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Assuming. that a F de for all values of k and k * j iape conditions are 


s Bas BB, , Bau Bo, + 
Es ap, Op, a 5 y ' ( ) 3 


If, therefore, the lines p, p,.,... ies are saccahints lines of curvature on 
M,_,, the functions «, and 8; must satisfy the conditions (12) and (13’). 
These conditions being satisfied, we shall show that F is also-a solution of = 
(12). We have from (11), í 


sy isi day REEL ƏB: +57 Far 


ath + Opy Op, © Op pr "apdor Opr +E “hin 





da 3b: da; OB; Pay = i : 
=w D(F dps IT dp, Ope: H oe t Op.Opy +24 a i 
hence 


eg @F Oy. OF diy oF Gay OB, Ba BB, 
Os An) Op: pr + Ops Ope Op, Dpr = Ày On— mw) (2% Opr Ope +E) 


+Dal a nE Fo op, Opn Opp 


l i z ƏB, OA, OB, Ody ca | 
, + Daf aa oly CBs Du as) 
i > di ( kT r) sa Os Opr pr + Opy Ope Ops dpr 


Now, if the condition of integrability (12) and (14) are satisfied, the right’ 
side of this. equation vanishes identically; hence F is a solution of (12) g.e.d. 

It may be worth while to note that the system (12) is also satisfied by the ` 
- function Zabi, d and ĝ; being: a set of pene solutions. We have then 
the following: : : 


Tumor I. If on a surface (6) the lines of curvature are coordinate 
lines, the curvilinear coordinates Oy B: must satisfy the system of diferential 


equations, 


6 Oa Wy 0 —() . (12) 


—À , 
Gala Əpðpe © Opy Op, Opr Ope — 
and also the ti relations , 
Oar ƏB: A IBN l 14 





—— 


a 
* This ahounts to assuming that the surface ©. ig an n— 2- sprend, It em Aw for all values of 
¢ and k’, the surface is one-dimensional or a curve. . 
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We shall transform the coordinates a, and 6, putting 
a+ =2y, tat Be=2ys, em s a3 Baa yns, a | ae 
i(a— pı) =2y,, i(a— b) =2y,, .. silana = yea 
The oe (10) now become i 


L Yaa i d o o, a Yu Fd n—2 
r (Peta) = cn “Ope ’ Z Op, (Pd) =a Sone en yr ore? (17) 





and the new coordinates y, are still solutions of (12). The conditions (14) 
are 


Dpr dpe 
We write (12) in the form 
go 1 OH, 30 L oH, 26, 


ye Oy Oy, — k, k’=1, 2, eee ey n—2, kk’. . (18) 











— ee el ee TE mO, - (4g) 
Opidpy = Ay Opy Op, Hy Ope Opy EY ae: 
where the H’s are defined by the equations 
p Öp (Ar— Ay) H py : (20) 
dp, $ i Ay Opr ‘ 
n—2 . n—3 - SE 
Observing that (18) expresses the 5 conditions -that the y’s, con-. 


sidered as functions of the p’s, shall form a completely orthogonal ‘system in- 
8,4, we put 
dyt+dyi+... +y s= idp + Hidi + . JHB gdp (21) 


where H,,....,H,_, satisfy the’ =" nam a conditions (Darboux, loc. cit., 


z 
' p. 165). 





z en 1 ; oH d oH , i x 
few (Aw = Joo E, dow a ae a a ml. (22) 


n—2 such functions being found, the functions Ar may be found by integrating 
‘the system (20); 5,, G, and F are then determined: by quadratures from (17) 
and (11). The systems (2); which determine the 2’s, are equivalent to a 
single system. . 

; OA, a, 1 OH, 
py Je A ”) F, H, ‘Ope ’ 


which admits of one and only one set of solutions Aa -+ Age, such - that 
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Av=hi(p,) for p= ph where pi ‘is an initial value of p, (Darboux, loc. cit., p. 350). 
We have then 


Tunorem II. The determination of a surface in S,-1 on which the lines 


of curvature are coordinate lines depends on the determination of a completely 


orthogonal system in a space S,_, of one dimension less. Such a system being 
given the corresponding surface is found by integrating the system 
Oy 
Opp: 





=— (A,—Ay) —— 20’ 
(Ay Ay) H, dpr , ( ) 
and by quadratures. — 


The first part of this theorem has been proved by Darboux* by a different 


. method, starting with the generalized Olinde Rodrigne’s formulae for n-space. 


The method used here will. be of advantage in the transformation to the 
space Dna. 

Instead of determining a system of X’s from (20° ), we may take any solu- 
tion whatever of (19). Let © be such a solution; then putting F=0 we have 
at once a surface on which the p’s are coordinate lines of curvature. In case a 


general solution of (19) can be found, and such solution always exists since 


the conditions (22) are satisfied, we obtain all the surfaces having the same 
spherical representation of the lines of curvature. 


_ APPLICATIONS. 
§3. Let H;=1. Then a= or, A, =; (P). Equations (19) are now 
k A 
Fold] 
Oprop >M (23) 


the general solution of which is 


=p pt . -Hnes 


` ĝi being a function of p, alone. Taking as particular solutions of (23) the 


n—2 independent functions y;=p; we have by integrating the system (17), 


n—2 
9) 3 


ma 





G+ Di= 2-4» i (Qe Di) =26x, i i=l, 2, E 
and integrating (11) we fnd 
“9-2 
F=229;+2c, 
1 








* Darboux, loo. cit., pp. 178-182.. 
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which shows that F is a general Dai of (23). The tangential equation of 
the surface is, therefore, a 
2p;X1+29,X,+.. oe (1—Z,3 )X, a+ 239,+20=0. (24) 
Substituting the values of the a’s in terms of the p’s in (6) we have the E 
Xaa — paat Paaa Kum — put Pu Xai. É 


X = pua $22 spi —22— ae ç 
11> 1 me Sp? 





(25) 
-2 

E E 

4 j 5 


These equations show that the surfaces have their lines of curvature plane in 
all the n—2 systems. The spherical representation of these lines are circles 
passing through the point 7,=%,==....=4%, 3-0, w,,=1, as readily appears 
from (24). The focal surface has n—2 sheets, viz.: 


Ee E =g F =E o! tipai — Eeo, i k=1,2,...., 0—2, 


where the subscript k indicates the individual sheet.* 


As a particular ` case let us put y= ae ee uty an = =i. 


Substituting in (24) and differentiating with respect to Pi» Pe-++-Pr—g IN BUC- — 
cession, we have — 


2X4 1— 2p 1 X= — (k+ 2) Prii: 2Xu—2pu Ky = — (k—2) pa » (27) 
_ Eliminating the p’s from (24) and (27) we have the cubic surface | 

n—-2 
2X, Z py 3 X: ,—(k+2) X2—4X2_, 


?—4 k(k?—4 
l Bote tA 





cy (27’) 


a special kind of cyclide which we shall study later on. 





*The equation of the focal surface may be obtained from equations (19) A, p. 207, by introducing 
the variables Y, instead of the a’s and p’s. We obtain the following: 





i = _ 1—3 F 
i= ee a » Jaa pe a > g UPI y » i k=l, 2,. n n—?, 
where ¢, is a root of the equation i 
E - Pu-—-o Pu». seres Pin-s 
Pn Perf... Pra-a 


Wire dcaie E `~ fo. (28) 
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Let "H be of the form a h being a function of the p’s. Darboux has 


shown * that h must be of the form 

a(pitpit+ ....-+p2 2) +209, + 2asp2t ..-. +4, 2A, tb, 
where the coefficients satisfy the relation Sa?=ab. The coordinates y; expressed 
in terms of the 9’s are: 








ay Oy—2 
fı + ‘a Pa F a 


yı = h peee a (28) ` 


The differential equations for determining the A’s are 


l Dhr — 2 (Ar— Aw) (apu tar) : 
Opy B h A ` i 
the general integral of which is 


n-2 n—2 
A= hoy —2 2 Q; (ap;+4,) +24 z Qi;. 





integrating the systems (17) and (19) we find that F is of the form F= a f 


a result which might also have been obtained by ene the system of 
differential equations 


: 06 i 2 (apy ay) al 2 (apt a) 20 =0 
OpiOpw ho Op h Opy 


of which the y’s are parionas solutions. The tangential equation of the 


surface is -~ - 


2(o.+ NX +2( pet BYR. +(h— 2 )X1t229,=0, (24) 


from which it appears that no new surfaces are obtained, since (24) may be 
transformed into (24’) by taking as new p’s linear functions of the old such 
that p; =— (api -+ u). It may also be opsenved that the equations (28) define 
an inversion in the space Spe. 


. $4. Surfaces whose Lines of Curvature are Plane in all Systems. 


The surfaces thus far obtained are not the only ones having their lines of 
curvature plane in all the n—2 systems. The spherical representation of the 
lines of curvature of such surfaces must consist of an n—2-fold orthogonal 
system of circles on the sphere. The orthogonal system corresponding to the 
lines of curvature on the surface (23) is a special one, the circles lying in n—2 





* Darboux, loc, oit., pp. 166-168. 


to 
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systems of planes which meet at 4=%,=....=%,.=0, 2,_,;=1 and all the 
cireles of any one system being tangent to each other at this point. The n—2 
lines of intersection of the planes of the n—2 systems are parallel to the 
coordinate axes £y, %,...., Zaz and perpendicular to the z,_, axis. We may 
obtain a general system in the following manner: We pass an n—r-fold system 
_of (r—1)-flats through a point on the z,_,-axis at a distance from the origin =a, 
all the flats of the system having as common axis the flat y.=—a,=—....=a%,_,=0, 
%,4=24. We also pass an r—2-fold system of (n—r+1)-flats through a point 


on the ©, 7-axis at a distance = from the origin, the common axis being the 


flat GSO se 0s Sy = 


systems of flats will determine on the sphere an n—2-fold orthogonal system 
of circles. This proposition is an extension to -space of an analogous one 
for 3-space. If a=1 we get the spherical representation of lines of curvature 
of the surfaces (24), and: for a=0 the system is analogous to that of meridians 
and circles of latitude on a sphere in 3-space. l 

~ We express the coordinates a, of the sphere in terms of the curvilinear 
coordinates 6, as follows: 


V 1— a’ sin 6,9 sin Onr- eee sin 6, sin 6, 








nera 1-a sin 6,_, co8,_, 
_ V1i— a’ sin O, sin 6,_,.... sin 6, cos a 
a © 1+a sin 6,_, cos 6,_, 
oy Fee Dass £oi ee ere oer areas ; 
foes V1— a’ sin 6,_, sin 6,_, cos Opra ai: 
re 1+a sin 6,_, cos Opr : (29) 
‘ __ Vi-— a? cos Ops COS Onyi- è- -COS Ons 
Sa 1+a sin 6,_, cos Opr i 
E AA E a A ss 
V1i— a’ cos i sin 6,444 , a+ cos 6,_, Bin Opo 
La = 2 Cy 








1+a sin 6,_, cos 6,_, ~ 1+ asin 6,_, cos Opr’ 


from which it is easily verified that Sv?=1. In order to prove that the system 
is orthogonal we need only calculate the linear element do. A rather long, 
but not inherently difficult calculation will show that this element is 


dot=E,d@ + E,dG+.... +E A + Eneda 
Oe +... Ensas tEn dha, (80) 


7 . We shall prove that these two 


~ 
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where the H’s have the following values: 





E= (1—a?) sin®6,_, sin), _,... .sin*6, 
1™ > (1+a sin 6,_, cos 6,_,)? i 
B= (1—a?) sinô, sin?6,_,....sin®6; : 
a (1+a sin 6,_, cos 6,_,)? 3 
— 78) aint ” pn 2 
E (1—a?) sin’6,_. Bue (1—a’) cos’6,_» 








== (IF a sin 6,003 0)?’ (Ta sind, 008 b )™ | (31) 


- _ (1—a?) cos*6,_, cos n rr 














Eiras (1+ a sin Ope COSp) p3 p] e.s. .».nsgerz oto ts s»sabat ea owrolw[lnd 3 
n= (1—a*) cos*6,_, cos*6,_,41-.. C08", _4 
ae (1+a sin 6,_, cos,_,)? i 
Aa 
Ts (1—a’) 


(1+a sin bpo cos 6,_,)* ` 


That the curves 0; are circles appears from the following systems of equations 
deduced from (29): 


1 sin6,_,....sin 6, sin}, 





= Ss Ea — a 
wy Vi—a@ cos = ( a—l ), 
ree RANE scant whos MUN ea tae irene 
1 sin bp, cos Opri 
Upp ee (G2), 
Vi—a cos ze 
ae 32 
a cos 6, 2 COS O,_.41--- -CO8 Ops 1 (32) 
Car+ 5 Vig” Paa gA 
E A E EE ones ; 
a cos Ope BIN Opry 1 
aaa eae aaa 


and that the geometrical construction given at the beginning of this section is 
‘correct appears at once from these equations. 


Since the coordinates y; in terms of the 2’s are given by the formulae: 


wy Tra ZY; . 1— Ey} 


otha! Tee? ips Tee OB) 


we have 
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_ Vi— æ sin 6,_, Bin 6,_, - Sin 6 sin h. 
Nn=-TFa 1+ cos,_, sin 6,_» 
am V1i—a? sin 0,_, sin 0,_,... .cos 6, 
h=- Ipa 1+ c0s6,_,8in ha 


V1i—a’ sin 6,_, sin On, cos 6,_,-4 





, 








oa l+ . 1+ cos,_, Sin 6, 
1 KE Vi a? cos 0 n—2 COS Oare COB ns i (34) 
Yury = 1+a 1+ cos 6,_, Bin Oe 


_ Vi—a’ cos 6,_, sin bs 
fa lta 1+ cos 0, 8in 6,5’ 
2(a+cos 6,_, sin One) 








t ee 
ie = (1+) (1+ cos 6,_, sin On)” 
2  (a+1)(1 + cos 6,_, sin One) 
i +sy 1+a cos 6,_, sin Opo 
I pee: 
The coordinates y, satisfy the following system of ao differential 
equations: 
OD a = 
aan ote BE. =), (k, k =1, 2, ...., M—7r—l1), 
EA ap _ OPE: 
00,00, — tan by 35 =0, (k, k =n—r+1, see +) %—T), 
Fo cot 6,_,+ cse 6,_, Bin 9,2 Op E E eer eee 


30,30,  1+cos6,,sin6,, 00; 


ap =, k =], 2, ...., n—r—i } 
, h=n—r+l1,....,"—3)’ 











30,00, 
T 35) 
p — ths .— O$ 0p a, SAS ( K 
06,06,_, j 1+ cos, sin 0,» 00, =0, (k=n—r+1,....,%—3), 
Op cot 6,» - ap = B 
309p es cos 6,_, SN Ope 30; =0, (k=1, 2, toe ay A r+1), 
ap tan 0, + CO8 6,_,5€00,29p _ TERR = 
ao Wee aint Oe EE 
ao sin 0na sin Ôn dp . cot A, 's eo =0. bob 





20,-,00,-2 1+ c08,_,8in 9,» OOpa ~~ 1+ cos6,_,8in6,_.00,_, 


The general solution of this system is 


50, VE,(1+5y3) i (36) 


a 1+ cos 0, sin 6,2’ 
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where ®, is a function of 6; alone and the E’s have the sales given in (81). 
The sutface is therefore the envelope of the flats 


BY, Xt YAK t -o o o F Yn Agr F Yno Anra to oes 
+ (1—Sy?) X= (1+2) 5b, VE. (37) 
For any constant value of r all the surfaces obtained by putting for ©, arbi- 
trary functions of 6; have the same spherical representation of their lines of 
curvature. Since r can have any value from 3 to n—1 there will be n—3 
different types. To these types must also be added the type (24) correspond- 

ing to a=1 obtained in §3, viz.: 

2p Xa 2pgXet os. . + Paar Aart o ooo H (1—2 pj) X,1+229,4 2¢=0. (24) 
The surfaces (a7 ) may be considered as the envelope of the radical flats 

of the two spheres: ; 


TXH cot 0,2 cos bpa. Ke COB Ôn Xnr H 
i 2a es 
Vi-a@ 
+2@,_,cot 6, .-...cos0, 4+.... a 2Pp—r+2 COË Ope CO8 Opry |. 
+2@,_,,100t Oaa tH O, (38) 
Sx -28in§,_,....sin6,X,—....—2sin6,_,cos 6,_,.:%,, 


t _ 2cos0 
-= Va = —2,_,— 20,1 sin Oa — 


— Via 
—2q@, sin fe ...8in +C, 


+ 2 cot 6,2 sin Orra t at 





X, = 2P,_, CBC Ope 


the centres of which lie respectively on the hyperboloid óf revolution 





2 
BR es Ae See ey E ns ent SG) 





1—a . 
and on the ellipsoid 
Sx =1, X41 =0, see -3 Xa =0. (40) 


' = 
These quadrics are focal, the vertex of one passing through the focus of the 


other. They are, Moreover, perpendicular to each pune having the X,_,-axis 
in common.* 





* The two spaces in which the quadrics are immersed exhibit the maximum of perpendicularity ` 





rt ; See Schoute, af ehrdimensionale Geometrie, 1. Theil, p. 49, 
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The surfaces (24) may, also be considered as the envelope of the two 
spheres ° 


a) IXH.. e Hp Kart (1—2 E pi) Key 
‘3 =—4g,—.. —49,-+0— 26, 
b) EXI— 49, Xe ri. e App 2 Xp a a2 Fx, 
=4, it... +40, .+C-+4 2c, 


the centres of which lie on the paraboloids 


(41) 





2X,,4=2— F > X=0; (i=n—r+1,...., n—2), 
(42) 


2X1 =2— =H, X,=0; (i=1, re E 


§5. The Generalized Dupin Cyclides in So. 


; ka 
If in (37) we put =P, =p; =... . =P, ,;=0, Peamine a R (A 


C O: E T, a Via and then derive the envelope 





of the resulting flat in the usual way we get the surface in the following 
parametric form: 
sin @,_,....8in 0 sin @,(1—kV1 Wein by) 
1+asin 6,_, cos 6,_, 
sin 6,_,....8in 6, cos 0, (1—% VI — a’ sin One) 
1+asin ĝa cos 6,_, 


X= 





sin 6,_,cos 6,_,_;(1—kV1—a? sin pe) 




















Ka 1 +a sin 6,_, CO8 6,_, i PETS (43) 
x Sa ens 6,2 CO8 0, ,41-...008 0, (G COS On HAVL — a?) 
pre st 1+ asin 6,_,cos6,_, , 
ARG tN Rs ae GaN eka! Steen eee ee ee a a aden Mad ; 
x. _ 098 6,2 Bin Ons (0 COB 0,_,+4V1—a?) 
Iarr 1 +a sin 6,_,c0s 6,_, i 
P Vi— a _ ACOS 6,,-+kV1— a k 


a 1+asin 0,_,c08 9,_, a 


Eliminating the parameters ‘6, we obtain the quartic surface 


` aa’) [StH —1y'=4 G (X+ ty aa) (2 x |; (44) 
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which, as we shall prove, is a generalization of the Dupin cyclide of ordinary 
space. dhe focal sheets of the surface are given by the formulae 
X=X + Rit, 


where R, are the n— 2 principal radii of curvature calculated from the equa- 
tions of Olinde Rodrigue: 


ox, fim eee 
36, +R op D oer 


where x, have the values given in (29). Although a general surface (37) will 
have n—2 different focal sheets, in the case of the surface (43) it is found 
that only two focal sheets ewist, viz., 








a) XX+. ra =1, X;,=0, t=n—r+1,....,n—2, 
1—a 
x (45) 
b) Xar HXi H -eo H Xk = =—l1, X;=0, 
age t==1, 2,....,n—r, 


` a pair of focal quadrics, of which one is an ellipsoid immersed in the space 








Agi Ae TE . =X, =0, and the other a hyperboloid immersed in the 

space X,—X,=....=X,_,=0. If in (38) we put =,=... SO, 0, 
ak —k 

Pp = 1 Tr pare cos Ge, ) Pary = e.’ T Bm 0, Pr = — Vica and 


C=1-+#, we have the two spheres, 


a) 2X7+2 cot 6, ¢00s6, 41... C089, sXq pit... 
1 

















: 2a csch, 2k 
+2cot6, 5in0 0n r41 Xna H = Ta K- =14+R— aes Oa 
b) >Xj—2 sin 6,_,....sin@,X,—....—2sin ki cos Oparia (46) 
2 cos 6 
ns =p oe =1+h—2 afi - COŞ 6, | ; 
Vie us —@ 
the radii R, and R, of which are 
6 
R= + | et], R= +| oes = 00 i k|, 
= ELV a ET 


- from which we derive 


R+ R= s| taoil 0a +a cos salaja D. (47) 
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- Hence, the surface (43) is the envelope of two ‘sets of spheres that touch, and 


whose centres lie respectively on the ellipsoid (45a) and kyperboloid - (45b). 
The surface is thus a generalization of the Dupin cyclide in ordinary space. 
If k varies we- get parallel cyclides as appears from (47 ). 

l If we give to r in (43) the successive values .3, 4, weep N— —1 we obtain 


n—3 different types of cyclides.* Thus, if n= 3 the focal hyperboloid- becomes 


a hyperbola lying in the plane X,=X,=.... =X,~=0, while the ellipsoid is 


n--3 dimensional and is immersed in the space X -2=0. If S, isan odd 
EA n —2 
space, and r= ate the focal quadrics are of the same dimension = ine 


the pamatot of the ‘corresponding cyclide is l 


(1—4) [5X}— pe 1]? a 


l safe at y-a- a’) (Eee FX) |. g l 


$6. We shall next dans the irog of eyclides for whieh: a=1. In(24)we -~ 





k k—2., : 
j put ġ;= are fi, i=1, 2, T, Parr = 4 pisces k=], ay sey r—2, 
o=4 , and obtain the surface i in Mee following parametric form: 
—2pXe vt (k+-2)p,=0, ated, 2, te Lahey n—", f 
aM Ree ann (k— —2) Pr-r+=0, k=1, 2, seo ey r—2, 
Wrote a k2 S a ko i : 49 
A a > ø + 9 „2 ome D on . : ( i ) 
Aran 
3 a~1 1+2p? $ 


or, in Cartesian form, 


7 a (EHH —(k— 2) Sx 
Tita Ss x n+ HED =0. ` (49) 
seer 2 ey ey g : 





u. t 2 do not differ essentially from those for which r < EE 


*The types for which r> 





` . focal ellipsoid and hyperboloid ae interchange. We need therefore a Conpider only the aches of. 


eae 





type rz 


., and. 


n + cae the 
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ke 
The a sets of spheres (41) are, puitiag C= T? 


n—i 


2 Xp. Boge Sareea (1— —2 = =e) 


es k 
a—i pe (50) 
2 X; E cae -- —49,-9X, Se (1— F ‘ae 
=(b-9) 3 ftg + 
and the radii are, respectively : 
R=+4(1+2Ep—4), B= +4 (1+2'S pih). (51) 


‘ R+R= + (14+ p5 E = Distance between the centres. 
1 


Hence, the cyclide of the third order is the envelope of two sets of spheres 
that touch, and whose centres lie respectively on two focal paraboloids of 
revolution whose equations are 


R-2 ` 
4X,it2= 2 Xi, X,=X,=X,_,=0, 


ge - (52) 
4X, —2=— z Xi, Xue = Xnr = ses =X,_.=0. 
i -r 
If r=3, one paraboloid is one-dimensional, i. e., a parabola, while the other is 
of dimension n—3. If S,_, is an odd space and r= a both paraboloids 


are of the same dimension, viz. >: 
r=3,...., n=] in succession in (49) have the same spherical representation, 
while in the case-of the hyperbolic-elliptic types we get a different orthogonal 
system of circles on the Gaussian sphere for each value of r.* If k varies we 


have a system of parallel cyclides as before. 


All the cyclides obtained by putting 








*Schoute in his Mehrdimensionale Geometrie, II. Theil, pp. 316-320, has by a synthetic method bor- 
rowed from 3-space, derived the type for which =n — 1, é.¢., where the focal quadrics are an ellipse and a 
hyperboloid of revolution of »—3 dimensions. That this method leads to the n-dimensional generaliza- 
tion of Dupin’s cyclide in the sense that we get all such cyclides is, however, not true, although the 
opposite might be inferred from the author’s statement. On p. 320 the author mentions the existence of 
. _ two families of spheres of the general nature considered above, but does not consider their envelope. The 
- guthor’s reference to a short article in Verslagen der Akademie von Amsterdam, vom Februar 1905, I have 
not been able to look up. 


3 
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$7. Some Geometrical Properties of the Cyclides in General Space. 


The loci on the cyclide where the radii of the two sets of spheres equal 
zero will be spreads of double points on the surface. We obtain these point- 
coe by eguale R, and R, to zero giving 


k 
D Vi-—at. 
Substituting the values of cot Ôp and esc 6,_. in (43) and eliminating the 
remaining parameters 6,, we get an r—3-dimensional sphere whose equations 
are 


ese GC. k, V 1— a 2, cos = 


k n—2 i 
X,—X,.=....=X,_,=0, E Xj=k(1—¢)—1l, X,1=—ka, (58) 
n—r+1 
all the points of which must be considered as centres of null-spheres. Again, 
substituting the values of cos 6,_, and sin 6,_, in (43) we get a second locus of 
double points, viz.: 


nr 2k? (1—a? M ; k 
3 X= a Reig ine ea, tee 


_ (54) 
(53) lies on the focal hyperboloid H,_, and (54) on the focal ellipsoid E,_,. 
We shall denote these spheres by E, and %,_,,, and the two systems of 
spheres by S, and.S,, the spheres S, having their centres on H,_,, and the 
spheres S, on E,_,. Since all the point-spheres having their centres on $, 
are tangents to all the spheres S,, their centres must belong to these spheres, 
hence all the spheres S, pass through the locus S,_,; similarly all spheres S, 
pass through the locus 2, _,,,;. We may therefore say that the quartic cyclhides 
in Sa ts the envelope of spheres having their centres on the ellipsoid En, and 
passing through the sphere-locus E, on H,_s; or, it is the envelope of spheres 
having their centres on the hyperboloid Hs and passing through the sphere- 
locus Z, on the ellipsoid E,_,. 
Consider the flat 


Uy Xy HuK + reese Fg aXn1 + P=; (55) 
the condition that it shall be tangent to H, and H,_, are 


nr n—2 a 
2 ur H Ia ua =p, -2 “ + T ut_,—=p*, (56) 


n—t 
from which it follows that we must have Z uj=0, which means that the flat is. 
1 . 


isotropic. Introducing.in (55) the parameters 


UDP, ey Unpas Unel Epi naill Hpi), 
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we obtain the atate 
® i ‘ 
2p.Xi+-2peXet.... + (L— Ep) Xp oti(L+3p)X.tp=0. (57) 


“where p has the value , 
= n—r Ce Bye e 





The equations of the “developable ” surface obtained by lereng the p’s vary 
are as follows: 


_ Dip, 2a'p, E 7 
x= 1+5 Xat p(i—a)’ (i=1, 2,....,"—r), 
xX.= o —2ip + ER a (i=n—r+1 Chik n—3) (58) 
' 1+ 9; Xaa p(i—a’)’ , ’ 
i(1— Epi) 1—3pi 
Xna =— 1+2¢ Xat p(1—a?) > 


In a former paper * we have studied isotropic complexes of which (58) is 
a special case. Since the complex contains o** isotropic lines we shall denote 
it by the symbol A,_,. By a theorem proved in A. I., p. 207, we know that it 
has a focal surface which is the envelope of the œ” isotropic 2-spreads con- 
tained in it, and that this focal surface has in general »—3 sheets. The edges 
of regression on the surface are minimal curves satisfying a certain system of. 
differential equations. In the special case of (58) it may be proved that there 
are only three sheets; in fact, the determinant equation (13), p. 205, 1.c., which 
determines the number of sheets, reduces to the simple form 


i 
oe n—r—1 DER r—3 ARIY, oa, 1 T 
(eA) (s—B) a—A p*(1—a®) =0, 


2 — z 
dat 20430 p Ut 


p = p(i—a*) ’ p(1—a’*) 


Substituting the values of ¢ in equations (60), footnote, we obtain the three 
focal sheets, two of which are seen to be precisely the focal quadrics H, and 


(59) . 


where 





* A, §§1-5 where the formulae developed are true for any space, even or odd, if instead of the 
parameters a; and 8, we use p; (see IT, §1, of this paper). The equation determining the focal sheets 
becomes the ane (26), note, when written of order n—3. The equations of the focal sheets take the 
form: 


1—Zp* 
xX, = a —$, o ort P sippe, 


(60) 
14% =, ee n3 
Z= =e Eg ~ give ss zh a " } | 


t 
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E,_,- The surface of reference of A,_, is the imaginary ellipsoid in ie space 
Brt i i 

(1—8) "S 2 

se sx- —a*) T Xi+1=0, X ae (61) 


a—r—l 


obtained by putting X,,—0 in (58). We have thus proved the 


Trrorem. The tangent n—2-flats common to the two focal quadrics H,_s 
-and E,_, generate an isotropic complex A,_, which has H,_, and E,_, for 
two of its three focal sheets and the imaginary quadric (61) for surface of 
reference, ' : - 


We shall now return to the study of the quartic avalie (44). Any 


straight line BA joining a point 4 on E, to a point B on Ep, is an isotropic 
line. In fact, from (53) an (54) we find that the distance is: 


k(1—aè} i 
T | oe A 
p= Vea caps 14+ SEO) 4 (a —) =0. 
The œ" isotropic lines generate a locus D,_, which is the. intersection of the 
quadric E - 


ari k == F 
By atak], E S X= paan # (1—a®) a’) [x t= |=0. (62) 


If we substitute the values of = X? and S xX from these equations in (44) 


n—=r+l 
we find that it is identically satisfied, hence the w*~ isotropic lines AB lie on 
the cyclide. But they also belong to the isotropic complex A,_;, hence 


n—r 


z X= 


Turorem. The quartic cyclides in S, is inscribed in the isotropic com- 
plex A-s, the locus of contact being ane intersection of two quadric cylinders 
(62). 

Since the lines AB are lines of contact between the point-spheres on S, 
and X, and the cyclides, they are lines of curvature. 

Consider any two points Á and B on Ens and =,_,,. The two tangent 

flats to H,_, and E, at A and B respectively intersect the X,_,-axis in a point 
C whose coordinates are: 


| X=, = e.. ee X= —* 


ce —a’)” 
The sphere having its centre at this point and radius equal to CB (or oa) is 
[l1—P(1—a*) ] [a— k (1—a")] 
2 ac 
ZX + [z+ as] e i? (1—a?*)? . ’ (63) 


*r, and r, in these equations are the radii of the aphefesa (63) and (64). 
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which, as is easily seen from equations (53) and (54), contains the loci of 
double points „s and S,_,,. But the isotropic line BA is normal to the 
radius CB (or CA), and, since it is isotropic, it must lie on the sphere. Hence, 
the sphere (64) is tangent to the cyclide along the o*‘ isotropic lines AB. 
We shall call this sphere the principal sphere.* 

The point-spheres on ©, , intersect the space in which is immersed the focal 
hyperboloid H, in an ‘r—2-dimensional sphere K, whose equations are: 


nem i 2 ae ee 
= X+ A saua, X,=0, i=1,2, ....,n—r, (64) 
n=r+1 


which is tangent to H,_, along 3,3. In the same way, the point-spheres 
having their centres on =,_,.,, intersect the space in which is immersed the 
focal ellipsoid #,_, in a sphere K,_, of n—r dimensions whose equations are: 


TX- (Xatha)t= 1—k (1—8), X,=0, t=n—r+1,....,n—2, (65) 


and this sphere is tangent to the focal ellipsoid E„—, along ,_,.,. The proof 
being very simple need not be given here. We shall call the spheres K,_, and 
© K, the focal loci of the cyclide.* The focal loci are normal to the principal 
sphere as may easily be proved from equations (63), (64) and (65). 
We have seen that all the spheres S, having their centres on the focal 
ellipsoid #,_, pass through =,_, and that all the spheres S, having their centres 
on H,_, pass through =, _,,. Consider now a cone with vertex at any point A 
"on X, and passing through the ellipsoid-H,_,. This cone is a cone of reyo- 
lution whose axis is a tangent to the hyperboloid at -4, which, as we have seen, 
passes through the centre C of the principal sphere. In fact, we prove that 
the radii of the spheres S, which meet at 4, make a constant angle with this 
_ tangent. .The direction-cosines of any line PA, where P is any point on E 
are: 


Rer) 


a Xp e eu Die Xat, 

PA’ PA’ PA?’ PA ~' PA ’ PA f 
where Xi, X,, ...., X,_,X,-1 are the coordinates of the point P on the ellip- 
soid, and Xar e Anas Xp those ofa point on $3. Again, the direc- 

tion-cosines of the lappent to the hyperboloid at A are: 
1 
= S z. -di-l 
O; Oaea 0 Arcos Kr | Zema 








-CA °? CA? CA 





*In adopting the above nomenclature we have followed the analogous one used by Darboux, Leçons 
sur les- systémes orthogonatia, p. 489. $ 


e 
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The distances PA and CA are: 
pate sets trh CA=a{ HPO Ai ha) 








Vi-a@ k(i—a’) } 
and the cosine of the angle between therë two lines is found to be 
POALI | 
cos a= vea da = const. 


Vk (1—a*)—a* 
In the same way we may prove that the cosine of the angle between the lines 
P’B and CB where P’ is any point on H,_, and B a point on E1, 18 constant - 


and equal to 
Va— k (1— aè) 








C08 @ = = sec o = const. 
V1— #(1—a’) 
and, since w’ = 5 —a', where a’ is the angle between the spheres S, having its 
centre at P’ and the focal locus K,_,, we have X 
iVi—ae © 


sin o’ = cos of = — n, 
Vk(1—a)—1 
Hence, if w is a real angle, w’ is imaginary and vice versa. We may now state 
the result in the following 

Tarorzm. A general cyclide of Dupin of the fourth order in S,_, is the 
envelope of spheres whose centres lie on an ellipsoid of revolution E,_, and 
which intersect a fixed r—2-dimenstonal sphere K,_, at a fized angle a. It is 
also the envelope of spheres whose centres lie on a hyperboloid H., and 
which intersect an n—r-dimenstonal sphere K,_, at a constant angle a’. 

It remains ito discuss the nature of the loci of double points on the cyclide. © 
For real cyclides the equation of the principal sphere 


Fe ee aaa] 
1a PUAPII Paa). 





2 
EX X,t k(1— aoa |= =z a 
k (1—a’*) 
is also real. Let the centre on the X,_j-axis — ero) be inside the ellipsoid 


and between the two sheets of the hyperboloid. %,_; is then real, the focal 
locus K,_, is then imaginary and K,_, is real, as is also the principal sphere. 
The sphere S,_, is imaginary and the cyclide hag one real locus of double 
points only. 
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Let the centre C be between the foci of the hyperboloid and the ellipsoid. 
The prinċipal sphere is imaginary, since the two factors in the numerator of 
R’ have opposite signs. The focal spheres K, and K,_, are real since 
k’ (1—a’*) —a? is positive. The cyclide has no real double locus. 

Finally, when the centre C is outside of the ellipsoid, the principal sphere 
is again real while >, ,is imaginary. The sphere 2, _,, is real and the cyclide 
has one real locus of double points. - 


§8. Transformations. 


If we transform the cyclide by an inversion whose pole is on one of the 
focal loci, say K,_,, it is transformed into a torus. ` In fact, the focal sphere 
K, is transformed into an r—2-flat, and the spheres ©, which, as may easily 
be proved, intersects K,_, orthogonally are transformed into spheres whose 
centres lie on this flat.* The transform of the cyclide is therefore the envelope 
of spheres whose centres lie on the r—2-flat and touch a given sphere, namely 
a transform of one of the spheres 8,. By revolving this latter sphere about 
the flat we get a torus, the transform of the cyclide. If the pole lies on the 
‘sphere K,_, this sphere is transformed into an n—r-flat and the spheres S, 
which are orthogonal to K,_,, are transformed into spheres whose centres lie 
on the n—r-flat. These spheres touch any one of the transforms of S, and the 
new surface is therefore obtained by revolving the sphere S, about the n—r-flat 
as an axis. The surface is therefore a torus. There are œ" inversions which 
transform a cyclide into a torus. If, in particular, the pole lies on the sphere 
x,-r-1 (or on Xs) we obtain a cone of revolution. There are therefore o*-'7! 


inversions which will transform a cyclide of type r gn into a cone of 


revolution. 

Since the cyclide has only two focal sheets, the determinant in $3, note, 
has only two roots, o, and o,, of multiplicity r—2 and n—r, respectively. 
There exist, therefore, corresponding to Rœ” principal directions on the 
surface which lie in a space S,_,; and corresponding to R, there are «7? 
principal directions lying in a space S,_,.t Thus we found that from any’ 
point 4 on the locus of double points ,_, pass œ" isotropic lines forming 
an isotropic cone of revolution whose elements are lines of curvature. Through 
any point P not on È, or =,_,, pass two pencils of o*** and œ? circles, 
respectively. The circles through P generate two spherical spaces S,_, and 





* Aa a consequence we have a new mode of generation: a cyclide of the fourth order is generated in 
two ways by spheres whose centres lie on a hyperboloid of revolution H.a (or an ellipsoid of revolution 
Par) and which intersect a sphere K,.. (or Ky) at right angles. 

+See Bianchi, Lesioni, Vol. I, p. 368. Seconda edizione. 
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Wes which intersect at right angles, as may easily be proved by transforming. 


the cyclide into a cone of revolution. ° 
We consider two special cases. If k=0, X, is the imaginary sphere 
S Bot X=... . =X, -=X,1=0 and Se becomes the unit sphere 
i 


= 5 X=, A E ....2=X,_,=0. The cyclide is symmetrical with 


A to all the coordinate planes. 
If £, is the null-sphere whose centre is on the vertex of the focal 


1 
. The focal sphere K,_, becomes the point- 
Vi i j 
— Va—1 
a 





hyperboloid we have k= 


sphere and =, _,., an imaginary sphere with radius = which is im- 
mersed in the directrix-space of the focal ellipsoid. 

An inversion with pole on 3,_,_, or È, will transform the ceyclidé into a 
cylinder of revolution. The cyclide will have a single real double locus in finite . 
space as in the general case. 


§9. Cychdes of the Third Order. 


Tf a=1 we have a type of cyclides of the third order, the parabolic type,. 
. obtained in §6 (49’). The locus of point-spheres on the surface are gotten 
by equating to zero the radii of the two sets of ae (50) which we shall 
denote by S,, and S,,. We have then 


1+2 = =k, 1+2 F p= —tk. (66) 


Substituting in equations (50) we have the two point-spheres 


n—r—1 


a—r—l1 k+1 2 n-—-2 9—k 2 
FHL ALE pt) +S Xat 2h) 0, 





a+r n—8 i ie n~2 3 
S X+ 5 (X—2%,)*+ (X15 ood = 2): (67) 
1 | aort È 2 a—r+1 
$ % 2 
+ (X.a—- aie er 
The loci of point-spheres are therefore: J 
PLI nol 
K= — 2p, ees My p= a ie Tas N > pi, 
Epari = reee =X,=0, Xa= oO =d; ` 7 
: (68) ` 
X= EE ER =X,_,=0, Xpert = Par = eee =X,_s=2p,-3, 


X,—= ON CEEI] P, = = pis X, =l > . | 


n—r+i 
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. The linear element of the surface is 
S ds*==b,d6,, 
where the b’s have the values: 


l by = [sin 6, trs sin Onpa HSin 6,. . .sin b rnr ] 
fo tht DO +O, | 
bo =[sing,....s8in 6,_,, -o+s8in bg... . Bin 9, .s%,—7 | 


. pee raara, 
ae ee esop eseese tetsorena‘’l d’ ma feet at a a fete. a E 0) e + (75) 





b, -s= [cos 0,4... -COS ea .. COS n ee een 


pas a ee cee 
b,2».= n2 F n—2 i 


from which it is seen that the lines 6,—c,, =, ...., 9, 3:=C,—-3 are geodetic. 

The moulding surfaces (74) have certain geometric properties which we 
shall now discuss.* There are n—3 types of these surfaces obtained by giving 
to r the successive values 3, 4, ...., n—l; however, these types are not dis- 
tinct, in fact, the types for which r= and r=n—k-+2 will not yield essen- 
tially different surfaces as is seen from equations (72) and (74). If nis odd 


2 : 
Consider the surface V,_,, 


E By ae ee eee 


there are "=> distinet types, and m if n ia even. 


Ea = cos 6, sin 6, . . Bin TEA . cee Oa. -+ Vy ? (76) 

“ r © © © @ © E © © 6 © © © a a © Pe Be ew He E ee FF Fe He Hh PF Fw Te ee Fe Fe eT He +e HH a ? gi S ` - 
En = 008 G, B A Eaha > Enri = Enr = i ==), 
immersed in the space &,_,,;=....=&, .=0; it isa moulding surface of oa 


1’ =3 in a space 9,_,,,. Consider also the cylindrical surface C,_,,,; obtained 
by constructing the normals to the space S,_,,, at every point of V,_,; the 
direction cosines of these normals to V,_, lying in S,_,,; are: 

sin ĝ... sin Opp, <. 35 COSO sind, 5 0, 0). 203, 0, CO8 Opari 


and these are also the direction cosines of a normal to C,_,,; at any point of 


—__ 








* A special case of the surfaces (74) has been obtained by Umberto Sbrana in an article entitled 

“I sistemi ciclici nello spazio euclidio ad n dimensione,” Rendioonti del Circolo Matematico di Palermo, 

Tomo, XIX, pp. 258-290, The surface is one of type r=3, the only distinct type that can exist in 4-space 
pe ; 


3 > 
z =] for n= 5. 





(n= 5) since 
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the generator passing through the point 6,....6,.,. We now construct a 
surface V,_,: i 
1410088, e. -CO8 Opra t -o o +0086, sd, H Inss 
Eae = Bin Gs. > C086, ,41%,-2+ +... Bin a E Poa ` (77) 
ae =sin Onrar a F Onr a ae a C= By BESS ae) , 


which is a moulding surface in space S,_, of type 7’=3. This space has the 
maximum of perpendicularity with the space S,_,,,. 

A moulding surface V,_, in S,_; may now be constructed geometrically as 
follows: In the space S,_,,, of the ambient space S,_, we construct a moulding 
surface V,_, of type r’=3, and a cylindrical surface C,_,,; which is the locus 
of normals to S,_,,, erected at all points of Vp. We then construct a mould- 
ing surface V,_, in space S,_, which has the maximum of perpendicularity with - 
S,.41 With a convenient orientation of axes f,..4:,...., 0,1. Let this space 
take all the 0"~’ positions that are obtained by making a certain one of the 
given axes coincide with a generator of the cylinder C,_,,,, and the remaining 
y—2-axes with the r—2 oriented directions normal to C,_,,, in the point in 
which the generator meets V,_,. The surface generated will be a moulding 
surface V,... This generation may be described as a “rolling” of S,_, on the 
cylinder C,_,,,, the points of V, in S,, generating the surface V,,. A 
“moulding surface in 9,_, of type r=3 is thus generated by a plane S, rolling 
on a cylinder C,_,, the points of the curve V, in the plane generating the 
surface. Hence it follows that starting with a moulding surface in 3-space 
(with cylindrical directrix) the moulding surfaces of type 1’=3 may be 
generated in the next higher spaces up to, say, S,_,,, and S,_,, and finally Vn- 
by “rolling” the space S on the cylinder constructed with V,_, as a base. 
Sı must have maximum perpendicularity with S,_.4,. The surface generated 
by the points of V,a ts of typer. 

If in (74) we put 0, .=c, We get two nonias surfaces of type r’=3, 
one immersed in a space S(X,, Xa, ...-,X,-+, Xp), and the other in a space 
S (Xari; +++ +> Spa), both being cares varieties on V, 3. Starting with a 
moulding surface in 3-space we may construct each one of these by rolling a 
plane in which is drawn a profile-curve £,=@,, n=% over a cylindrical direc- 
- trix C, whose base is a moulding surface F; of type r’=3 in the next lower 
space; since the profile-curve is plane it will generate a set of plane lines of 
curvature on V;. The lines of curvature on V, remain lines of curvature on 
V 41 in the next higher space. But the lines of curvature 6, . are also plane on 
V2, hence they are all plane. ; a 
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The n—2 focal sheets are all distinct ; in fact, if we caleulate the values 
of the principal radii we find: 








| es Lee ee 
sin @,....8in@,_,sin 6,» sin 6,+5 
= Devin ` i aa b,-3 
Boae EES a Ba i 
cos bps cos bp—r41. - - - COS Ops COS 0,» 
Res =— V bae. 
$11. Surfaces of Revolution. 
If p =0,=.... =, =0, we get a species of surfaces of revolution in 


S,- If we introduce the are of the curve (, e= Yne; Chame 88 & new 
parameter w instead of }„—s, the equations of the surface may be written 


X, ,=sin ĝ....sin bU, ... -3 X = C08 fpr sind. U0, 
X,-141==008 8, 9... 0080, +41 J "VIZU? + cos Bsa (CORO ua a 
: +... + COB Opara Hrs, 
X,p—rpe = 81N 0, 5244008 Bria J V1i—U?+sin 0,5... .C08 0, n4sp—r42 
| . 7 Ponten estas) 


Com =sin E f V1— Uten , X, 1=C08 baU, 


generated by the moulding surface V (equations 76), turning about the 
coordinate flat X =X, =... . =X, „=X, =0 as an axis. Consider the variety 
Oar Carti +++; a= Cng, U= On the surface; it is a sphere of constant 
radius U(c) and its centre lies on the axial space X,=....=X,_,=X,_,=0. 
-Let c be fixed while 6,_,,,,...., 6,3 vary; the locus of centres is a moulding 
surface in S(X 1, -.--; X p2) of type r’=3. Any line traced on the œ: 
spheres u=c, where c has any value, is a line of curvature on the surface. 
Since Rı=R,=.... =R,- the surface has r—1 distinct focal sheets. A 
surface of revolution of type r=3 has r—1=2 distinct focal sheets.* 


$12. Transformations of the Gaussian Sphere. Orthogonal Systems. 


From equations (37) it follows that given the spherical representation 
(29) the function W =E, VE, defines all surfaces whose lines of curvature are 
plane in all systems. The function W satisfies the following system of differ- 
ential equations: 

W  dlog VE, ƏW  dlog VE, OW 


80,00 e 00 OO, <a eer en ee) 








*A surface of this kind (== 3) in 4-space has been constructed by Sbrana, loo. oit., p. 287. 
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. If now we put 


a) RAW Oat WEE (OEY Ow), 


where 6,_, denotes an arbitrary constant, we have the following application of 
a general theorem proved by Sbrana:.* 


There exists a transformation of the Gaussian sphere, into itself by means 
of which the differential form (30) is transformed into one of the form 


(=) 
-2 À 


IENS ` ob; Ed, (0,_;—arbitrary constant.) 


“| ow 
00; 
Toa point x, corresponds a point x; by means of the equations 
; ba HF 
b) rimap EE [0a HW aH (ts W), 
where 
ec). BS byes gg, ao and FAW (Oya tW)t= a 


The corresponding n—l-tuple orthogonal system has for linear element 
(Wt tea) 2 
a—2 


a 

dst =Dde=ptdh_ +25) oo, | Batt, 
. | ow 
06; 


the coordinates E; being given by the equations $ 
£,=X;+p(9, 1+ Wep (a, W), 

the symbol Y’ in (b) being equivalent to the summation 

1 Oa, OW 

E, 06, 30,” 

‘All the cyclic systems normal to the surfaces whose tangential equation is 

given by (37) may be obtained by quadrature. In particular, the cyclic 
systems normal to the surfaces (74) are gotten by integrating the equation 








* Sbrana, loo. cit., p. 227. An application to a vory special case is given on p. 282, ~ 
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where the R’s have the values given at the end of §10 and W — Xo, VE; (eq. 71). 
For the ‘general surface (37) the calculation of the R’s involves considerable 
work. 


I. > 
$1. Transformations.. Asymptotic Lines. 
Consider the »—2-spread (6), 


X, = {ort Bs) xX 


1 
n—17 3. Fit); 
i 


x eca yb (Pa Fa)» 
(79) 


LaF’, +E. PaP 
14 24,8, 


If, as was done in our former paper (A, p. 203) we consider F, Ai, Bi 
Fa, Fo, as the surface-elements of a space S,_,, the above system may be 
looked upon as a contact-transformation which carries the surface-elements of 
S, into those of §,_,. To the lines of curvature on a surface in S,_, Corre- 
spond a set of conjugate lines on the transform to which we have given the 
name Huler’s lines or H-lines. These lines have the property of being trans- 





Xa E 


formed into asymptotic lines on a surface in a space Saa by means of Euler’s 
transformation 


R=Fo, Y=Bi, Pi=— t, G=Ps,, 2=F—LaF,,. (80) 
_ These E-lines, while they have been implicitly used by several authors,” have 
never been: considered from the view-point of the theory of contact-trans- 
formations before the author’s treatment of them in an article in American 
Transactions, Vol. VI, pp. 450-471. Since Euler’s transformation applies to 
odd space the H-lines do not exist on a surface in even-dimensional space, and, 
as a consequence, the asymptotic lines exist in odd space only. 

The tangential equation of a surface in an even or odd space S,_, may be 
written as before: 


2y:X1+2y.Xet....+ (1—Xyj)X,at+F=0, (1) 
and, if S,_, is an odd space, 


(atp) Xi +i (u — b) e+ ....+ (1—2a8;)X,1+F=0, (I1) 


* Darboux, Legons, Vol. I, pp. 200-202, deuxième édition, Vol. IV, p- 171. 
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which latter form is reducible to the first by means of the transformation 
a+ b= 2, ilab) =2y2, =.,  (1—Za,8,) =1— 2y." 
The lines of curvature of the surface M,_, defined as the envelope of 
the tangent planes (II) are given by the system of differential ‘equations 
(A, p. 211), i l 




















129 n—4 
dB, Fu da, _ dFy Seep 
dan- Fs,’ dame dF a,_,’ = 
g~ Prs a Pas k=l, 2, as 
to which in the case of (I) corresponds the system 
dy, _ dF; m 
i ae i=1, 2,...., n—3, (81) 


and we have seen (§ 2) that if the lines of curvature on a surface are coordinate 
lines, the y’s, considered as functions of the p’s, must form a completely 
orthogonal system in an »—2-space, and that F is a particular or general 
solution of the system of differential equations (12). The contact-transforma- 
tion corresponding to (6) now takes the simple form: 
— (yF EF) aay _ yF, F 
X; = 1424? iF, , Xr = 1+2y? , 
which transforms spheres into paraboloids of the form: 
S F=akyj+XLby;+e. 
The Theorem II, (§ 2), is therefore true in any space, and the surfaces obtained 
by the application of the theory exist in any space, even or odd. 
If we consider an odd space S,_, and a spread F=F(a,, 8:), Theorem II 
may be stated thus: 


(82) 


If, on a surface in S,_,, a system of curves are coordinate E-lines, the 
coordinates F, a, B: satisfy the system of differential equations 


FO Iwy 00. a, 3O 
Ar— Ày) sa a a ee =I 12 
( 13 v) Op: 0p. Op, pr; Dpr dpr ’ i í a) 
n—2 : n—3 


and a;, 8; satisfy the ae aaa relations 


>~(S SB sus SBa 0, k, k’=1,2,....,n—2, 
Per Opr Pe Pr 
and the surface F is found by taking any particular or general solution of 
(12a). l 

‘If we transform to D,a, using Euler’s transformation, we have the 
following 
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Tueorem III. It on a surface in Sa a system of curves are coordinate 
asymptotic lines, the coordinates y, and p, of the surface- elements on the 
surface must satisfy the differential equations (12a) and also the —a 


relations { a Op, , oy; SPs) 9, 








Opr Op, — Op, Opr 

This theorem solves the problem of Leliewvre for general odd space. A 
system of solutions y;, p; having been found, q; and 2, may be found by quadra- 
tures and hence also z. It should be ouecnies that e—La,p; is a particular 
solution of (12a). 
l In order to find surfaces with coordinate asymptotic Tee it will be most 
convenient to find in S,_, corresponding surfaces with coordinate lines of 
curvature. The chief difficulty which we encounter is the fact, pointed out 
before, that to real elements in S,_, correspond in general imaginary elements 
in Da with the obvious result that the surface, if real in 9,_,, has often an 


imaginary transform in S.a and vice versa. If, however, we have a real 
surface in Sı, i e. if F considered as a fonietion of «,, 8;, is real, the corre- 
sponding surface in Si is real. 
§2. Consider the surfaces for which _ 
F=29;(p:) +22(po)+..-. +26,» (Pas) +2¢ 


wy 


obtained-.on p. 7. If we transform by Enuler’s transformation we get the 
qunsece L= Pr + iP, Yi= Pri F tps; 5 (83) 
z = 229, (p:) —È (pei ipai) (Pa Hipu) +2C, 
which is real if ¢,; is an even function of pz. 
a a particular case let us take a cyclide of the third order and type 


t= > = Shiained by giving to the o’s the following values: * 
k+2 k—2 , k 
zii = a7 a Pli: Qx = EDE Paz) 20= ee 


We get the real surface 
k+2 k 
v= sta E ees TA y:= ae ; z= 21% po,1Peit 3? (84) 
that is, the paraboloid nas 


1 2 
T 


* This surface diffors from (49’) only in orientation of axes. 





k 
v-key|=z- e) 
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This surface is generated in two different ways by self-dual flats correspond- 
ing to the two sets of curvature-spheres which generate its transform in S,_,. 
These flats are eats 


k— k+2 . 
T= 5 Fs. L= a Yi— Apa, 





k k (85) 
4 =22)[ pays Pa] a 3?’ z = 242 [pay~ ipu] F p 


If we introduce the parameters a;, 8, instead of the p’s in these equations we 
see that they are real flats. The asymptotic lines are to a certain extent inde- 


. terminate. In fact, the flats I and II lie entirely in the surface (84’), and 


through any point on the surface pass two flats so that any curve immersed in 
at 


either one of them is an asymptotic curve. T Econgh any point will pass œ € 


~ asymptotic directions, 


To the flat 


a,=ay,+b,, 2=Ley,+d, (86) 
corresponds a sphere (A, p. 217) J: 
2 
(z+ b,+ Pact en) +(x, 125% - A+ nett = a— a = (249) , 
244 We shall call the 


but to a seers corresponds two flats since R= + —— 


2 








flat for which R= + ard the positive correspondent and the one for which- 
p=} the negative correspondent. To point-spheres correspond flats 


for which a=—d, that is, the two correspondents coincide. Any pair of + 
and — correspondents in the same set are said to be conjugate with respect to 

the flat-complex a+d=0 (A, p. 217). Comparing now equations (51), p. 20, — 
with (85) and (86), it appears that the flats of the first set are negative corre- 
spondents, and those of the second set are positive correspondents. To the 
nodal loci on the cyclide correspond two sets of flats on the Toa (84) 


belonging to the flat-complexes a+d=0= = B +t —,and a+d=0 
k 2 
a = 
k-—2 k+2 ; 
T= mg Yt Poimi, t= dt Yi — 2192; 
- k k 
2 = 22926 Y 5 +1, 2= 2292: Y — pi =i, ~~ 


223.1 (k—1), 2%p3,= —(1+4). 
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They are the common generators of the quadric and the two cylinders, 





Š —9 2 ` 2 
(a y) =k), Batt y) =k. (88) 
If the cyclide is of type r > , we give to the ¢’s the following values: 


k+2 k—2 k—2 i=1, 
Dz = og Pio Po; = -g P» Porp = To Pères =a 


The transform of the cyclide is: 


k+2 .k—2 E A oA 
T; = g Pya Ht pays Y= Pua F Pu, i i i 
Ud, aye ee sy 





k N ; k L(g 
Prpa = 9 [Poeti F Peet] Yrs Z = iD pype- t y? (89) 


9 


= 


n—2 
9 


~ 





Eliminating the p’s we get the parabolic surface of +r dimensions 


i< Ke—4 k k 
caer [a+ 4 vi—kayy, |+ 7? Tea g Yrtes 





s=1,2,....—5-—7 (90) 


As in the preceding special case the two sets of spheres generating the 
-eyclide are transformed into two sets of flats: ; 


Ty = 5) Yit Py, 


k—2 
I Drga = 9 Yrtay 





i r . k 
2 >= 2293) 19) — 2ps- om 


k+2 : 
ip eo Yj; — ipay, 


k-+2 ‘ i 
Drp = a Yre ™ 2 (Pecar Hipecrts))» n—2 2—2 
. 3 Š Š : 
e = 2D prj—2L (pret ipaer) Yr t 2 7 pit E ona 


(i=1, 2, sey s=r +1, oy Se). 
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The flats of the first set lie entirely in the surface and may be considered as 
generating the surface, the Cartesian equation of which is obtained*by elimi- 
nating the parameters p,,. The flats of the second set intersect those of the 
first in points on the surface, hence the parametric equation (89) may be 
gotten by solving I and II for 2,, y;, and z.. 

- Since to every sphere of radius R Æ 0 correspond two flats which do not 


intersect, to every surface in S,_, correspond two surfaces in 8 a1; these are 
said to be conjugate to each other.* The conjugate of the. surface ee) is 
obtained by changing the. sign of R, and R, so that we have 


d 1 
Hl R=- Eat] B= y lt+k], 


a—d Kar. 1— 2265, a—d or 1— 220%, 
9 I — — pons 


2 > Ae Ba 








from which we have 
k k k k+2 
a= 2p Fs d=1— 7 i; a = —2 Dph — ED da= 2 , 
the conjugate surface is therefore generated by either one of the two sets of 
flats 





r= (22o uct 2Pe 1, G= — (239% F = =) Yipes 


as te 91) 
| i 2 
z = 22 pay; +1 age z = 242 p..y;— = i 
Eliminating the p’s we have the quartic surface 
` T k? = ; 
2 (tyny) —2 B wy — Dybteleth)- +——=0, (i<k), (84”) 


which intersects the quadric (84’), 7. e., its conjugate, a the null-flats of the 
first and second sets, that is, fats for which 5 


$ f 2%p3,— itil—k=0 and 20p3;+1+k=0, ae 
(equations (87) and (88)). 
If-the cyclide is of type r Æ c the ee of the surface conjugate 


to eo are 
Ela ow) — Bay kyl + e(e+k) + TE =0, 


= 2 : —2 
È (Yerba ae) Yit EY, F T9 Y=, s=1, 2, ate mR =r., 





*Also “reciprocal” in the terminology of S. Lie. 
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Since the flats of the second set do not lie on the surface (90) the null-flats of 
the stcond set will not lie on the intersection of (90) and (90’); only if 
n—2 

5 


“a 


will this be true. 


r= 





°§3. Transformation of the Cyclides of the Fourth Order. 


We write the two sets of spheres which generate the cyclide of type. 
n+2 T 


9 


= 





as follows:* 


r= 


EX? +2 cot 0,208 0p... -COB Ops Xa +... -+2 cot Opo SiN Og Xi» . 
3 z 


2a, csc 6 = 2k 
+ —— + —X,_ =14+h——=—= «seo, , 
Vi—@ i Vi —af i 
EX?—?2 sin 6,_,.....8in6,X,—....—2sin6,_,cos 6, _,X,-3 (92) 
Ea 2 EN 
2 cos On 





; k 
fics =—1 e| 1— 008 6, | 
Vina ii Vi-g €F 


Transforming we get two sets of flats, 


e=ay;+b,, | T= Y+b; 
I(a) T Mayi F 
-je =— by td, 2e=Lby,+d, 
l 1 


where a, b;, d, @, b;, d have the following values: 


aean Pat Tory ah “t= (iE 008 0,2 hy 
1— a 1 — 








dé =— {1% e808, «+h, gas Satih 








1+ a 1+ T 
b= 4 cot 6,29 is b= —gin 9,24; ’ 
i 2 
$; and v}; having the values: 

$,=008 6,....c089,_,0086, 3, i41==0080,... . COS Ôp- (48) 81ND, G42), 

2 2 
4 =sin ĝa. o sinb, i=in pa o Bin 0; cos Oia, 

2 ie 2 





(Ea ee): 


a 





* These equations differ from (46), only in’ orientation of the axis Xis e.s Ius; We also have 
put a — t in order to avoid confusing it with the parameter a in I(a) and JI (a). 
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Eliminating the 6’s from I (or IL) we obtain the quartic surface: 


n—2 n—2 r—2 
2 ÆJ i Z 
(1+2) 2 (tyr —ty:) + (Lay) & (2,—ky,)?— (1+ ay) Dy 


f + (1+) (2g—k)—1+a=0, i<k. (93) 
The conjugate surface is: 


n—2 n—2 n—2 
i 2 EE . 2 
(1—a) 2 (TY — Try) + (1+ ao) x (a+ hy)’ —(1—~ ao) 2 yi 
+(1—a) (2+k)’— (1+a) =0, (93’) 
generated by the two sets of flats: 
= f b . i =Q y. b., 
I(b) T ay, +, , II (b) Ti ayt 2 
i e=—Lby, +d, z =Lby,+d, 


where a’, d’, a’, d’ have the values 




















1—a, ae l—a 
‘— 6 ai —k, = 2 6, —hk, 
a Vites i ig a ia a 
a’ =; 1+ do esc 6, _»—k, a=) LEA cos 6,_2—k. 
1— ` l1—a T 
These two surfaces intersect along the two sets of null-flats whose equations 
are: 
ste eat k Va — (1p 
r= — agky, +i VI+ (1—ai)9,, g= y A g, 
i 0 0 
a—% 
Bee ea Vak—i (1 —a#) k 
E a?) @.4. acl 
z =— Li VI FE (I—a)py tah, 2 =— Yi Liat g 


These flats are the intersections of the quadric cylinders 
ak (1—al) 


a 


È (e+ aky) =— [1+ (1—a)], and B (a+ = y)= 
with the surface (93) or (93’). 

If the cyclide is of type r< Ve we write the two sets of generating 
spheres as follows: j 


` DX?+2 cot p—s COS Ôn—r41. + - - COB Op-3 Xet... 


+2 cot 0p: SIn Ôp —r41X 20-2) + 2ay 08C Oro X =l 4k 


Vi— a 
2% 


Vi— az 
EX?—2 sin bpr. - - . Bin 0X — 2 sin Opr. » . -CO8 Q Xe—. (94) 
—2 sin bp,- - - -CO8 Ô, _sXeqr—2)—1— 2 8in 6,_,. .. - CO8 Op- Xet) 44 
2cos6,_, 


Vi—a "7 





esc 6,_», 





o—....—2sin6,_,cos 6,_,.X,_ s— 





` Mk 
=1+ k—2 [1— o"— cosg 625 | 
Vi—a 
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The parameters b;, c;, a, d, b;, Gi, &, d of the corresponding flats are therefore: 








° b;=tcot6,_.c0s6,_,4;....C056,_, 
b,=icot6,,0080,_,,;....8inO,3,...., 
b,s=tcot fre Bin 6,43, B . 
a = E Mosc b, 1-4, ¢;=—b,, al, 2, seasg r—2, 
d == Toa ese 6,-2+k, brary ™ C24 =, 
1+ a ps n+2 _ 
i e i > ancien f 9 T, (95) 
‘bı= —sin fp... 8in0, 6,=sin6,_,....cos6,,...., 
be = — sin 6,_,. ...€0860,3, G=6,,:° i=1, 2... n r—2, 
brots = — Sin Opr.. -BiN p242, (SiN 9,940,008 0, _4,0,+4008 O54); 
C,o4,==—sin #,_,....sin O,—2+2s (SiN 8, 342,008 Ô, 4425 — 1 C08 0, -s408) 5 
a = ita cos 6,_,+k, d= ER cos 6,_,+k, 
fot SEM 1+2 
; } . 
. : B=1) 25.00 EPs, | 
The two sets of flats may then be written: 
a= aytb, 
I(c) Dy 99 cet 
2 =— Ubytd, 
z= ay. +b; z i=1, 2, ...., f —2, 
II (c) Drt = SOTA 7 D>, pan g 
z = D biyi tLe Yr td, z 


Eliminating the parameters 6, from I(c) we obtain a surface of ns +r dimen- 


sions whose equations are 
T—~2 r—2 rnd 
(1+ 4a)) x (2Y —Ty:) + (1—0) x (2;—ky;)’— (1+ ao) yi 
l + (1+a) (2—k)*—(1—a,) =0, 





T—2 (96a 
(1+) x (p45 —2Yi— Ti Yr) Yi — (1+a) (2—k) Y, ( ) 
n-+2 
+ (1—0) (Bea —hyra) =, s=, 2, Er, | 


Its conjugate, which may be obtained by changing the sign of a, and & in the 
above equations, has for equations: 


(1a) E (amy) + (1) È (2+ hy,)*— (1a) Bat 
+ (1~dy) (¢-+8)*— (14a) =0, 
(14a) È (Brt Yi: Yrs) Yi— (L— ao) (24k) Y, 452 
+ (LH ao) (45-2 bhYy, 44-2) =0. 


(96b) 
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The second sët of flats which do not lie on the surface -intersect those of the 
first in a point on the surface; the parametric equations of the surfate will 
therefore be found by solving I(c) and II(c) for 2,, y;, and z. The null-flats 
of I(c), which algo lie on the surface, form part of the intersection of the 
surface (96a, b) with its conjugate. The second set of null-flats are common 
tangent flats of the two conjugate surfaces along the remaining locus of inter- 
section in the finite part of space.. At infinity there is a common cone of 
intersection whose an are: i 
ee ` deg: 
x Gea =0, D (2, 41Y BY ry) Y=, | (97) 
1 


te Yri Uri ers-a=0, ses, u=0. 


The surface (96a) is the locus of œ? flats which intersect a family of 
ao flats. Such a locus we shall call a jflat-regulus and, denote it by the 
symbol a the lower subscript indicating the dimensions of the surface. © 


Ifa Jenin is a quartic n—2-spread, or is. the intersection of two or more 
such spreads, we shall call it a quartic regulus; it may of course happen, as in 
.- the case of (96a) and (96b), that one or more, but not all, reduce to cubic 
spreads, quadrics or even flats. A cubic (quadric) regulus is a cubic (quadric) ` 
n—2-spread, or the intersection of two or more such spreads. (96a), (96b) 
and (90’) are quartic reguli, and (90) a quadric regulus. In 5-space, however, 
n=6, the reguli (96a) and (96b) are cubic, as is also the case in any-odd spaca 
if r=3; the regulus has then only a Single infinity of flats.- 

The flats generating the surfaces belong to certain systems of linear flat- 
complexes which we shall study in a more comprehensive manner in another 
paper. We shall state the results obtained in the following theorem which is 
a generalization of the corresponding one for 3-space given by Lie. It is per- 
tinent to point out here the great generality of the theorem, since in 3-space 
only one type can exist, namely, r=1 for cyclides of the third order, and r=3 
for those of the fourth: E 


Tuuorem. The generalized flat-sphere transformation (3) carries the | 





=f 
Dupin cyclide of the third order and type r Se in Sa (n—1 odd) into a. 


2 
i ı—2 : : DES ae 

quadric and quartic regulus of = +r dimensions which are conjugate to each 

other. If r=1 the sany R is cubic, and i in -space it reduces to a 





quadric regulus. If r=! ‘> 


2 ihe transform, is a , quar tic n—2- spread, The 
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same transformation carries the Dupin cyclide of the fourth order and type 


reat into two conjugate quartic reguli of dimensions date 





+r, which 
a 2 








become cubic if r=3. In 5-space they are quadric reguli., If r= 


transform is a quartic n—2-spread which in 5-space has a quadric aie of 
double-points at infinity. 


The asymptotic directions proceeding from a point on a regulus REP 


i a 

4 n~4 2 
lie in the two flats that intersect at the point. There are œZ directions which 
lie in the flat of the first set, and oo” lying in that of the second set. The 
asymptotic lines are therefore indeterminate to a less extent than the lines of 


curvature on & eyelide." For n=4 r=3 (ordinary space) the number of 
ntin? 
directions are finite and equal to 2. The group of o * contact-transforma- 


tions whose characteristic functions are given by (2), carries flats into 
flats, and it therefore transforms all flat-reguli inter se. The group is there- 
fore related to all the spreads Bes, and Ree, in.the same way that the - 


projective group of œ" transformations are related to all the quadric surfaces 
in 3-space. We have thus obtained a class of surfaces in odd space which 
from the standpoint of Sphere-Flat Geometry is the generalization of the 
quadric surface in 3-space, and which we shall meet with again in the study of 
flat-complexes. 


$4. The Asymptotic Lines on a Sphere in Odd Space. 


We have seen that the asymptotic lines on the transform of cyclides in 
Sı are to a certain extent indefinite; these spreads are therefore exceptions 
to the general rule. Thus, for example, the transforms of homofocal or 
co-axial quadrics have definite asymptotic lines. 

The asymptotic lines ona quadric surface have not been determined except 
for 3-space. Let the quadric be written 


Xa+ Eby toe. - (98) 
Transforming by Euler’s transformation (79) we have the surface 
oe. Up ag . 
F an hia [1—2d,67], (98’) 








* This is not true relatively: ` The regulns is a piitä of dimensions dimai; -+r while the corre- 





sponding cyclide is of n — 2 Oimensions. 


6 
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so that the tangential equation of the transform in the a;, B; coordinates (5) 
is known, and the parametric equations of the surface may be derived from it. 
The surface is not real, and the determination of the lines of curvature is not 
a simple matter. In the case of a sphere a direct method is successful. Let 
the sphere be written l 





Dr; tiy tHe =; (99) 
the system of total differential equations which determine the lines, ‘viz. : 
ddr st dyiddss=0, dadp ipda s=,  1=1,2,-.. ap (100) 
may be replaced by the following: l 
PEE A E E T E E E P2129) an 3 (100°) 


We have from (99), 


Introducing the values of dp; and dq, in (100), and keeping account of the 


=) the system becomes 





relations da,dy,—dy,dx,=0, (i=2, Bpi 


a 


dz(xdx,+- ydy) =2(daj+dyi) ’ 


l (101 
dè (yt; — ty) =dz (yde; ndy; + ndy, yda). } ) 


We shall first suppose that dg +0. The second set may then be integrated at 
n—4 


once giving 5 


integrals: 


nm—2 


ae ae 


41% — Dy; = 26,42, i=2, 3... - (102) 


In order to integrate the first set we shall introduce the variables u, and v; p 








putting. : 7 
? aw UHV, 
HESE U, B= Foai i 
(103) 
> U;— vi 
BAY, Y= 9? 
< : t 
so that (90) and (102) become 
24 Yu =r,  wv,—vyuj=2¢,_12, Eis See ne (104) 
and the first set (101) is now 
dæ _— 2du,dv, 





2 vdu,+udr,’ 
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which, since dv,du,—du,dv,=0, may be written in the form: 
du _ vidin tudo, 
dze — 2edv, 


Introducing now a factor of proportionality p, we may write this system 
in the final form: . i 
l pdu;=udr,+vdu,, pde=—2edv,. (105) 
Differentiating (104) we have, __ 
u,dv,t+vdu,—v,du,—udv, = 2¢,_.dz, L(u,dv,+,du;) =—2edz, (106) 
which, together with (105), constitute a system of n linear and homogeneous 
equations in »—1 unknowns du,, dv;,dz. This system will be consistent if, 
and only if, the determinant of the system vanishes, i. e., if 


v—p 0 0.... 0 Uy 0 0....0 

Ve —? 0 e.. 0 Uz 0 0 es.. 0 

Vg 0 —p.... 0 Us 0 0....0 

Üa —v, 0 —2¢, —ty u 0 

Vs 0 —v, —2¢, —ug 0 Uy 0 Í 
2 bibs 

v Va Vgs... 2 Uy Ua Ug... Une 


2 
Expanding this determinant we find that it is a quadratic in p, or being 
a factor. The zero value.of the root may be neglected as no solution of the 
system (105) corresponds to it. The quadratic equation is: | 


n=? n—2 
TE = 
3 4e (un-t x Ciit) 42| y Ci 1—10] 
rae a Sa 
We now solve the equations (104) for v; after eliminating V3, Vs, ...., Vas 


and substitute in (108). Solving we have the two roots 


F 2 
—2e(me+ Deu) + 2eVR 
as 2 
l P= Lue : 
where R= Vujr?—Lejq_Lui-+ (c,_u;)*. Introducing p in the system (105), 
1 2 ` 
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and eliminating the v’s by means of (108), we have the, following system of 
differential equations: x 








dg din 
> a2 
e i, Z — t 
m(t e) FVR um(nge+ Èc u; VR) 
2 
= diy = ‘ 
zZ n—2 ee 


a Sey t 
Us (ig + È cau F VR) — ot 
2 s 
duns 


n—2 





r 


2 zs 
Una (12 F Deu, F VR) — Cpi Uy 
T 2 a 


By properly combining we easily find the following algebraic integrals : $ 


n—6 


MO ie Pe i e (110) 
Cy 2 


Citi 
the k’s being constants of integration. The remaining integrals may now be 


found as follows: We substitute the values of the ws from (110) in the 
expression for R, above, and find ; 


iT n—i . A—8 
LASN Eg 
R= je (1+ Dk) Det + (E kca) = Aw; 
1 1 1 
we also have 


n—2 n—6 





EJ ES De ; 
LeU = Lh eth + — te = Bu, + Cig, 
2% 1 Cy 
a4 £ A 
2 22k Ci 
Du = (142k) + LL t a us 
1 1 


= Dui + = wae a , r—A*=c,CD—B’, 
1 1 


We have then to integrate the equations 


dg ; du, 
u(t? 2) FA uy (m2+Buy,+Cu,+ Am) 
2 din 


bara bt 


2B noe & 
. u (u2 + Bin +Our F Am) —e( Ded + Go tate + = aå) 
: 1 ‘1 
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which may be further. simplified by putting u= vuy: 
dz du, dv 


nerds m(e+B+Ove A) cD+2Bv+Cu" > (111) 
These equations may be integrated by quadratures. We find, ° 
2 A2\ og 
PANEB) 4 4 8 Bae) 


1+a(Cv+B) Ita(Cv+B) © T+a(Cv+B)° 
The remaining ws and all the v’s are now obtained from the equations 
(110) and (104). A rather long but not difficult calculation shows that they 
may be -éxpressed in the form: 


ao eat airet rHS : n—2 
te EMT SET = paora MB ee yo (H8) 
‘where the coefficients p;, gi, fri, Sı depend on the n—3 integration constanis 
Gi, kis a; B. From tkese equations it appears at once that the integral curves 
are straight lines. Through any point on the sphere will pass two such lines 
corresponding to the two roots of (108), or, corresponding to the + and — 
sign of A in (111). . | 

We shall investigate the remaining asymptotic loci. We assumed dz +0. 
Let dz=0. The second set of equations (101) vanish identically, and the 
equations of the first set are: 

de=0, dettdyi=0,  i=1,2,...., "5%, 

which are satisfied if we put 


I. 2=C, &,+ty,=m,, or, IL 2=C, 2,—iy,=n,. 


The. first set of flats intersect the sphere in an = dimensional flat whose 


equations are: ; 
2=0, mtiy=m, C +Em (xiy) =P, 


and the second set intersects the sphere in a similar flat whose equations are: 
2=C, siym, O +En (r: tiy) =r. 


Through any point on the sphere pass two such flats and hence there will be 
n= ` 


œ 2 asymptotic directions through it and lying in the respective flats. We 
shall call these loci asymptotic flats. The results obtained will now be stated 
in the following 

THEOREM. There are two sets of asymptotic loci on a sphere in odd- 
dimensional space. The first set consists of a double family ‘of œ? straight 
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lines of which through every point on A sphere will pass two. The „second 


AAE t_ dimensional fats, the E 


n—4 
flats, and through every point on the sphere will pass two flats and œ € 


asymptotic directions lying in each flat. 





set consists of a double family of œ? 


For 5-space these flats are straight lines so that we may say: . 

Through every point on a sphere in 5-space pass four definite asymptotic 
directions and the four sets of asymptotic lines consist of a four-fold family of 
o® straight lines. 


In 3-space the first set of «' asymptotic lines remain while the asymptotic ` 
flats, being of zero dimensions, become the «? points of the sphere. 
There exist an indefinite number of surfaces whose asymptotic loci are 
straight lines and flats, namely, all the transforms of the sphere by the trans- 
formations of the group (2). Thus, the quadries 


Da (aty) Hee =r 
` belong to this class, since the transformation, 


j? mannan r mina / — 
. E Lezak, o ME Yi 2= 02’, 
carries flats into flats. 


The transform of the sphere in 9,_, is a sextic surface in 9,_, whose 
equation is: = 
[r?(1+X5_1) E (Xna +i)? ] EDRED E ]=Xi (1+ IX) ’ 
which has the absolute as locus of double points. The surface has four focal 
sheets if n56., In 5-space the surface has circular lines of curvature in all 
four systems; it therefore presents a striking resemblance to the eyclides in 
ordinary space. 


WEST VIRGINIA UNIVERSITY, Jaunary 10, 1916. 
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Irrational Involutions on Algebraic Curves. 


By JosepH VITAL DePorte. 


51. General Definitions. 
Given a correspondence between the points of two algebraic plane curves, 
“F(a, Ly 2) =F (x) =0, of genus p, and f(y) =0, of genus x, such that to an 
arbitrary point P of the first curve correspond b points of the second, and to 
an arbitrary point P’ of the second correspond a points of the first. The ' 
group of b points on f(y) =0, corresponding to P in its turn fixes on F (g) =0 
b groups of a points each, and P belongs to each of these groups. Similarly, 
P’ on f(y) =0 belongs to a groups, each consisting of b points. The numbers 
a, b indicating the number of groups in the correspondence to which arbitrary 
- points on f(y) =0 and F(z)=0 belong, are called the indices of the (a, b) 
correspondence, so that the correspondence on F(@)=0 is of index b, on 
f(y) =0 of index a. i 

Every (a, b) correspondence can be expressed by means of two equations 
between the coordinates of corresponding points, if the two curves are irra- 
tional. There is usually a finite number of pairs of points not belonging to 
the correspondence, the coordinates of which satisfy the equations. If the © 
curves are rational the correspondence can always be expressed by means of 
one equation. If a point x on F(x) =0 is defined in terms of a parameter 2, 
and a point y on f(y) =0 in terms of u, then the (a, b) correspondence may be 
defined by the polynomial X¢@;(4) - u’, in which each $,(4) is a polynomial of 
order a in A. It will be stated later when this can be done even when the 
curves are irrational. 

If either a or b is one, the coordinates of P or P’ can be expressed ration- 
ally in terms of the coordinates of P’ or P. If both a and b are equal to one, 
that is if the correspondence is one-to-one, then it is birational, and the coor- 
dinates of poinis on each curve can be expressed rationally in terms of the 
coordinates of points on the other. In this case the curves F(x) =0, f(y) =0 
are said to be birationally equivalent. i 

A correspondence of index 1, for instance (a, 1), is called an involution 
of order a. The genus of the curve, the points of which are in (1, a) corre- 
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spondence with the points of the given curve, is called the genus of the involu- 
tion, If the genus of the involution is zero it is said to be rational; otherwise, 
irrational. l 

Every rational involution is a linear series and vice versa. 

If a curve possesses two rational or irrational involutions, yh, u,(m<n) 
such that. every point of a group of the first belongs to a distinct group of the 
second, in which case the groups of u,, taken m at a time are conjugate under 
Ym, we say that yn is compounded with u, . 

Given a curve possessing a y;. If an arbitrary point determines not 1, 
but & distinct groups of the involution, the involution is said to be multiple. 


§2. Branch Points and Coincidences. 


If in a general (a, b) correspondence two or more points of a group of 
points corresponding. to a given point P of a curve coincide, the point P is 
called a branch-point. The numbers of simple branch-points y and y’ (that is 
those for which only two of the corresponding -points coincide) in an (a, b) 
correspondence between curves of genera p and x are connected by the 
following relation, due to Zeuthen: * 


y—y' =2a(n—1) —26(p—1). (1) 


If the correspondence is involutorial, for example (a, 1), then y=0, and 
we have the theorem: 


The number of double points of- an involution. of order a, genus n, on a 


_ curve of genus p is 
y =2(p—1)—2a(na—1). 2) 


If the correspondence between the curves is (1,1), then (1) furnishes a 
direct proof of Riemann’s theorem concerning the equality of the genera of 
` curves that are birationally equivalent. For, if a=b=1, then y=y’=0, and 
we have 2(a—1) =2(p—1), hence p=7. 

From Zeuthen’s formula also follows + that there do not exist involutions 
of genus p(p>1) on curves of the same genus. 

For, setting n=p in (2), 


; y'=2(p—1)—2a(p—1), 
But 4/20, .°. p—1>a(p—1), .°. a=1. 





*H. G. Zeuthen, “Nouvelle démonstration de théorèmes sur ies series de points correspondants sur 
doux courbes.” Aath. Annalen, Vol. III (1870), pp. 150-156, 
t Weber, Jour. fiir Hath., Vol. LXXVI (1876), p. 345. 
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§3. Valence of Involutions. 


If the curves in (a, b) correspondence coincide, then we have an (a, b) 
correspondence between points of one curve. If asa point P (P’) moves along 
the curve. the b (a) corresponding points, together with the point P (P’) 
counted y times, (y=0), moves in a linear series, the correspondence is said 
to be of valence y. In other words, given P and a group of b points corre- 
sponding to it. Let P go into P,, b into b,, then if the correspondence is of 
valence y, l 

yP+b=yP,+), (v0), 


or the groups yP+-b, yP,+, belong to the same linear series of ordér y+b. 
If y is negative, (3) may not have a geometric meaning, but by transposing 
the term containing y we get 
yP,+b=yP+b, (y>0), 

which can be interpreted to mean that yet yP+b, belong to the same 
linear series of order y +b. 

The number of coincidences z in a valence correspondence as given by the 
Cayley-Brill-Hurwitz formula is . 

l e=a+b+2py. (3) 


$4. Notation. 


We shall represent involutions by small letters, with subscripts indicating 
the order and genus, and superscript 1 indicating the dimension, using letters 
of the Latin alphabet for rational involutions (linear series), and of the Greek 
alphabet for irrational involutions. Thus, 7, reads: “An irrational involu- 
tion of order a genus 7.” g,—‘‘a rational involution, or linear series, of 
order a.” Thus I= Ye, o» Capital letters are used to indicate individual 
groups: L, Ga- 

§5. Application to Cubic Curves. 

Every cubic has a single infinity of rational involutions of order 2. In 
fact, consider a pencil of lines with vertex at an arbitrary point S of the cubic. 
Each line of the pencil cuts the cubic in two points, each of which uniquely 
determines the other, since it fixes a line of the pencil. We have then an 
involution of pairs of points, and since the vertex S is arbitrary, we can con- 
struct a single infinity of such central involutions. The involutions are 
rational, for if we take the point S as the point (0, 0, 1), for example, the 
equation of any line of the pencil is of the form.~+ay=0. The coordinates 
of a point P on the cubie fix the value of the parameter à, and we can express 

7 
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the coordinates of the point P’, conjugate to P in the involution rationally in 
terms of the parameter. . R 

_In general, if the lines joining pairs of points of a gans involution of 
order 2 pass through a point or envelope a rational curve the involution is 
rational. We saw the truth of the first statement. In the second case the 
points of the curve enveloped by the lines are in (1, 1) correspondence with 
the groups of the involution, since to every point of the curve corresponds a 
line determining a group of the involution. The genus of the curve is, by 
definition, the genus of the involution. If the curve is rational, so is the 
involution. 

We can construct- on a cubic of genus 1 involutions of order 2 which are 
not rational by taking the product of two central involutions. Let us take a 
. point S(s), (we shall thus indicate the parameter, in terms of elliptic functions 
of which the coordinates of a point on the cubic can be expressed rationally) 
as center and project from it an arbitrary point P (p) on the curve into P,(p,). 
Project then P,(p,) from another center S;(s,) into P,(p,). Repeat the 
process by projecting P from S, into P’(p’), and P’ from S into P”(p”). 
If P,=P”, we have an involution of order 2 of which P and P, are a pair. 

The necessary and sufficient condition that P,=P” is that the parameters 
of S'and S, differ by half a period. 

` The sum of the parameters of three collinear points on an elliptic curve - 
is congruent to zero. 

The points S. P, P, are collinear, hence 


s+p+p=0, or py=—(s+p). 
The points P,, Sı, P: are collinear, hence ` 
—(st+p) +s:+p:=0, Or p,=s8+p—s,. 
Also the points P, 8,, P’ lie on a straight line, hence 
Stpt+p’=0, or p’==—(s,+p). 
And the points P’, S, P” are collinear, hence 
—(sit+p)+s+p"s=0, or p”=3,+p—s. 
If P’=P,, p'"=p,, or s+p—3,=5,+p—8, 
*, 26328, (mod o; o), 
hence the parameter of S; differs from that of S by half a period. ‘Conversely, 


if s and s, differ by half a period, P’=P,. Since the parameter of P does not 
enter in the last equation the statement is true for any point on the cubic. 
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If we draw the tangent to the cubic at S it will cut the curve again in one. 
. point O(o). From O we can draw three tangents to the cubic, different from 
the tangent at O and OS. Let the points where the three tangents touch the 
curve be 9,(8,), Ss(ss) and S;(s,). We have then the following four relations 
between the parameters of the points O, S, Sis S2, 83, 
2s+0=0, 2s,+0=0, 2s,+0=0, 25,+0=0. 

Eliminating o, we find that the parameters of Si, Bes O; differ from the 
parameter of S by half a period. 

It can easily be seen that the converse is also true, namely, if the parame- 
ters of two points differ by half a period, the tangents to the cubice at these 
points intersect in a point on the curve. 

Collecting the above results we can state that the necessary and sufficient 
condition that the product of two central involutions on a cubic of genus 1 is 
- an involution of order 2 is that the tangents to the cubic at the centers of the 
` involutions intersect in a point on the cubic. 

Associated with any point S(s) on the cubic there are three points 


KA (s+ s), S: (s+ =), s(s+ ete) such that 


SS,=28,8, SS,=S8,S,° SS,=8;8. 
It is important to notice that we get the same three involutions, no matter 
_Where © is taken. In fact, let SS;=S,S9, also C(¢)C,(t,) =C,(t,)C(t). Under 
S a point P(p) goes into P,(p,), and P, under S, goes into P,(p,), so that 


stp+p=0, s +ptp=0. 

p+ (s—sı) +p 0. f 
If the point P goes under C into P’(p’) and P’ under Cı goes into P” (p”), we 
ees: t+p+p'=0, t +p'+p"=0. 


p+(t—i)+p"=0. 
Since SS,, and CC, are, by hypothesis, involutions, 





Eliminating p,, we have 


Hence, eliminating p’, 


$—S,;=t—1,. 
Therefore p,=p”, and the point P has the same conjugate in bout involutions. 
The involutions are, therefore, identical. 

The lines joining pairs of corresponding points envelope a curve of 
genus 1—the genus of elliptic functions in terms of which the equations of the 
lines can be expressed rationally. Hence, if the product of two central involu- 
tions on a cubic curve of genus 1 is an involution of order 2 its genus is 1. 
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§6. General Theorems. 


Rational involutions have been studied in detail.* Comparatively little 
has been done in the field of irrational involutions. Castelnuovo t derived the 
following theorem: A group of a y,,, On a curve of genus p has but a—I1 con- 
ditions to belong to a group of ag’, if n—r<p—an. For n=0 and gi==gfr), 
thé theorem reduces to the Riemann-Roch theorem. 

Amodeo ł derived from the Zeuthen and Cayley-Brill-Hurwitz Forais 
a number of theorems on the range of possible involutions on curves of given 
genus. In so far as the theorems refer to irrational involutions on curves of 
genus greater than 1, and of general moduli they are of no value, since, as will 
be pointed out later, such involutions do not exist. 

In a later paper by Castelnuovo § appears the important theorem: 

The necessary and sufficient condition in order that a simply infinite series 
. Ya of order a, and of index b, on a curve F(x)=0 of order n, genus p, belongs to a 
linear series g, of the same order, is that the series shall possess 2b (a+p—1) 
double points. 


The proof, in brief, is as follows: 

Construct on F(#)=0 a non-special linear series (that is a series gm, 
where m—r=p. It can be cut out by adjoints of order greater than n—3), of 
dimension a—1i. The difference between the order and dimension of a non- 
special series being p, its order will be a—1-++p. The series can always be 
selected in such a way that no given complete group of a points of y, belongs 
to a group of the new series. For, we can choose a—1 points of a group of 
Ya; and add to them p points taken arbitrarily, but so as not to contain the 
a-th point of the group. We will have then a group of the series g?“},,. But 
this one group will fix the series. Since every group will contain the same p 
points and a—1 other points, we will have constructed a series: of the kind 
desired. 

Applying the Segre formula|| we find that the number of groups of a 
points that the linear series g{7},, and y, have in common is 


=b(a+p—1)—1/2d, 


* For the general theory on linear series see Clebsch-Lindemann, “ Vorlesungen über Geometrie ” 
(1876) ; Severi, “ Lezioni di Geometria Algebrica ” (1910, lith.). A list of references to the recent litera- 
ture is given in Doehlemann’s “ Geometrische Transformationen,” zweiter Teil (1908), p. 174. 

tG. Castelnuovo, “ Alcuni osservazioni sopra le serie irrazionali di gruppi di punti appartenenti ad 
una curva algebrica,” Rom. Aoo. Linoet Rend., s. 4, Vol. VII? (1891), pp. 294-299. 

F. Amodeo, “Contribuzione alla teoria delle serie irrazionali involutorie giacenti sulle varieta 
algebriche ad una dimensione,” Ann. di Afat., 8. 2, Vol. XX (1892), pp. 227-236. 

§ G. Castelnuovo, “ Sulle serie algebriche di gruppi di punti appartenenti ad una curva algebrica,” 
Rom, Aco. Lincei Rend., B. 5, Vol. KV (1906), pp. 337-344. 

|| C. Segre, “ Sulle varieta algebriche di una serie semplicemente infinita di spazi,” Rom, Aco. Linoet 
Rend., (4), Vol. III? (1887), pp. 149-153. , 
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where d is the number of double points of y4. It follows that 
: d=2b(a+p—1)—2e. 
Since 2>0, i i 
d<2b(a+p—1). 

- If d bas the value given by the equality sign, z will be equal to zero, and the 
linear series g3- will not contain any groups of ya. But if a series g%},, 
be constructed to contain in one of its groups a group of y, (which is possible 
in œ! ways), then the series will contain y, entirely. 

Now construct another linear series, g7,,, a group of which is to be 
made up of a group of ya, Ta, and p arbitrary points: ¢,,....,¢,. Then the 
series g3~i,,, residual with respect to c, will contain T,, hence all other groups 
of y,. In other words the groups residual to the groups of y, with respect to 
G2+p Will all pass through c;, where i=1, 2,...., p. Hence we have a group 
G, residual to any T with respect to gf,,. In consequence, y, belongs to linear 
series ga, which is residual to G, with respect to 9%,,. 

Conversely, if y, belongs to a linear series g,, then a linear series g3i+p 
which contain one group TI will contain all. If a series g*=},, be constructed 
so as not to contain in any of its groups a given group of y;, it will not con- 
tain any group of y,. Hence z will be equal to zero, and d=2b(a+p—1). 

Stated in other words, the theorem given as the necessary and sufficient 
condition that an algebraic correspondence (a, b) between two curves of 
genera p, 7 can be expressed by means of a single equation (rational in the 
coordinates of corresponding points) is that the number of branch-points on 
one curve is 2b(a+p—l1), and on the other 2a(b-++-x—1), and conversely. 

If the correspondence is involutorial, for instance (a, 1), then the series 
ya is a rational series g,, if it has 2(a+-p—l1) double points. This can be 
seen also from Zeuthen’s formula, for, if in (2) we set y’=2(a+p—l), we get 
z=0; and, conversely, if n=0, y’=2(a+p—1). Thus, a central involution 
on a non-singular cubic, (a=2, p=1) has four double points and is rational, 
while the involution obtained by taking the product of two central involutions 
has no double points and is of genus 1. | 


§7. Statement of the Problem. 


The purpose of this paper is two-fold: 

I. To find the range of all possible involutions on curves of given 
‘characteristics. — 

II. Given an involution, to determine the restrictions on a curve of given 
genus that it may possess this involution. 
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In order to ascertain the genus of an involution of order a with a given 
number of coincidences on a curve F(a) =0 of genus p, it will suffice to find 
any curve f(y)=0 in (1, a) correspondence with F (x) =0. If the genus of 
f(y) =0 is x, the involution will be of genus n. The curve F(a”) =0 can not 
have another inVolution of the.same order and the same number of coincidences 
but different genus. For, suppose it has beside 7,,, also Ya, m, that is, let there 
be a curve p(y’) =0 of genus 7’ also in (1, a) correspondence with F(z)=0. 
Then, = 8 (p11) —-2a(a—1) = 2(p—1) — 2a(n’'—1), wee 

We shall arrange involutions according to the genus of the curve F (x) =0. 
Every curve of genus p, p=3x-+ (0, 1, 2), if not hyperelliptic, can be reduced 
to a'curve of order not greater than 2n+2, 2n+3, 2n+4 with 2n(m—1), 27, 
27?+2n+-1 double points, and we shall, consequently, consider for every genus 


curves of the lowest order, the so-called normal curves. Hyperelliptic curves 
will be treated separately. 


$8. Involutions on Rational Curves. p=0. 

Setting p=0 in (2) we get: . 

y’ = —2—2a(a—1); since y’'20, —1—a(a—1)2>0, 
.1.a(1—n)>1. But a>0,.*.#=0. 
Hence: Irrational involutions do not exist on rational curves.” 

An interesting application of this theorem is found by’ studying the 
asymptotic lines of certain ruled surfaces. Given a ruled surface of order 
m-n, having one m-fold directrix line and an n-fold directrix line. The genus 
of a plane section is 


(mte limta a) mI MAD _ = (om 1) (#1) — Y, 


-where & is the number of double generators: 

The asymptotic lines are all algebraic and each belongs to a linear complex 
containing the congruence defined by the directrices. Every generator meets- 
each asymptotic line in two points, and a plane section in one point. Hence, 
by our theorem we have examples of curves belonging to a linear complex that 
are not rational.t ` - 

*For a diferent proof of the same theorem see Lüroth, “ Beweis eines Satzes über rationale 
Curven,” Math. Annalen, Vol. IX (1876), p. 183. 

+ See C. P. Steinmetz, ‘On the Curves Which are Self-Reciprocal in a Linear Null System, and Their 
Configurations in Space,” AMERICAN JOURNAL OF MATHEMATIOS, Vol. XIV (1892), pp. 161-186; -V. Snyder, 
« Asymptotic Lines on Ruled Surfaces Having Two Rectilinear Directrices,” Bulletin American Mathe- 
matical Society, Vol. V (1899), pp. 343-353, and “Twisted Curves Whose Tangents Belong to a Linear 


Complex,” AMERICAN JOURNAL OF MATHEMATICS, Vol. XXIX (1807), pp. 279-288. -Wilezynski, ““Projective 
Differential Geometry of Curves and Ruled Surfaces” (1906), pp. 204-220, 
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` $9. Hyperelliptic Curves. 


Curves of genera 1 and 2 belong to the class of hyperelliptic curves, and 
it will be appropriate to take up at this point the study of involutions on 
liyperelliptic curves generally. This was done. by Torelli,* and we shall 
reproduce his main results. 

- Irrational involutions on hyperelliptic curves are hyperelliptic. That is, 
if a curve f(y)=0 is in (1, a) correspondence with a hyperelliptic curve 
F(a) =0 it is itself hyperelliptic. For, as is known, the yas on F(x)=0 is 
compounded with the g, of the curve. The pairs of groups of yı conjugate 
under g, form a rational involution on the double line of F(x)=0. The 
groups of the involution are in (1, 2) correspondence with the points of 
f(y)=0. The latter, then, has a gj, and is hyperelliptic. 

In particular, curves of genera 1 or 2 can not have irrational involutions 
other than of genus 1. For, setting p=1 in (2), we have: 


y' = —2an-+ 2a, 
n= 1— Z, e n=0 n L. 
If p=2, 
y =2—2an+2a, 
ETE reo .'. n=0 or 1. 
2a 


Given á hyperelliptic curve of order 27+2, genus x, 
-> 242 
l n=H (m—a,), Fa. (4) 
Applying the transformation 
_ f(z) y 
y=, =o - (5 
| oe)’ "T aT oe 
where /(%), @(x) are relatively prime polynomials of degree a we get the 
hyperelliptic curve 
r42 > 
y= T [f(@) —a@(#)]=R(e), (6) 


- where R(x) is a polynomial of order a(2a+-2). The hyperelliptic curves (4) 

and (6) are in (1, a) correspondence. The curve (6) has an involution 

(hyperelliptic) of order a, genus 7, a yi, which is represented on the 2-axis 

(y=) on which (6) is mapped doubly by the rational involution, 
f(%)—ap(ay=0. 


ewes 





*R. Torelli, “Bulle involuzioni irrazionali nelle curve iperellitiche,” Palermo Rend., Vol. XIX 
(1905), pp. 297-304. f 
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To determine the genus of the curve (6) we notice that the factors of R(x) 
- have no common roots. All or some of them may have multiple roots, of even 
or odd multiplicity. In that case - 


;  R(æ)=[8(2)]T (2), ` 
` where T (s) is a polynomial of order 2p+1 or 2p+2, with simple roots only. 
Transforming (6) birationally by means of 


, aan’, y=y'S (x), TAs 
we obtain 2p+1 l i 


or 2p+2 - ; 
y°=T (x)= u (w—b;), bi Fb. (7) 


{7 is of.genus p. (6) is in (1, 1) correspondence with it. Hence the genus 
. of (6) is also p. . 
The coincidences of the curve (6) (which are the double points of gz) 
form 22-+2 groups of a rational involution J, on the #-axis which aremade up 
of the roots of .(7) each counted an odd number of times (71), and the roots 
of S(x), different from the roots of T(x) (6’), each counted an even number 
of times (>2).: We have at once the following theorem: 

The necessary and sufirient condition in order that a hyperelliptic curve 
F(2)=0 of genus p contain an irrational (hyperelliptic) involution of order 
a, and genus n is that of the 2n+2 coincidences on the line on which the curve 
ts mapped doubly, each counted an odd number of times and, if necessary, with 
other points, each counted an even number of times it shall be possible to form 
2n+2 groups of a rational involution of order a. 

The condition is sufficient. For, let the a-axis on which the -hyperelliptic 
curve F'(%)=0 is mapped doubly, contain an involution Z, satisfying the given 
condition. Then if f(x) —a,@(x) =0, f(x) —a,p(v7) =0... -f(@) —Gep sap (2) =0 
are the 2x+2 groups, the curve y= T [f(e)—a9(2)] has the same group of 
coincidences as F(x) =0, and is rationally equivalent to it. Since the former 


curve is in (a, 1) correspondence with y'= T (a—a,;), F(x) =0 will also be in 


(a, 1) correspondence with it, and will have. As Mie 
Conversely, if ae has a Yax, it can be put in birational corre- 


spondence with y'= T [f (£)—ap(x)] by a proper choice of the constants a,, 


and the polynomials f ) and ¢(x). The coincidences of the two curves on 
the x-axis will then be projective.” 


* Segre, “ Introduzione alla geometria sopra un ente algebrico semplicemente infinito, ” Ann. di Mat., 
serie 2, Vol, XXII (1894), § 67, notes, 
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But, this ‘is the condition stated in the theorem. 
. The particular case of cyclic irrational inyolutions on hyperelliptic curves 
has been studied by Wiman *- i l ` 


§10. Non-Hyperelliptic Curves. 


N on-hyperelliptic curves of general moduli have only’ valence- -cotrespon- 
“dences, t hence they do “not have irrational invelutions. In order for a curve 
to possess an involution the moduli of the curve must be specialized. We shall 
commence the study. of involutions on curves with specialized moduli with 
those of the lower order, namely, 2. : 


§11. Irrational Involutions of Order 2. 


An irrational involution of order 2 on a given curve associates the points. 
of the curve in pairs, so that to a point P corresponds ‘a unique point P’, which 
is the conjugate of P in the involution. To the point P’ corresponds the 
point P. Thus the involution defines a birational transformation of period 2 
of the curve into itself. In other words, if a curve possesses a y, it must 
remain invariant under a birational transformation of period 2. 

We shall consider first irrational involutions of period 2 on curves which 
' remain invariant under the simplest of birational transformations—linear 
transformations. 

7 "$12. p=3. 

The normal form of a non-hyperelliptic curve of genus 3 is a non-singular 
` quartic. Since under any birational transformation that leaves the curve 
invariant the system of adjoints of order n—8; that is straight lines, goes over 
into a system of adjoints of the same order, the transformation is linear. 

Consider a non-singular quartic invariant under the linear transformation: 


Its equation will be of the form 


| | mittia (tay m) “+ Gu as Ta) = (8) 
where the ¢,’s are homogeneous polynomia's in a, a a, of degree i. 


* A. Wiman, “ Uber die hyperelliptischen Curven und diejenigen vom Geschlecht p==3 welche ein- 
deutige Transformationen i ai zulássen,” Bikang tül K. Svenska Vet. Akad. Handlingar, Vol. XXI 
. (1895). 

+ A. Hurwitz, Uber algebraische Correspondenzen und das eee ergo Correspondenzprincip,” 
Math. Annalen, Vol. XXVIII (1887), p. 560. 

$ Every linear trgnsformation in the plane of- ported’ 2 can be put into this form. A. Hurwitz, 
‘Ueber diejenigen algebraischen Gebilde, welche eindeutige Trensformationsa in sich zulassen,” Math. 
Annalen, Vol. XXXII (1888), p. 200. 


8 i ; i ` ` e 
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A straight line joining a pair of points P and P’ conjugate in the involn- 
tion will cut the quartic again in two points Q and Q’. Since the points P and 
P’ interchange under the transformation which leaves the quartic invariant, 
the line PP’ will go into itself. Hence, Q, Q’ also interchange, in other words, 
Q and Q’ are a pair of the involution. The point P determines not only its 
conjugate P’, but also another pair of the involution. Since P is arbitrary, 
every point on the quartic determines two pairs of the involution, or 


If a curve of genus 3 has a yz, the involution is multiple. 


Since we assume that C, is not hyperelliptic, it can not have a g4. The 
lines joining pairs of points of the involution belong to a pencil with vertex at 
the center of homology (1, 0, 0)- not on the curve. 

To find the genus of the involution we need only construct a curve in 
(1, 2) correspondence with (8). By means of the transformation 


[=V I, 
T= a= Y, 
. Ls = Ys y 
(8) goes over into the quartic 
Yiyst YiYade (Ys, Ys) HPY Ys) =O, (8’) 


which is in (1, 2) correspondence with (8). (8’) has a tacnode at the point 


(1, 0, 0) and no other multiple points; it is, therefore, of genus 1. 


An involution of order 2 on a non-hyperelliptic curve ea genus 3 is of 
genus 1. 


We can make use of Zeuthen’s formula (2) to verify the result. aaa on 
the quartic has four coincidences—the points of intersection of the line 7,=0 
with the curve. If in (2) we put y’=4, p=3, a=2, we have 

4=2(8—1)—2.- 2(a—1), or m=1. 


$13. p=4. 
Normal fm of a non-hyperelliptic curve of genus 4 is a quintic with two 


double points. The equation of a quintic with two double points at i 1, 0) 
and (0, 0, 1) invariant under L is of the form 


ats (a Ca) Hape (a, T) Hartat bated —0. (9) 
The center (1, 0, 0) of the homology is a simple point on the quintic. A line 
joining a pair of points in the involution passes through (1, 0, 0) and cuts the 
curve again in two points Q and Q’. By the same method as in the previous 
case we may therefore state the theorem: 


N 
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I f a curve of genus 4 has a yy, and is invariant under a linear transforma- 
tion, thesinvolution is multiple. 


Under T (9) goes over into the quartic 


Yiyss (Ya, Ys) +4190 (Ys, Yo) tayiyetbyiy=O0. , (9) 
(9’) is of genus 2, since it has one double point at (1, 0, 0). 
An involution of order 2 on a curve of genus 4 is of genus 2. 


The line 2,=0 cuts the quintic in one point besides the double points 
(0,1,0) and (0,0,1). The center (1, 0, 0) is also a coincident point. Hence 
the involution has two coincidences. Setting in (2) y’=2, p=4, a=2, we have, 

2=2(4—1)—2 + 2(m—1), or n=2. 
§14. p=5. 

Curves of genus 5, which do not possess a g, can be E to a sextic 
with five double points. A curve of genus 5 having a g, can be reduced to a 
quintic with one double point. > 

a. If a sextic remains invariant under L and does not pass through the 
center of homology (1, 0, 0), its equation is of the form 


i+ Lipa (La, %)+....=0. 

If the center of homology is on the sextic it is a double point, for the equation 
of the curve is then of the form 
In either case, since lines passing through the center of homology and joining 
pairs of points conjugate in the involution, go over into themselves under the 
transformation which interchanges the points, every point on the sextic 
determines in the first case three, and in the second case two groups of the ~ 
involution. 

b. The equation of a quintic of genus 5 invariant under L is of the form 


Xi; (Lp, %)+-....=0, i 
the double point being on the axis of homology #,=0. The center of homology 
(1, 0,0) is on the curve. A line joining a pair of points conjugate in the 
involution cuts the curve in another pair of points, which also belongs to the 
involution. We may conclude, then, that if a curve of genus 5 has a y, and is 
invariant under a linear transformation, the involution is multiple. 


§15. Involution of Order 2 on Curves of Any Genus. 
In general, if a curve of any genus greater than 1, not hyperelliptic, and 
of any order, has a y, and is invariant under a linear transformation, the invo- 
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lution. is; multiple.. For, suppose the: order of the normal curve to which the 
given curve can be reduced by birational transformations is n. H neis eveii, 


n=2m, the norma] curve either does. not pass through the center of homology 


(1,0,0), or has at the center a singular point of even multiplicity. The 
equation of the’curve is of the form 

| a" O., (Ta, %) +... =0, 
where 420. Every line through the center of homology cuts the curve in 
2(m—k) points which interchange in pairs under L. An arbitrary point on 
the curve thus determines m—k groups of the involution. 

If n is odd, n=2m-+1, the equation of the normal curve is of the form 

DOB, 11 (Hg, V) +... =0, l 

where r>0. The center of homology is on the curve. Every line through it 


cuts the curve in 2(m—r) points. An arbitrary point onthe curve determines ~ 


m—r groups of the involution. 


$16. Equations of Transformation. 
In order to determine the genera of involutions of order 2: on given 
‘curves, it is convenient to view the transformation which carries the given 
curve into- a. curve in (1,2) correspondence with it geometrically.. If we 


consider a new plane (Yı, Yz, Ys) such that to any point. (a, Ty, %) in 4 - 


corresponds one point (Y1, Y2, Ys) in: A’, but to any point (Y1, Y2, Ya) in A’ 
correspond two points in A, we may write 





T sets up a (2,1) correspondence between the plane A of the given curve: and 
the: plane A’ of the-curve.in (1, 2) correspondence: with it.. The fundamental 
elements in the A-plane are one fundamental point, (0,1, 0), and one funda- 
mental line, z,=0; in the A’-plane there are also one fundamental point, 
(1,0,0), and one fundamental line, y,=0. To the system of lines in the 
‘A-plane, 2,-+-a2,+-ba,=0 corresponds in the A’-plane a system of conics 


Uiys+ (ay,+by,)?=0 passing through the fundamental point (1, 0,.0), and 


tangent to the fundamental line y,=0. The basis points of the system of 
conics are the. points of intersection of the conics y,y,-- ay? and y;(y,+by,) =0. 
The conics of the net: have three-point contact at (1, 0,0), hence one free point 


of intersection which corresponds-to a point of. intersection of two. lines: in the- 


A-plans, 
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To the system of linés in the A’-plate; y,+ay,-+-by,;=0, corresponds in 
the A-ptane the system of coniés 2?+aa,2,+bei=0. The conic 2?+aa,%,—0 
_and the line-pair 23=0 have two fixed points.of intersection at the fundamental 
point (0,1, 0);.the system of conics in the A-plane has therefore two free 
points of intersection, which correspond to a point of intersection of two lines 
in the A’-plane. 

To a curve of order w (not passing through the fundamental point) 
' generated in the A-plane by a poirit-pair P, P,, corresporids in the A’-plane a 
curve of order n counted twice. If the curve C,-in the -A-plane passes k times 


through the fundamental point (0,.1,0), its image is a- curve of order n— 4 


counted twice, together with the fundamental line y,=0 counted k times.* 
If C, cuts the fundamental line 2,0 in n distinct points, its image passes 


F times through the fundamental point (1,0,0). When two or more points 


<37 of intersection coincide, that is if C, has a multiple. point on 2,=#0,a corre: 
` sponding number of tangents to the image curve at the point (1,.0,0) coincide. 
If C, doés not pass through the center of homology (1,0,0) its equation 


is of the form l 
APR- (ary, a) +... =0, 


' o. n=2m. Tf n is odd, n=2m-+1, the center of homology is on C,. Under T C, 


goes over into. 
WUT yf ty Ppa (Yas ys) He... =0. 


Hence, if a curve of order 2m in.the A-plane.does not pass through the point 
(1, 0, 0), its image in the A’-plane has m branches touching each other at: the 
point (1, 0, 0). 

The center of homology lies on 0, if n is ; odd, in which case C, passes 
through it an odd number of times (>1), or, if n is- even, when the center of | 
homology is a singular point on the curve of even multiplicity (2 2). l 

If Cp has a singular point of order k. on. the: axis of homology 2,=0, we 
can without loss of generality take the point as the point (0,0,1). H kis 
even, k=2s,.the equation of-C,.is of the form: 

app, Cat, a)... =0; 
By means of T we get as the image of C, the curve 
us "(Yr Ys, y2) F r =0, 


#Fora comprehensive tréatment of birational transformatidns sée'K’ Doetileiann, “ Gvorhetrische 
Transformationen,” Vol. IL (1908). 
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which has s branches touching the line 4,=0 at the point (0,0,1). If kis 
odd, k=2t+1, the equation of C, is of the form e 


gany HYD, (ai, z) o E =0, 


and the image of C, is the curve 


PY P: (Yas Yor Ya) F- -=0, 
which has ¢ branches touching each other at the point (0, 0, 1). 

The nature of the transformation T requires that the singularities of the 
curve in the 4-plane, barring those in one of the above-discussed exceptional 
positions, occur in even numbers of similar ones, one pair of which gives rise 
to one similar singularity on the image of the curve in the A’-plane. 


§17. Illustration. © 

Let us now determine the genus of a y; on a sextic of genus 5 and not 
having a g;, hence having five double points. Since the number of double 
points is odd, one of them has to be taken in an exceptional position, while the 
remaining four give rise to two double points on the image curve in the 
A’-plane. If we take the double point at the fundamental point, the image of 
the sextic will be a quintic. The sextic cuts the fundamental line in four 
points besides the fundamental point, hence two branches of the quintie touch 
each other at the fundamental point in the A’-plane. The latter singularity 
is equivalent to two double points. The quintic, then, has four double points, 
and is of genus 2. Algebraically we get the same result by noticing that the 
equation of a sextic not passing through the center of homology (1, 0,0) and 
having a double point at (0,1, 0) is of the form 


xi (arit bag) +....+a3=0. 
Under T it goes over into the quintic 


y(ay,:t+by) +....+ylyi=0, 
which has two consecutive double points at (1, 0, 0). 

Had we taken the double point on the axis of homology, the result would 
be the same. In fact consider a sextic with a double point at (0, 0,1). It 
cuts the fundamental line in six points. Its image is a sextic having three 
branches touching each other at the fundamental point in the A’-plane. This 

-singularity is the equivalent of six double points. The sextic in the A’-plane 
has eight double points, it is of genus 2. 

Consider now the case when the normal form of a curve of genus 5 is a 
quintic with one double point. - The center of homology is on the quintie, and 
if we take the double point as the point (0, 1, 0), the image of the quintic is a 
quartic with one double point, hence of genus 2. 


An involution of order 2 on a curve of genus 5 is of genus 2. 
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2 ` $18. General Involutions of Order 2. 


We can now proceed to the ‘general case. Given C,- In order to 
possess a y, its equation must remain invariant under some birational trans- 
formation of period 2. If the curve is non-singular, hence of maximum genus 
= L , the transformation must be linear.* If n is even, the equa- 


tion of the curve is of the form 


D+ aT pa (La, My) +... +, (a2, %) =O. 
Its image under T is 
l no na ia 


Í PAUS ys" KAON Ys) S «e HOn (Y2, Ys) =0, 


a curve of order n with two consecutive * ead points at the point (1, 0, 0). 
l The genus of the curve is . 
(n—1) (n—2) sa —1) = (n—2)? 

2 2\ 4 ` 
Let us apply as a check Zeuthen’s formula. The number of coincidences of Ys 
is n, the dii of intersection of 2,0 with the curve, 


pe a| fet) —1|-4(x-1); sone OO 


If we denote —, the number of groups of y, on a line through the center of 


pi ? 
homology by r, we can write the genus of the involution in the form (r—1)*. 

The genus of ys on a non-singular curve of even order is (r—1)*, where r 
ts the number of groups of y, on a line passing through one. group of the- 
involution. 


If the order of the curve is odd, its equation is of the form 


| GIs (ay Ls) HA Os (La, La) +--+ HDn lT T) =0. 
Its image in the A’-plane is 


n—l a—l 
Y? Ya? P(Y, Ys) E HPna (Yz, Ys) =0, 
a curve of order n. The genus of the curve is {nae =r(r—1),° 


where r= Ta and is, as above, the number of groups of y, on a line con- 


taining one group. 








* V. Snyder, “On Birational Transformations of Curves of High Genus,” AMERIOAN “JOURNAL OF 
MATHEMATIOS, Vol. XXX (1900). 
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The coincidences of y are the n points of intersection of 2,=0 with the 
curve and the point (1,0,0). By Zeuthen’s formula, 


EEPE [Seed r) -1| SUA 


_ (arr) (n=3) 
em OS 

The genus of y: on a@.non-singular curve of odd‘order as r(r—1), where r, 
is the number of groups of y4 on a line passing through one group of the 
involution, , 

Thus, on a non-singular quartic y, is of genus (2—1)*=1, on a non- 
singular quintic of genus 2-(2—1)=2, on a non-singular sextic of genus 
(3—1)*=4, and so on. a 

If the given curve F(x) =0 is non-hyperelliptic, and has the equivalent of 
not more than E wor 3 double points, E(k) being the largest integer less 
than k, it remains invariant under linear transformations only.* 

If the number of singularities is greater, the curve may remain invariant 
under transformations of period 2 other than linear. In that case, however, 
there exists a curve birationally equivalent to F(x) =0, the equation of which - 
contains only even powers of one of the variables, say a, f (xj, 2,2) =/* (x) =0, 
and which is therefore transformed into itself by L.t . 

Consequently, a curve possessing a y; is either itself invariant under L or 
can be put into (1, 1) correspondence with a curve which is invariant under L. 
In the first instance, as we have seen, if F(x)=0 is not hyperelliptic, the 
involution is multiple. If the involution defines on F(s) =0 a transformation 
which is not linear, consider f (s)=0, identical with F(z)=0 as regards 
involutions. The pencil of lines through the center of homology cuts the curve 
in k pairs of points of the involution. If k=1, the involution is a rational Ges 
and the curve is, therefore, hyperelliptic. If 4>1, the involution is multiple. 
Hence we can generalize the theorem stated in § 15: 

A curve having a simple y; is hyperelliptic. If a non-hyperelliptic curve 
has a y; the involution is multiple. l 

We can readily determine the genus of a y, on a curve of given character- 
istics. Consider F(z) =0, of genus p. The singularities of the curve, not in 
exceptional positions, appear in pairs of similar ones. They are equivalent to 





2 2 v: iC ) double points, where 2v; denotes the number of t-fold points. 


valse 





* V. Snyder, “On Birational....,” AMEBICAN JOURNAL OF MATHEMATIOS, Vol. XXX (1909). 
4 A. Hurwitz, “Ueber diejenigen....,” Math. Annalen, Vol. XXXJTI. 
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They give rise on f(y)=0 in the A’-plane to singularities equivalent to 
x v; So) double points. If F(#)=0 has no other singularities, and 
aie 


does not pee through the center of homology (1, 0,0), f(y) +0 will in addi- 


tion have F branches touching each other at (1,0,0). Its genus, and there- 


fore the genus of the involution, is 
© (n—1) (n—2) —2E0,-4(i—1) —n(n—2) 
4 l l 

The discussion in §15 has taken cognizance of all possible positions of 
singularities on F(x)=0. When the singularities of F(~)=0 are known the 
determination of the genus of the involution becomes a matter of numerical 
calculations. 


bf pont 





§19. Cyclic Involutions of er Order. ` 


The transition to involutions of any order follows directly, if the involution 
determines a birational transformation of the curve into itself. If a point P 
goes into P,, P, into P,,.... and P,=P by the transformation, the involution 
is called cyclic. The transformation is always periodic, and is either linear, 
or the given curve F(x) =0 can be put into (1,1) correspondence with a curve, 
the equation of which is of the form f(a}, 2, 2) =af*(w)=0, and is therefore 
invariant under the linear transformation: . 

v= (on Te a p=1.* 
04, Le &, . l ; 
If F(s)=0 has a y, so does f'(x)=0. The groups of the involution on 
f*(z) =0 are cut out by a pencil of lines having its vertex at the center of 
homology (1, 0,0). If the lines of the pencil cut out only one group, Ya ig @ 
rational g}; if they cut the curve in more e than one group the involution is 
multiple. Hence, 


A cyclic involution of order a on a given curve is either rational or, sif 
irrational, is multiple. 


A multiple cyclic involution may also be rational. 

The genus of y, can, be determined in a manner exactly analogous to thè 
one employed in the determination of the genus of -an involution of order 2. 
The singularities of F(z) =0, not in exceptional positions, will have to appear 
in groups of a similar ones giving rise to 1/a-th, their number of similar 
singularities on f(y) =0. If F(x) =0 does not pass through the point (1,0,0), 


f(y) =0 has He) branches touching each other at (1, 0, 0), and so on. 





* A, Hurwitz, “ Ueber diejenigen ....,” Math. Annalen, Vol. XXXII. 
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$20. Non-Cyclic Involutions. 7 

Given a cone K,,=0 of order ¥, genus ~ and a surface F,=0. The 
curve C of intersection goes b times through the vertex of the cone and is of 
order m, genus p, where m=aẸ +b and p is determined from Sturm’s formula * 


p=a(a—1) P+ (a—1) (b—1) + an. 
The curve C possesses an involution of order a, genus n. Through every point 
P of C passes a generator of K, which meets C in a—1 points besides P. But 


each generator of K meets but one group of a points, hence K, C are in (1, a) 


correspondence. f 
If C is projected on a plane section y of K, when the center of projection 
is at the vertex of the cone, C is projected a-fold on y. If the center of pro- 


jection 0 is on C but not at the vertex of the cone, C will be projected into a 


plane curve C, of order m—1, having a—1 branches with a common tangent 
at 0, the point in which the generator of K through 0 pierces the plane of 
projection. Let P be any point on C. The generator through P and the 
point 0 determine a plane which passes through the vertex of K, hence cuts it 
in ®—1 generators besides the one through 0. The plane meets the plane of 
projection in a line through 0, and contains ®—1 groups of the involution. 
We have therefore an illustration of a multiple non-cyclic involution on C}. 
The image y,,, may be assumed at will, hence curves having involutions of any 


order can be constructed, which have a given curve for image of the involution. © 


The number of coincidences is the number of tangents to C through the 
vertex of the cone K. By the Cayley-Brill formula this is seen to be 
2(a—l1+p). This, by Castelnuovo’s formula already cited ($6), is the maxi- 
mum number an involution y4,- can have. 

If the center of projection is on K but not on C the conditions are 
unchanged except that the vertex of the pencil of lines in the plane of C, is 
now an a-fold point at which all a branches have a common tangent. As 
before, each line of the pencil contains P—1 groups of the involution. 

Finally, if the center of projection 0 is not on K, the vertex-0, of the plane 
pencil is not on C,, and each line of the pencil contains ® groups of the 
involution. 

Next, suppose we have a ruled surface R, ,=0 of order n, and x the genus 
of a plane section T. If C,=0 is a complete intersection of R and F,=0, 
m=kn, its characteristics are connected with those of R by the following 


relation: m(k-+n—2) =r+2d, l (10) 








* R. Sturm, “Ueber das Geschlecht von Curven auf Kegeln,” Math. Annalen, Vol. XIX (1882), pp. 
487—488. 


E 
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where d is the order of the double curve on R and is given by 

sao AS AS) 

á 2 t 

and r, the rank of C is r=2m+2p—2. Substituting the values of r and d in 
- (10) we get 


d 


m(k—1) —p—s=" 079" —k(x—1)—1, (11) 
6 being the number of times R and F touch. 

If the complete intersection of R and F is made up of C and s generators, 
so that m=kn—s, we have a 

(m—s) (k+n—2) =r—r'.* 

r’, the rank of the system of generators, is zero, hence 

(kn—2s) (k-+-n—2) =2(kn—s) +2p—2+h(n—1) (n—2) —2kua—2s(n—2), 
or, as above, . 
k(k—1)n 

2 

If the residual of C,, is another curve Cw, and if there exists an Fy=0 
which cuts R in Ca or C,, and s generators then, by means of relation (11) we 
can find the genus of C,, or Cw in terms of the characteristics of R, then the 

genus of the other curve by means of (10), which reduces to the form of (11). 
` Formula (11), which is a generalization of Sturm’s formula due to Segre,t is 
applicable to any curve on a ruled surface. 

If now C is projected into the plane curve C,, the & points in which each 
generator of R meets C will be projected into a group of k collinear points, 
but the same line contains m—k other points, not belonging to a group. The 
lines containing each a group of the involution envelope a curve of class n, 
birationally equivalent to the dual of T. Each of the remaining points on a 
line, not belonging to the group on that line, belongs to a group on another 
tangent to the envelope. 

In case the surface F=0 is also a ruled surface, on C are two distinct 
involutions, and hence also on C,. Let FP=R,,,=0 and R,,=0 have J 
generators in common, so that m=nn’—j, 8=2j,kh=n’, k’=n. From Segre’s 
formula we have . 


- (k —1) (nn’—j) —p—2j= 


m(k—1)—p—3= om TC en ee oe (11) 


k(k—1)n 
2 
k (k’—1)n’ 
2 
* Salmon, “ Analytic Geometry of Three Dimensions,” fifth edition, Vol. I (1912), § 348, p. 358. 


+ C. Segre, “ Recherches générales sur les courbes et les surfaces réglées algébriques,” Ħath. Annalen, 
Vol. XXXIV (1889), pp. 1-25. i 


—k (n —1)—1, 


(n’—1) (nn’—j) —p—2j= —k' (w —1)—1. 
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The number of coincidences in the first involution is 2(m’—1+ ) and in the 
_ second is 2(n—1+p). The maximum genus of C when j=0 can be obtained 
from Salmon’s theory of postulation. 


$21. Restrictions on the Moduli of a Curve Having an Involution. 


The application of the methods used in the preceding pages to the second 
question we set out to answer is immediate. Let us first consider a simple 
ease. Given an involution of order 2 and genus 1, to find the simplest curve 
that can possess it; in other words, find the simplest curve upon which a non- 
singular cubic can be mapped doubly. Consider the cubic 


i YzYs= Pa (Y1, Ys)- (12) 
By means of T— we find as its image in the A-plane the sextic 
Lirg= Hs (Xi, Wg). (12) 


The sextic has a four-fold point and its genus is therefore 2. We notice that 
(12’) is invariant not only under L, but also under another homology which 
replaces a; by —ys, or that the existence of one elliptic involution of order 2 
on a curve of genus 2 necessitates the existence of another involution of the 
same order and genus. In the same manner most of the theorems established 
by Torelli* by transcendental methods, can be proved as simple corollaries of 
the preceding theorems. 

In general, in order to find the genus of a curve which possesses a Yaw, 
we start in the A’-plane with a normal form of a curve of genus ~. Every 
multiple point of the curve, not in an exceptional position, gives rise to a 
similar multiple point on the image curve in the A-plane. The procedure laid 
down in $16 is followed in the determination of correspondents of multiple 
points in exceptional positions. The genus of the image curve is then easily 
. calculated. - 








*R. Torelli, “ Sulle curve di genere due contenenti. una involuzione ellitica,” Rend. Aco. Napoli, 
8. 3, Vol, XVII (1911), pp. 412-419. i 


The Set of Eight Self-Associated Points in Space. 


By Jonn Rocers MUSSELMAN. 


Introduction. 


Associated point sets were first discussed by Rosanes* and Sturm.t 
Later a type of self-conjugate association was treated by Study.ł} Recently 
Coble $ discussed the association of a set P? (n-points in S,) with a set Q}? 
(n-points in S,_,-,) and derived the complete systems of invariants for P} 
and P}. 

An interesting case of associated sets occurs when both sets of points are 
in the same space. The term association as defined implies a mutual ordering 
of the points. It may be possible to project the one set upon the other in the 
order of association. The two sets are then said to be self-associated, and the 
order will be referred to as the identical order. For the P§ this is the well- 
known set of base points of a net of quadrics. If the associated sets can be 
projected one upon the other in some order other than the identical, the sets 
are said to be self-associated in other than the identical order. It is this type 
of P3 which will be discussed in this paper. In §2 the general set of eight 
points self-associated in some order is treated. If this self-association requires 
that the set be the base points of a net of quadrics, the set is said to be of type 
B and is discussed in §3. If the eight points lie on a rational space cubic, the 
set is of type R and is considered in $4. Various theorems and facts of im- 
mediate use are grouped in §1. In order-.to restrict the number of cases, no 
order of self-association is discussed if in the set two points should coincide, 
three lie on a line, or four be in a plane. || Such a set is said to be of type E. 

Those sets of points which can be self-associated in other than the identical 
order, can naturally be determined only to within projective transformation. 





* Oreille, Bd. LE XXVIII (1880), p. 241. 

t Math. Ann., Bd. I (1869), p. 633, and Bd. XXII (1883), p. 569. 

t Math. Ann., Bd. LX (1905), p. 321. 

§ Transactions, Vol. XVI (1916), p. 155. This paper hereafter will be cited as C. 
|| This excludes some cases of interest. See footnote on Desmic Systems, p. 81. 
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Most of the conclusions in § 2 are given in terms of the elliptic parameters of 
the points; if the curve on them degenerates, the geometrical construction of 
the set is given. In $3 the ten types of the self-projective planar quartic 
given by Wiman® are tabulated and their connection, where possible, shown 
with specific orders of self-association of the P}. The types of self-associated 
sets on a rational cubic and the groups connected with them are given in § 4. 


§1. Let the set of eight points in space be given by the equations 
(up,)=0, (up.)=0,...., (ups) =0. 


Since any five points in space are linearly related, these equations are con- 
nected by four linear relations. Let them be 


du (up) +x lup) +... .+s:(ups) =30, i=1, 2, 3, 4. 


Multiplying them respectively by v, and adding, we have the single identity in 
‘u and v, 


(1) (vqi) (Up1) + (vgs) (upz) +. . - - + (Vga) (upa) =0, 


which leads to the set Q3. Thus a set P} projectively defines an associated 
set Q3, and the relation is mutual. If the set P} is self-associated the above 
identity can be written as 


(2) Aa (wpa) (vh) + Ae (UP:) (Vga) +... +A (Ups) (Vgs) =0, ‘ 


where the points q; are merely some permutation of the points p;. The latter 
can be replaced by the two following identities: 


(3) Aa (ups) (ugi) + Aa (upa) (Udy) +--+. +s (ups) (uga) =0, 
. Aa (DiGi) = As (Peda®) +... . tAa(Deder)  =0. 


We shall have need of the following facts in the later paragraphs: 


(4) If the associated sets P} and Q5 in S; be placed so that the first five 
points of each constitute the same base, the remaining three points òf each set 
lie in the same plane a, and form polar triangles of the conic Q,, in a, which - 
is apolar to all sections by a of the basic quadrics.t+ 

(5) If by projection from one of the points q, say qs, and section by a 
‘plane, there is obtained from the remaining seven points Qis +++) G7 & set Q?, 
this set is associated with the set P$ formed by the points p,, ...., p; of PÈ. 
From this theorem is obtained a result of importance for any order of associa- 
tion containing a cycle of two letters, say (p;p,). By projection from p, we 
get seven points p in a plane associated with the set of seven points g. If the 





* Math. Ann., Bd. XLVIII (1897), p. 222. +O, p. 159 tC., p, 158. 
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sets P ang Q? are not self-associated, p, will have been sent into da. Projecting 
now from qa, we obtain six points q in a plane associated with six points p in 
the plane. If the-sets P$ and Q? are self-associated, then p, is qa, and the pro- 
jected sets in the plane coincide and are self-associated. The sét of six self 
associated points in the plane has been fully treated by Coble,* and his conclu- 
sions are available for our purposes. 

- (6) Two sets associated with a third set are projective; for the sets are 
- only projectively known so that a third set will projectively define its asso- 
ciated set. ’ , 

There are twenty-one possible orders in which a P} may be self-associated, 
as (12), (12) (84), ...., where the points are indicated by their subscripts 
and where, for example, by (12345) we mean Pi, De, Ps, Pas Psy Pe, Pry Pe 18 
associated with Pa, Ps, Di, Ps, Dis Des Dr, Ps- 

§2. In this section we treat those orders of self-association of the’ P3 
which permit the eight points to lie on a unique elliptic quartic. Three 
theorems are now proved which enable us to classify some of the orders of 
self-association as belonging to types B and E ; such types are discussed later. 


(7) Any order of association containing only one cycle of three points is ` 
of type E. Suppose the cycle to be (123)...., where the other five points © 
enter in any possible arrangement save a cycle of three. By applying (6) this 
order of association (123).... implies projectivity in the order (312)...., 
and, consequently, is projective in that power of this order which is the least 
common multiple of the periods of the cycles—not including the cycle of three 
points. The original order of association is then projective to the order 
(123), let us say. The transformation defined'by this projectivity has multi- 
pliers 1, œ, or a7; (@®=1). Evidently two multipliers at least will be alike 
and we can choose these two to be unity. There are then three types to con- 
sidér: 1, 1,1, o;. 1,1, o, o; 1,1,0, o°: The transformation having the first 
set of multipliers has a fixed point and a fixed plane; the one with the second 
set of multipliers has two lines of fixed points, while the transformation with 
the third set of multipliers has a line of fixed points and a line of fixed planes. 
In all these types we can not have five fixed points without four of the P? 
lying in a plane and thus giving a P? of type E. Hence the following orders 
(123), (123) (45), (123) (45) (67), (123) (4567) and (123) (45678) are of type 
E and will not be discussed in this paper. . 


*C., p- 163. 
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(8) Any order of association containing only one cycle of four, points is 
of type E. By an argument similar to that in (7) it can be shown that the 
_order of association (1234).... implies projeetivity to the order of association 
' (18) (24). This type of projective transformation is the well-known harmonic 

-perspectivity in a point.and plane, or in two lines. In either case to have four 
fixed points would require four of the P} to lie ina plane ; and so any order of 
association containing only one cycle of four points leads to a P} of type E.. 
Hence the orders of association (1234), (1234) (56) and (1234) (56) (78) are 

of type E and will not be considered in this paper. ` 


(9) All further orders of association. of odd period are. of type B. In 
fact all orders of association of odd period are of type B, but as some are 
included in the statements of the last two paragraphs, we shall say only those 
. orders of odd period, not previously excluded, are of type B. Let II be the 
order of association. By (6) the order of association II implies projectivity 
to the order of association II*. To be of type B, IL is projective to itself in 
the identical order, or II"=II. This says [*-'=1 which is true if II is of 
odd period. Hence all orders of association of odd period are of type B, and 
the following orders (123) (456), (12345) and (1234567) will be TRANNE for 
discussion in the next section of this paper. 

(10) The remaining ten orders of self-association will now be nian up 
in detail, considering first the order (123456)(78). This order implies pro- 
jectivity to the order (135) (246); thus defining a transformation with multi- 
pliers taken from 1,,* (a’=1). Let us give the P$ the following coordinates: 
Ail, 1, 1, 1, 2:4, 1, a, m, 3: 1,1, œ, @, 4:4, 1, ot, omy, 
5: 1, 1, œ aœ, 6:4, 1, o%, om, 7:1, 0,°0, 0, 8:90, 1, 0, 0. 
The sixteen equations resulting from the identity l 

Ay(Upi) (VP) +... + Ae (Upe) (Vp) +2 (upr) (Ups) +s (ups) (vp) =0 
have the following matrix where the row [1] indicates the coefficients of.the 
equation derived from the coefficignt of uw; (ijl, <. 


P 
— 


a5 
[1] Aa Aa A ee ee: 0 0, 
[22] 1 1 1 1 1 1 0 0, 
[33] Za Oty, O%, tz as ot, O 0, 
[44] D OO wo 2 wm wey, 0 0, 
coe, Ay A Sh A a A e 0, 
"SOT; A 1 à i 2 1 0 ,, 
[13] D Aw we, Aw wl, A 0 0, 
[31] A & Aw® on, AWD oF O0 0 


~ 
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are the sides of the reference triangle in the plane = =0, and the ne three 
are lines. through the vertices.of the triangle meeting in a point. Moreover, 
this point is on the quartic curve, .For any plane cuts the pencil of quadrics 
in a pencil of conics on four points of the curve. The conics here are line 
pairs on the vertices of the reference triangle. They must have another point 
in common which can not lie on the sides of the triangle, hence the lines through 
. the vertices meet in a point on the curve. We thus obtain four more points 


. on the curve, namely :- 


0, atas, ath, ata, a ata, ate, 0, Zeti y 
z+, 0, Batz, w+%, B bh, Ste, ate 0.5 


But 3, 4, a, 5 are in a plane; ‘so also 3, 4, 8, 6; 3, 4,y,7 and 3, 4, 6, 8. 

Calling the elliptic parameters of the points 1, 2, .-..,8, Ur, Ue, ... +5 Ue, 
since 6, 7, 8, a are in a plane, : 

Ust Uat hg Ug tly tly OF tigt y= — Us H ot tr- ts. 
Similarly, us- tE Uls—thy + Ur + Ugg F Us — tly + Usus + Up t+ Urt, 
whence — Bt) = 4g, OF” —us— iut 2u5=0. 
Also Ug — yt 2g =0, ity + 20 =0, ty — ty + =. 

These relations say that the four planes on ~ig, —u,, tangent to the 
curve, are tangents at the points us, us, Ury, Us. Find that quadric of the 
pencil having %, u, a8 generator; a plane through this line will cut the quadric 
in —u,,—t%. The four- planes on this line —u,, —u, tangent to the curve 
cut out the points Us, Ws, Ur, us. Points 1 and 2 are treated like 3 and 4.~ 
Hence 12, 34 are any two generators of the same system of a quadric on the 
curve; 5, 6, 7, 8 are the points where the curve is tangent to the generators of 
this same system. The Pj thus contains four absolute constants, and the con- 
ditions on the parameters of the points are 


Ag+ thy = gf ty = t= Lte = Dey = h. 
(13) The second identity for the order of association (12) (34) (56) (78) is 
' (Aq—Ag) (12%) + (As—Au) (842) + (Age) (787)=0. ` 


If one difference vanishes,.say the first, the lines 34, 56, and 78 are on a point, 
whence four points lie in a plane. If two- differences vanish, either two pairs 
of points coincide or four points lie ona line. If three differences vanish, two 
points must coincide. These conditions all lead to sets of type E. If none of 
the differences vanish, the four lines are-lines of the same system of genera- 
tors on a quadric, Moreover, this -condition is sufficient because the first 
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identity can be satisfied by choosing A,+A,=0, ...., oiee, ArfAs=0. This 
set involves six absolute constants: one for the curve, one for the quadric, and 
one for each generator. In terms of the elliptic parameters of the points we 
have i 
Uh Mg Ug HU =U t U= urt Ug= ke 

Howeyer the case remains for which all the differences may vanish. Applying 
theorem (5) and projecting from point 7 (or 8) we get six self-associated 
points in a plane which under the order of association (12) (34) (56). requires 
the points to lie on three lines meeting in a point.* This means that looking 
from point 7 (or 8) the projections of the lines 12, 34, 56 upon a plane meet 
in a point. To do so the line of perspection from 7 (or 8) must meet these 
lines. The lines of perspection from 7 and 8 are distinct, else four points in 
' a plane. So 7 and 8 lie on two cross generators on the quadric having 12, 34, 
56 as generators. Either the four lines are generators of the same system on 
a quadric, or the quadrics having 12, 34, 56 and 34, 56, 78, respectively, as 
_ generators are distinct. Since both are quadrics on the curve, their intersec- 
tion, 34, 56 and two cross generators, shows 1, 2,7, 8 must lie on the cross 
generators whence four points would be in a plane. Hence the two quadrics 
must be the same one and 12, 34, 56, 78 are generators of the same system on 
a quadric. . 

The first identity, 7,(u1) (u2)+....+....+4,(u7) (u8)s=0, says that 
any quadric apolar to the. first three pairs must cut 78 harmonically as to 7 
and 8, Examine the quadric made of planes 134, 156. The plane 134, being 
tangent along the generator 34, cuts out on the quadric that generator of the 
other system through the point 1. But the plane 156 cuts out the same 
generator. Now the points where these lines cut 78, since the generators 
coincide, must be at 7 or at 8. In either case, four points lie in a plane, and 
we are led toa P$ of type E. Therefore the order (12) (34) (56) (78) requires 
the four lines 12, 34, 56, 78 to be lines of the same system on a quadric. The 
set contains six constants and is given parametrically by 

: Uy Ug = Ug + Uy = Ug + Ug = Uy U= k. 

(14) We can dispose of the order of association (123) (456) (78) ina few 
words. It implies projectivity to the order (132) (465). It is also associated 
in the cube of its order, that is, in the order (78). These facts enable us to 
construct the set. The six points 1, 2, 3, 4, 5, 6 determine a cubic curve on 
which they lie in two cyclic sets 1, 2, 3 and 4, 5,6. The transformation sending 





*0., p. 161. 
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. these points ints each other cyclically has -two fixed points on the curve. Join 
these points, and 7 and 8 are points on-the Weddle, determined by the first six 

points, cut out by this line of fixed points. The quartic curve has degenerated 
` into a cubic and its bisecant, while the P? contains but one absolute constant. 


f (15) The order of association (1234) (5678) implies projectivity to the ` 

order (13) (24) (57) (68). The points „must. lie harmonically separated in 

pairs as to two fixed lines. Let them have the coordinates: 

1:1, 0,0, a, 2:0, 1, b, 0, 38:1,0, .0,—a, 4:0, 1, —b, 0, 

[hii 6: Li, Dr, gy D, T: 1, 1, —1, —1, 8: a, %,—a%, —%. 
Substituting these values in the identity we obtain sixteen equations whieh 

can be satisfied if the following conditions are satisfied : 


ah-pad= ala a ty + oy, = 2% —Mo,=0, (a%,—ba,)? Sextet 
The first four relations are satisfied by %=ia,, %=—ia,[#—=1]. im 
these values in the remaining condition, l 
: (—iamn— ba)’ + (aiz, tbn)’ =0, or (a+) (a+b) = 

whence either +a =0, or a=ib.. - 

Case I. m=iz,, t= —is, and n= Ein. 

If x,=iz,, letting 2,=1, we have 2,=i, m=i, 4—1,%,=1. With these 
values points 5, 6, 7, 8 are in a plane, so they lead to a P} of type E. a 

If m =—ix,, letting vı=1, we have 2,=1, v= —i, q= —]; 2,=1, which 
gives a P} involving two constants, and whose coordinates are: 
1:1,0,0,¢, 2:0,.1,b, 0, 3:1,0, 0,—a, 4:0, 1, b,0, 
6: 1,1,1,1, ` 6: 1, —1, 4-4, 7: 1, 1, —1, —1, 8: 1, —1, —i, i. 

Case II: HEI, m= — it, a=ib gives a P3 containing two absolute 
constants, whose coordinates are: l , , 
1:1, 0, 0, ib, 2:0, -1, b,.0, 3:1,0, 0,—ib, 4:0, 1,—ù, 0, 
6:1,1,1, 1, 6:1, —ie,~—c,—éi, 7:1,1,—1, —1, 8: 1,—ico o 4. 

Both Ps give the lines 13, 24, 57, 68 as generators of the same system of 
a quadric on the curve. 7 

In Case I the four generators are harmonic, and the double- ratio of the 
generators through 1, 2, 5,,6 on the edge ere, ee, of the reference tetrahedron is 


(b—1). (+i): 
In Case IL tlie double- ratio of 13, 24, 57, 68 is ic, and the double-ratio of 


aus 
1 * 





the generators, on é€,e,, through the points 1, 2, 5, 6 is 
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(16) The order of association (12345) (67) ares projectivity to the. 
order (13524). Let Pš be 
: 1:1, 1, 1, 1, 2:1, &% & a, . 3:1, £, è, e, 4:1, e“, e, , f: 

5: 1, e, e e, 6:1, 0, 0, 0, - 7:0, 1, 0, 0, 8: 0, 0; 1, 0, 
` where a, b, c are all different and different from zero, and ei is a fifth root of . 

unity. : $ 
The identity (2) for the order of association (12345) (67) is: 

Ay (ul) (v2) +... HAs (u5) (01) +s (u6) (07) +... +3 (u8) (v8) =0. 
The coefficients of UyVe, Uat, uv, determine 2s, Ar, As; respectively. The 
remaining coefficients contain only the first five 4’8 and reduce to eight equa- 
tions whose matrix i is: , 


1 e a ra E“, 
1 3 e ~ £ ee 
1 1 1 L oa i, 
1 P 2 ef? e, 
E 1 aad E° : g : eo; 
l 1 gatb) g+) etb EoD, 
i (a+e) (a+0) 4(a+-0) ` - ore 
1 Fab e E £ T 
(be) - (b40) 4(b-++0) oo, 
1 È E e jl. È 


ia &# be the remaining fifth root of unity not used in the coordinates of the 
points: We have two possibilities. ' 


Casu I. a+b=5, c+d=5, - Case I. ade b4d=5, 
Io. a=1, b=4, c=2, d=3, . Ia. a=1, b=2, c=4, d=3, 
= I8. a=1, b=4, c=8, d=2 T$. a=1, b=8, c=4, d=2. 


We can always choose a=1. If it is not 1, by a proper power of the trans- _ 
‘formation-we can make it 1. Using the above values-for a,.b, c, d we find the ~ 


set of eight equations in A, ... ., As incapable of solution except for the values ` 


` in II. Hence the P? contains no absolute constant and has the following - 
coordinates:- |... an : l 
i: 1 1, l, l, 2: 1, & ñ 3: 1, CA 4: 1, a’, el, e 
5:1, & e &, 6: 1, 0, 0,°0; 7:00,11, 0, 0, 8: 0, 0, 1,0. 
(17) The order of association (123456) pope projectivity to the order 
(135) (246). “Let the P} be | 
“1: 1, 1, 1, 1, 2: A, 1, Ds, Da; 
5:1, 1,0, o, 6:4, 1, om, OS, 


*,o, 4:4, 1, ats, ax, ` 
8: 0, 1 0 


3:1, 1, o 
7:1, 0, 0, 0, : 0, 1, , 0. 
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The sixteen equations resulting from the identity are satisfied, for the > 
above choice of coordinates, if A=—1, and 2,=—ax,. Hence the set contains 
.. one absolute constant and can be written as E 


sae: Paes PR 1, 2: —1,1, a, —oa, 3: 1,1, o,o, 4: —1, 1, o'a, —o°a, 
5:1, 1, 0, œ, 6: —1,1, oa, —a, 7: 1,0, 0,0, 85 0,1, 0 0 


To construct the set choose 7, 8, H,, H, as the reference points, and 1 as 
unit point. Let H be the point on 78 cut out by the plane 1H,H, and P be the. 
fourth harmonic on 78 of H, as to7 and 8. Then 3 and 5 are determined as 
those points which with 1 have ‘HHH, as their Hessian triangle. Select 4’ in 
the plane HHH; as any point on the harmonic line of H,l as to A,H, and l 
HH; likewise determining 5’ and 6’-as those points which with 4’ have H,H,H, 
as their Hessian triangle. Projecting from 7 upon PH,H, the points 4’, 5’, 6’ 
project into 4, 5, 6, whenee the set is determined completely. By changing the 
sign of a, we get a set 4”, 5”, 6” in H,H,H,, which projected from.8 gives 
4,5, 6 in the plane PH,H,. The set of points lie on a cubic through 1, 2,....,6 
and a bisecant on which lie 7 and 8. Hence the order of association (123456) 
is possible and the set of points contains one absolute constant. 

(18) The order of association (1234567 8) implies projectivity to the 
order (1357) (2468). Let the P} be 7 


l: r, 1, 1, 1,- 2: 2 Ley Osy %, 3: 1, i, —l,— å, 
4: Di, Wr, —W%, ili, õ: 1, —1, 1, —1, 6: Bi, — Ta, ey — Ms 
T: 1, —-t,—1, i, 8: t, —ia,, —a, im. 
The sixteen equations resulting from substituting these values in the 
identity are satisfied if we choose 2,, 2, £s, X, to satisfy +(*j;—23)— —(2i—at) = 0, 
whence the set contains two absolute constants. The quadric passes through 2 
and 6, and‘has 13, 57, 15, 37 as generators. , This apparent lack of symmetry 
is explainable. In the order (12345678) we pick ‘out the points 2'and 6, the 
numbers enclosing them are 1, 3, 5, 7, hence we use for generators besides 15, 
37, the lines 13, 57. Similarly, if we isolate points 4 and. 8, the numbers 
enclosing them are 3, 5, 1, 7; hence there is | a quadric having 15, 37, 35, 17 a as 
generators, and on a and 8, namely: 


4(aj—a5) + (22— "m 


If we choose %,=1, m=b, %=a, thon m= Vitia —1). Hence the order 
of association (12345678) is „possible, the set contains two absolute constants, 
Ties on an elliptic quartic, and its coordinates are given above. 
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(19) For the order of association (12) (34) (56) the identities are satis- 
‘fied if we take points 5, 6, 7, 8 as the reference points, 4 as unit point, and 1, 
2, 3 as wy, g, respectively, by A;=A,, As= Au, As==As, and if the following 
equations are satisfied, 
Laat BY FAY — TY — tY — Way, =O, 
BY PY tH 0Y — tY — ty + Ly, =0, 
Bayr FLY tH E — Ys — 2y — Ty — Tay = O. 
Solving for y in terms of v we note: 
Y= Y= Ys = Ys = Ly — Ty [2304+ 200g — WD, —— Wp — Wy Lg — TL, |. 
Now the four values of y; can not be equal, else this point would coincide 
. with 4, neither can a,—#,, or four points. would be in a plane, whence point 1 
must lie on the above quadric, and then point 2 will lie on a line. Point 3 is 
determined by the conditions 2: 2g: 2g: 2j—=DyYy : Vela? Ys + LY WY: MY, OY 
—2,y,. Hence this P? contains three absolute constants. If we choose a,=1, 


b+ab—2a 
T == Q, t=), then n= 
The coordinates of point 2 are 
b—1 224(b—1) b—1 
Yi=l+aA, V= 5 — (1—2) n= 70-0, at 
while point 3 is 
b—1 
g=1+A, a= [(6—1) (1—4)], s= PEN EE 
— (6—1) [2+ +4) (a—1)] 
i 2b—a—1 


Therefore the order of association (12) (34) (56) is possible; the sat gontom 
three absolute constants and its coordinates are given above. ` 


§3. In this section we shall treat the PS when they are the base points 
of a net of quadrics. As such they are self-associated in the identical order, 
and if self-associated in some given order they are therefore projective in that 
order. The connection between the general planar quartic (genus 3) and the 
net of cubic curves on seven points in the plane is well known. The o? elliptic 
quartics on the eight base points project from one of those points into a net of 
cubics on seven points in the plane. Hence an intimate relation exists between 
the eight base points and the planar quartic. If now the Pj is self-associated 
in some order and thereby projective in that order, we get a birational trans- 
formation of the planar quartic into itself, which is, moreover, a collineation. 
The types of self-projective quartics have been tabulated by Wiman, and in 
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this section we shall, where possible, connect each type with an order of self- 
association, Since the planar quartic is not of genus 3, if two points coincide, | 
` three lie on a line, or four be in a plane,* no orders of self-association will 
enter here which were of type E and which were not discussed in the pre- 
ceding section. z 

Associated with the planar quartic are its thirty-six systems of contact 
cubics. If à collineation permutes some of these systems leaving at least one 
system fixed, there will be a self-association corresponding to it of the P$. I£, 
however, all of these thirty-six systems are permuted under the collineation, 
then we can not connect an order of self-association with the quartic. ‘The 
` twenty-eight double-tangents of the quartic shall be designated by the twenty- 
eight symbols [12], ...., [78], thus -furnishing at a glance the number of 
double-tangents fixed under an order of association. 

The ten types of self-projective quartics are: 


1° at-bat, (ay, %) +f,(44, 2%) =0, 6° ain, +at+atat+at=0, 


2° afila, Ue) +H felt, 2) =0, TO Gate Hie, 
3° axit brna + 25, + 93% + i =0,F _ T+ WD, + 0,03=0, 
4° w+ fe(2, 2) =0, . 9° aa + way + =O, 


5° -Harina Hatt bririt o= ot 10° atat a,03—=0. 


Quartic 1° has four fixed double-tangents. This excludes the orders of 
- association (12) and (12) (34) as they both have more fixed lines; leaving the 
orders (12) (34) (56) and (12) (34) (56) (78) to be considered. Apply theorem 
(5) to the order (12) (34) (56). - The order of association (12) (34) on the six 
projected points in a plane requires (a) the six points to lie on a conic, or (b) 
four on a line, or (c) six on a line.t The last two conditions would require 
the Pj to have four points at least in a plane, while (a) makes the points lie 
on a quadric cone. If this happens the planar quartic associated with the Ps 
has a double-point and is no longer of genus 3. Hence, if we can connect any 
order of association with quartic 1°, it must be the order (12) (34) (56) (78). 
_ This we can do, and the conditions on the elliptic parameters of the points are 
th H Ug = Ug t+ hy = Up + Ug = Uy + Ug= p/4(p=period). This set contains four abso- 
lute constants; the modulus is not an absolute constant, and this necessarily is 
the number of constants in the equation ‘1°. 


* This excludes the P§ which form two desmic tetrahedra, which set is unaltered by a @,,,. Of 
course this P} is ‘of type B, and the pldnar quartic associated with it is the complete quadrilateral. 

. t Types given by Wiman are oj0}-+,0,0]+030,-+o30,+-o}=—0, and @$-+-§0,0,-+0}+-0105-+0}=0. 
The Kat general quartiles of these SERS. contain two constants, and.are as given above. 

tC., p.-161. 
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Quartic 2° is invariant under a perspective G; and has 2,=0 as a fixed 
undulation tangent. The group associated with quartic 3° is a non-perspective 
G, with 2,—0 as a fixed double-tangent. Of the two orders of association of 
period 3, weediscard (123), since it has too many fixed lines, and study 
(128) (456). The P} is associated and projective in the order (123) (456). 
The identity can be satisfied if the set has the following coordinates: 


Pe. 3y de wy Ay 2: 1; Loy ce; 3: 1, 1, o, o, 4: ab, 1, a, b, 
5: ab, 1, oa, ob, 6: ab, 1, aa, «bd, 7:1, 0; 0, 0, 8: 0, 1, 0, 0. 


The set contains two absolute constants, and lies on a cubic curve and its 
bisecant. Given the curve and points 1, 2,3 on it, they determine a cyclic 
transformation of period 3. Choose 4 as any point on the curve, then 5 and 6 
are determined as those points which with 4 form a cyclic set under the trans- 
formation. The two fixed points of the transformation are then known. Draw 
their join, and 7 and 8 are a pair of points on this line harmonic to the Weddle 
points on the line. Thus the set can be constructed, 

Both quartics 2° and 3° contain two constants and have one tangent line 
fixed, but quartic 3° is invariant under a dihedral G,.5. Whether or not the 
P} is invariant under a Gs s will decide the question as to with which quadric 
shall be connected the order of association (123) (456). Since we have just seen 
that the order of association is possible, one at least of the thirty-six systems 
of contact cubics is fixed. The quartic, being invariant under a G,, must have 
two other systems of contact cubics fixed, and we can represent them by 1237, 
4568 and 1238, 4567. If the P} is invariant under a Gs s the transformation of 
period 2 can not be a harmonic perspectivity in a point and plane—else four 
points in a plane—and is consequently a harmonic perspectivity in two fixed 
lines. Moreover, it must be of the type (ab) (cd) (ef) (gh) for the P3, if pro- 
jective in an order of period 2, is also self-associated in that order, and we saw 
that the above-mentioned type of period 2 is the only one that exists. 

This transformation must send (123) (456) into its inverse, leave 1237, 
4568: and 1238, 4567 unaltered; consequently is (14) (26) (35) (78), or 
(15) (24) (36) (78), or (16) (25) (34) (78). But the Pj is not invariant under 
any one of these three transformations. Hence we conclude that the order of 
association (123) (456) is to be connected with quartic 2° and none can be 
connected with quartic 3°, l 

Quartic 4° has four fixed undulation tangents, while quartic 5° has none. 
The orders of association (1234), (1234) (56), and (1234) (56)(78) are 
excluded since they do not have the same number of fixed lines. The remain- 
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ing order,of period 4 has no fixed lines, hence we connect (1234) (5678) with 
quartic 5°. The set of points is therefore projective and self-associated in the 
order (1234) (5678). Let them have the coordinates: 


iie Bd ey Sy Sh 2B Sy sate: vats: Se 
4: 1, —i, —I, 4, 5: age Za, Ba, Diy 6: d, tla, —Xy, —i%, 
T: Ti, My, Uy, —%, 8: Ti, — it, — Ts, ils, 
The sixteen equations resulting from the identity are reducible to six in 

As; As, Ar, Ag, namely: 


(ai a) (Astati tHa)=0, (a — irta) (Ag— Aah Ans M) =0, 
(jays) (AstAgtAr+As) =0, (Lal — Lala) (Agp—tAg—Az+tAg) =0, 
(a3— 4) (Aso Ay—As) =0, . (4%y—2g) (Ag+ tAg—A;—1A,) =0. 


For these equations to be consistent, one at least of the multipliers must-vanish. 
If i—i =en, let m=1, 2,=a, then v= +1; %=1/a. Using #=1, 
points 1, 3, 5, 7 lie in a plane, while if 2,=—1, points 1, 3, 6, 8 lie in a plane, 
so the above hypothesis is impossible. A similar argument shows that if 
a —a = gi — awg =0, four points-will het in a plane, so this assumption is like- 
wise untenable. 

If træ — 22 =0 by letting n=l, =, %=b, then vı=ab and the P$ is 
non-degenerate, lying on a quartic curve. Its coordinates are: 


1:1,1,4, 1, 2:1, i,-1, —i, 8:1,-1,1, —1, 4:1, —i,-1, i 
5:1, a, b, ab, 6:1, ia, —b, —tab, 7:1, —a, b, —ab, 8:1, —ia, —b, iab. 


The four lines 13, 24,57, 68 are generators of a quadric on the curve. 
The points where these lines cut the line eze, of the reference tetrahedron are, 
respectively, 0,1, 0,1; 0,1,0,—1; 0,1,0,6; 0,1,0,—b. Calling them, 
respectively, az, %, a3, a, the double ratio on 26, of | ax aga} is (=): 

The cross generators of the quadric through the points 1, 3, 2,4 cut the 
side @,@, of the reference tetrahedron in four points whose double ratio is —1. 
Hence these cross generators are harmonic. The set contains two absolute 
constants. i 

If we assume 27,%7,—2,%,=0, we get a set of points projectively equivalent 
to the set just discussed, giving no new types. If we assume that more than 
one of the multipliers of the equations in As, As, Ar, As Vanish, then either two 
points coincide or four points lie in a plane. Hence the order of association 
(1234) (567 8) is connected with quartic 5°, P} lies on an p i quartic and 
contains two absolute constants. ; 
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To quartic 4°. we can connect no order of salt EEA tien, a 
Quartic 6° is invariant under a cyclic G,; whose square (1, 1, j) is con- 
. nected with the order of association (123) (456) and whose cube (1, 1,.—1) 
with the order (12) (34)(56) (78). In examining the orders of association of l 
period 6 we-note that (123) (45) and. (123) (45) (67) have not the right 
number of fixed lines, one. The cube of the order (123456) contains only three 
cycles of two numbers, while the cube of (123) (456) (78) contains one cycle 
ef two numbers, so neither can be used. The remaining order (123456) (78) is 
of type E, hence the quartic would not be the general one. Therefore wé can 
not connect an order of self-association with the quartie 6°. i 
Quartic 7° is the well-known quartic of Klein,* invariant under a Guss. 
With it we connect the order of association (1234567) if it exists. “Let us 
then, with Klein, take the coordinates of the set to be: ae 
1:1, 2 2 2 2:1, Qe, 26%, 24 3:1 
4: 1, ae 2678, De®, 5: 1, Qe, Qe, De®, 6:1, 28%, Qe*, 28t, 
8: 1 


- a T: 1, 2e, Qe, Qe, , 0, 0, 0, 
where &'=1. > 

The sixteen equations resulting prot substituting these values in the — 
identity are satisfied by choosing 4=%=....=A;=1. Thus the set exists, 


contains no absolute constant and is connected with quartic 7°. With the 
above coordinates the transformations S and T of Klein are, respectively, — 
(1234567) and (18) (27) (34) (56). Not only is this set self-associated in the 
identical order and the order (1234567) but in one hundred and sixty-six 
others. By using S and T we can easily find.them and learn they are of four 
types: forty-eight of type ‘(178) (246), fifty-six of type (1358) (2674), 
twenty-one of type (18) (27) (34) (56), forty-two of type (1234567), which, 
with the identity, make the one hundred and sixty-eight. 


I+i 
9 The 


square of this is 1, 1, i; the group leaving 4° unaltered. There is no order of 
self-association connected with 4° and, consequently, none can be connected 
with quartic 8°. ` 

No order of association of period nine appears among those of our list, 
so we have none to connect with quartic 9°. i 

Quartic 10° is invariant under a G,,. The only transformation of period 
12 is (1284) (567) which we saw was of type E.: Therefore ee 10° can- 
not be connected with an order of association. 





The multipliers of the group leaving 8° unaltered are 1, —1, 


* Klein, “ Elliptischen Modulfunkturiem,” Bd. I, ppe 701, 724-725. 
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Heyce only four of the ten types of self-projective quartics can be con- 
nected with an order of self-association of the P$, namely: 


1° with. (12) (34) (56) (78) 5° with (1284) (5678), . - 
2° with (123) (456), - 7° with (1284567). 


$4. If the P} lies on a rational cubic, it is self-associated in the identical 
order. Excluding all of type E we find that the P§ on a rational cubic is’ pro- 
jective and hence self-associated in the following orders: (12) (34) (56), 
(12) (34) (56) (78), (123) (456), (1234) (5678), (123456), (1234567); and 
(12345678). The binary octavies giving the parameters of the P} for each 
order of self- association. are, respectively : 


(aitat) (aiani) (a+ Bainn, (af bal) (al aat) =0, 
(+24) (aitari) (a}-+ Bag) (iya) =0, (ai+24)2,=0, 
(Aa) (a}+aat)mm=0, 2. a=, (Ata) <0. 


The number of absolute constants for each P} is obvious from the above 
octavics, 

In §2 and $3 are given the possible aoe of self- adadad sets. A 
problem that suggests itself for the future is to determine those Pj’s which are 
self-associated in more than one order, and the groups connected with them. 
This was done for the order (1234567 ) in §3, and the one hundred and sixty- 
eight ways of self-association discussed. We shall do the same now for the 
P? on a rational cubic. : 

In studying the dihedral groups connected with the above P} we need 
. look for a G,, only for n<5 if n is odd. If n55, 2n>8, and with the odd 
integer n we could use only n again, which likewise makes a number greater 
than 8.. Hence for n odd nz. Similarly for n even nz8. Therefore. the 
possible G,,’s must be found where n=2, 3,4,6,8. In the accompanying table 
are given the numbers for each value of n. 


2 8 4 «6 8 
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The Gz. has two types (xi +22) (Li+ ans) (a21 +23) WD, 

(xi + arios t as) (xi + bair- 23). 
The Gs, s has two types (2—23) yy, (Li+ ALL + L3) N. 
The G, , has two types (si — a$), (xi+ arini t a). 
The Gs, s has one type (LiF 2i) Lala. 
The Gy a has one type B+. 
The tetrahedral G; is a—l4atettad. 

Conclusion, 


The general P} on an elliptic quartic can be self-associated in the following 
orders: (12), (12) (34), (12) (34) (56), (12) (84) (56) (78), (123) (456) (78), 
- (1234) (5678), (12345) (67), (123456) and (12345678). 

The P}, which is the base points of a net of quadrics, can be self-associated 
in the following orders, besides the identity: (12) (34) (56) (78), (123) (456), 
(1234) (5678) and (1234567). To each of these we have connected a particular 
planar quartic (genus 3), which is self-projective. - l 

The Pj on a rational cubic can be self-associated in the following orders: 
(12) (34) (56), (12) (84) (56) (78), (123) (456), (1234) (5678), (123456), 
(1234567) and (12345678). The groups connected with sets are also given. 
The- discussion throughout the paper was restricted to sets of points, of which 
no two coincide, no three lie on a line, no four in a plane. 


Associate Minimal Surfaces. 


By James K. WHITTEMORB. 


It is a well-known fact, first proved by Schwarz,* that corresponding points 
of a family of associate minimal surfaces, corresponding in a sense presently 
to be explained, lie on an ellipse. In Part I of this paper we find the locus of 
the extremities of these ellipses, which we call Schwarz’s ellipses, then find the 
envelope of a family of associate minimal surfaces and prove that the latter 
coincides with part of the locus named for real minimal surfaces applicable to 
surfaces of revolution, with certain exceptions; in Part II itis shown that this 
coincidence, with coincidence of corresponding points, occurs only when the 
minimal surfaces, supposed real, are applicable to a surface of revolution. 

The Enneper-Weierstrass equations of a minimal surface S are 


a= f (lw) F(u)du+ + f (1-0) 9(v)dv=U,47;, 
y= $ S CHAF (u)du— f (140) 9(v)dv=U, 40s, (a) 


pes SuF (u)dut [v9(v)dv=U.+Vs. | 


The parameters u, v are the parameters of the minimal curves of S. When S 
is real F and > are conjugate functions, and for a real point with a real tangent 
plane u, v have conjugate values.t The adjoint surface has the equations 


.%=1(U,—Vy), yi=t(U,—Vs), %=t(U;—Vs). 
The equations of the associate minimal surface S, are 
a= U,e*%+Vie—"=2 cos a+a, sin a, 
Yq U,e"%+V,e-“=y cos a+y, sin a, (2) 
Za =U + Ve "= g cos a+ 2, sin a. 
Values of'« differing by 2/2, substituted in (2), give adjoint surfaces; corre- 
sponding points of associate minimal surfaces are given by (2) when u,v are 
* H. A. Schwarz, “Miscellen aus dem Gebiete der Minimalflaichen,” Journal de Orelle, Vol. LXXX 


(1875). ; 
ł Eisenhart, “ Differential Geometry,” p. 256. 
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= 


fixed and a varies. The locus of a, Yas Za for fixed u, v is Schwarz’s ellipse. 
Points of the ellipse on adjoint surfaces. are the extremities of conjugate 
diameters.* ee 


I 


$1. The Locus L. To find the extremities of the principal axes of the 
ellipse (2) we determine a point (a) such that the tangent at this pointi is per- 
pendicular to the line joining it with the center. . This condition gives 


E(x cos a+, sin a) (—az sin a-a COs a) =0; 


from which 
PAAA a a(Ui— Vi) 


tan 2a= sa i SEPP 


The last equation determines two values of a, differing by 7/2, unless 
LU3==XV3=0. The vanishing of these two sums is the condition that the 
ellipse be a circle. It may easily be proved that if Schwarz’ s ellipse is a circle 
for all points of a real minimal surface the latter is a plane. We find 











2(Ui+V3) 
sS 2a = t 5i, 
cos 2a VERE 
oiadi the-upper sign, i g l A 
cosas ge NALE NEN LUi+ VEVI nas i vivi— ViVi 
2 VEU? 2 VEE 
Choosing again the upper signs, we have for one Seton! from (2), 
LV? T 
g= RE T infr, © (3) 


with. similar expressions for y and g. The two radicals in (3) are reciprocals, 
`- and’ conjugate for conjugate u,v. The other combinations of signs in the 
preceding equations give the other vertices of the ellipse; it appears that the ` 
four vertices are given by (3) by the four different determinations of the first 
radical. The locus L is the locus of the four vertices of Schwarz’ s ellipses, 
and its equations, in the parameters u, v, are given by (3) with the similar 
equations for y and 2. The locus consists evidently of four nappes, symmet- 
rical in pairs with respect to the origin; these_ symmetrical pairs we call 
L,, L, and Lz, Lı. The squares of the semi-axes of the ellipse are given by 


2 (XUV + VSUEV4). 


* Scheffers, “ : Einführung in die Theorie der Flächen,” 2d ed, p. 362. 
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Comparing equations (2) and (3) it is evident that the curve VEV LU = e“ 
-is common to the two surfaces S, and L,; similarly, eurves given by 


DV? ia [OV Sota DV? rota t 
se ; mk ; Tu = : 
are common, respectively, to S, and L,, S, and Ls, S, and L4; it is to be noted 
that the first of the last three equations, for example, is also the equation of a 
curve common to Sar and L: 

It may be proved that a part of the locus L coincides with one of the 
associate minimal surfaces only if the latter are plane. 

§2. The Envelope of 8,. If we substitute in (2) the value of a in terms 
of u, v taken from the equation |dx/du dy/dv 0z/da| = 0, we should expect to 
find both the envelope and the locus of singular points of the surfaces S,, but 
it appears that only the envelope results, for the equation is an identity in a 
at the singular points. For the envelope it gives 


et— +| (u+v)V,+i(v—u) V,+ (uv—1) V5 
(u-+v)U,+i(v—u) U,+ (uv—1) U;" 
Evidently the envelope consists of two nappes symmetrical with respect to the 
origin. - . 
§3. Minimal Surfaces Applicable to Surfaces of Revolution, We apply the’ 
results of the preceding sections to families of real associate minimal surfaces 
applicable to surfaces of revolution.” All such surfaces are given by (1) where, 
. F(u) =u", (v) =cv™™, 

m being a real constant, c and ¢ conjugate constants. We call such surfaces 
B surfaces, as they were discovered by E. Bour, in particular a surface for 
any special value of m, not zero, Ba. It has been proved that all the surfaces 
associate to B,, are congruent, so that B,, is defined except for a homothetic 
transformation, and we may without restriction suppose c real; the associates 
of B„ are obtained by rotating the latter about the Z-axis; B, and B_, are 
congruent, so that we-may suppose m positive; the curves of the surface, v/u 
constant, are geodesics and correspond to the meridians of the applicable 
surface of revolution; the curves, uv constant, are curves of constant total 
curvature, and correspond to the parallels of the surface of revolution. It is 
easily shown that the curves of Bn l 











* We have given an account of these surfaces and of the literature concerning them jn a paper pub- 
lished in the Annals of Mathematics, Second Series, Vol. XIX, No. 1, September, 1917. 
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` are respectively lines of curvature and asymptotic lines, and that the surface, 
when the constants of integration are taken as zero, is cut by the sy-plane in 
` the latter. The value'm=0 gives the minimal helicoids including the catenoid 
and the right helicoid ; m=? gives Enneper’s surface. 
Excluding m= =0, 1, and taking all constants of integration as Zero, We find 


JZ- Eoy iou V+ uoi) =(2 i 
(uo) U,+t(o— u)O,+ (uv—1)05 


It follows that, for B,, L, and Ls coincide with the ‘envelope of. the associate 
surfaces. It is readily shown that L, is a surface of revolution whose axis is 
the Z-axis, and that Ls is the ay-plane 2. If m>1, L, and L, form the locus of 
the extremities of the minor axes of the Schwarz ellipses, while ZL, and L4, 
coinciding with the zy-plane, contain the major axes; if m<1, the situation is 

reversed. All ellipses corresponding to points of a curve of constant total 
` curvature of B,, are equal. The curve previously mentioned, common to B, 
and L is (v/u)"*=1, which gives y/x=tan (2kx/m) where k is any integer; 
for B, and L,, (v/u)"*=—1 giving y/a=tan [(2k+1)x/m]. The curves on 
L, are congruent plane curves, being meridians.of the surface of revolution; 
they are lines of curvature and also geodesics of Bẹ, which is tangent to L, 
along each curve. The plane of each curve is a plane of symmetry. of Ba 
Similar statements apply to B, and L. The curves common to B, and h; 
B,, and L, are given respectively by l ae 


m/3 a 
: (2y =—1; y = eot HDE . z=0, 


s 
m/2 — 
(2) = t; Yy = — cot (2k—4) a ; 2==0, 
u T m 





and are straight lines in the zy-plane. Each line is a line of symmetry of Bw: 

From the previous paragraph follow several theorems first proved by 
Ribaucour. A surface Ba, | m|Æ1, has a number of congruent plane geodesic 
lines of curvature lying in planes which contain the Z-axis; half or all of 
these, depending on the value of m, are obtained by rotating one of them 
through successive angles 2x/m, and an equal number are obtained by rotating 
- about the Z-axis the symmetry of one of these curves with respect to the gy- 
plane through the angle n/m, then through successive angles 2x/m; straight 
asymptotic lines of the surface, lying in the wy-plane, bisect the angles of the 
planes of the lines of curvature named above; if m=p/q, where'p and q are 
_ integers with no common factor, and g=1 if m ig an integer, the number of 
these plane lines of curvature is p and is equal to the number of straight 
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asymptotic lines referred to; if m is irrational the number of each of these 
sorts of lines is infinite, Ribaucour’s results’ are not so fully stated nor are 
they completely proved. _ 34, : 
. 0. 5 
TA Formulation of the Converse Problem. - The remainder of this paper is 
devoted to the investigation of the question: For what real minimal surfaces 
` does the envelope of the associate surfaces coincide with part of the locus L, 
with coincidence of points given by the same u, v? We prove that the only 
surfaces having this property are the plane and B,,, |m|Æ1, so that this 
coincidence is a characteristic property of real minimal.surfaces applicable to 
surfaces of revolution.. It must, however, be remarked that it does not hold 
- for B, or for the minimal helicoids, m=0. 
For the required coincidence we must have, for all u, v, either ÜY, 
SETU or. ga oe" 


CE eae eee 1)V; _ y7 T 
- (u+v)U+i(v—u)U;+ (u v—1)Us — VĚD: 


where we may assume without restriction that the radicals in (4) are conjugate 

for conjugate u,v. If the U’s are proportional to the. V’s all six of these 

functions are constants so that the surface (1) is a point; this condition is 
also included in (4) so that- the latter is the necessary and sufficient condition 

for the required coincidence, 

Choosing first the upper sign in (4) we rewrite it in the form 


U,+10,4+ uU; uU, —wU,.— U; = V,—iV,+0V; u vV,+i0V,—V, (4’) 
VE; Vit ViVi vars! 


> 


Since (4’) is an identity 3 in u, v “the first number is linear in u, and as hex 
can be no cancellation in ‘its two. terms we have 


v+ 





oe =k Oe U; ERE a (5) 
V 1 Va „1 


where a, b, c, d are constants. From (4) it follows that a and c are real, b 
and d are conjugate. If we take the lower sign in (4) we are led again to (5), 
but in this case a and c are pure imaginaries, b and —d are conjugate. 

The following discussion consists in the study of (5), to which we add the © 
equations, implied in (1), 2U;?=0, and 


Wii +ui=0. p 7 (6) 
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Before undertaking the solution of these equations for U,, U;, Us we rane: 
form (5), writing 
f VÈ Ui=p, U,=6A, U2=pp, U,=p, 

where, evidently, 

LV=V+w+e7=1, Lar'=—0 
From 4U?=0, 

pEAt+pt=0, pmet SVE, ` 
Equations (5) may now be written 

A+tu=u(a—v) +b, a—ip= 2 (c+r) +d. (5°) 


Our problem may now be regarded as a R of the solution of (5’) with 
XA*=1 for A, u, v, then the determination of.p and hence U,, Uz, Uz, to be 
followed by applying (6) as a necessary condition. 
We multiply together equations (5’) and replace X2? by unity, finding 
LAS ac—bd—adu— be/u 
a—c—du+b/u . 
Differentiating (5’) and miltipiying together the resulting equations, 
EA =v (a+ ce)/u— [acr (a—ce)—r]/u?. 
$5. Solution for b=d=0,a-c. For B,, we find b=d=0; it is therefore 
‘natural to attempt first the solution of the equations of §4 on the assumption, 
b=d=0. We suppose further atc. - We find 


_1—ae yy (1—a’) (1—6) 


aaa ’ 


a—c “ w(a—c)® ’ 


from which 
7 Yaa e 
l p=Aut ane 
. where A is an arbitrary constant. The values of A and u are found from (5’), ` 
and from them and the given values of v and p we obtain U,,U;, Us. We 
apply to the latter the condition (6); it appears that a®2=1. or @c’=1. If a 
' or ac=1 the surface (1) is plane. It remains to consider only ac=—1. 
Replacing c by —1/a we have two sets of values for the U’s corresponding to 
the double sign in p; one of these satisfies (6) only if @’=1, and may be dis- 
carded; the other satisfies (6) identically, and is 


af 2 gaa 
ed 1 a [ures Sue], r 











2 1+¢@ 
Aa 1—d a 1 -#5 
iz 2da FS 





l1+a? 
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These giye the equations for B,, if we set 


m+1’ mV mni—1 i 
The first of the last two equations gives a real finite value for m unless a= +1, 
but such values of a are inadmissible, for both give, from ac=—1, a=c, a case 


excluded from our present consideration. The absolute value of m is greater 
or less than one as a is pure imaginary or real, so that these two cases of Bn, 
which show many geometrical differences, are also distinguished by the nature 
of a. It is interesting to observe that m=0,1 are given by a’=0, 1, respec- 
tively. These are the values of m excluded in $3; the value a’=0 is now 
excluded since ac=—1; a®=1 gives for (1) a plane. 
$6. Solution for b=d=—0, a=c,. We prove that when b=d=0 and a=c 

the surface (1) is plane. Replacing c by a and writing b=d=0 in (5’) we 

have 
, A+ w= (a—v)u, 2—iu= (a+v)/u, 
from which L4?=a?=1. We may suppose a=1, for changing the sign of a 
merely changes the signs of A, u, v and hence the signs of v, y, g in (1). Itis 
not now possible to determine v as in $4. We find 


LA? = (+ 2uy’—1) /v’, 
and substitute this value in the expression for p of §4. Further, 
2U,= [1/u-+ut+y(l/u—u)]p, 2U,=[1/u—u+r(1/u-+u) ]pt, Us=rp; 
substituting these and the value of p in (6), 
y—1 = +1V0*+2ur’—1, 
from which y=cu/(cu—1) and p=c’(cu—1)/cu, where c and c’ are constants. 
Then U,;==c' and (1) is the plane, e=constant. 
§7. Reduction of the General Case to b=d=0. We now consider (5’) with 
no hypothesis concerning a, b, c,d. There are two cases: (I) a and c real, b 
and d conjugate, (II) a and c pure imaginary, b and —d conjugate. 
Since equations (5’) involve only u we may regard their transformation 
as that of the minimal curve, © 
g=U,, y=U,, 2=U3. 


We prove in this section that this curve may be obtained by solving the equa- 
tions of the preceding section after making a suitable linear transformation 
of u and a certain rotation of the coordinate axes to which the curve is 
referred, In the following section we show that the rotation is real, thereby . 
proving that the surface found is unchanged by the transformation. 
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For any point of the curve the value of p is unaffected by a change of 
variable or by a rotation of the axes. Supposing the new equations of the 
curve to be ` 3 3 2 
: “=p, Yi=Pl, ar =fr, 
we here Ayan buty, with similar equations for g and Tis where the 
coeficients are the terms of an orthogonal substitution. We write ` 

_au,+B 
Yt 8’ 
and prove that by a suitable choice of this substitution and of the rotation (5’) 
becomes 





ee ee re ty (Aq— tty) —1 = , A (7) 


where a, and c are both real or both pure imaginary, and pee Substi- 
tuting for u in. (5’) and clearing of fractions, ` 


mly (Abie) far] +8(A-bin) +Bv=u(aa+by) +aß+b8,, 
mla(A—iu)—yr] +8(a—iu)—êr =u (cy+da) + cò +48. 


We make two combinations of the last equations, for the first multiplying the 
first equation by J, the second by /’, and adding; for the second using m and m 
as multipliers. We require ‘that the first members of the equations so formed 
be respectively the first numbers of (7). This condition gives us values for 
any u, and two values for Ms linear i in A, u, v; equating like spemeeaie in the 
two values of »,, 
E T V=mßb/y, m’=—ma/y. 
Substituting these values in à, and li, then using LAj=LA’=1, we find 


y /m = (ad—By)’, 
and choose m=—y/(aS—y), and both pairs-of multipliers are determined. . 
- A-rotation has now been found so that for an arbitrary linear substitution 
for u the first members of the transformed (5’) have the desired form; the 
coefficients of the substitution may now be chosen to simplify the second mem- 
bers of the equations. Equations (5’) are now replaced by l 


‘tH tH an= mH b, | th (Aq—tttr) —n =t dhth, 


a= aað +byð—cßpy—daß, — 

b A= a8d +b —cBs—dQ’, 

4 A=—aBy—bys+cad +daß, 

d,A=—aay —by* + cay +da’, 
A= «abd—By. . 


where 
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- From these values it appears that 
 &&+eq=ate, 4,¢,—b,d,=ac—bd. Í 

We wish so. to determine a, B, y, ò that b,=d,=0. This requires, since we 
must -have AÆ0, that 8/8.and a/y be different roots of the quadratic, 
dat+-(c—a)x—b=0.- That the roots of this equation are distinct follows 
immediately since the discriminant can not vanish. when (I) a and ¢ are reul, 
b and d conjugate, or (II) a and c are pure imaginary, b and —d conjugate. 
Calling the roots of the quadratic s, %,, writing a=ya, supposing 6=1, as 
we may if d=£0, we have 


_ b+atı— cet, — dt _ —b—axrı + cnt dtS Yh tt 
= AT, G , ab, 
Ty — Ly 7 Ly— Ly = yati 
The values of a, and c are independent of y, so that the surface satisfying the _ 
requirement of our problem is applicable to itself in an infinite number of ways. 
It will appear in the next section that the surface is unchanged by the trans- 
formation when y depends on an arbitrary real parameter. It will aso appear 
that the new Z-axis is independent of y. 
If we apply (6) to the general equations (5*) we find, after rather tedious 
' algebraic work, that for all surfaces other than the plane this condition becomes 
ac—bd=—1. This condition might certainly have been foreseen as necessary, 
for we have observed that aes is invariant under the transformation, and 
ac=—1 if b=d=0. 5 
The values of a, and c, may ‘ize be found from the equations, 


a+¢,=a+b, a¢,=—1. 
These give two pairs of values which exchange a, and c, and correspond to 
the interchange of 2, and z,. These two solutions give to m in B,, values 
differing only in sign, and therefore lead to the same surface. It may easily 
be proved that a, and c are both real or both pure imaginary with a and c, 
§8. Reality of the Rotation. Evidently to bring the minimal curve, 


(2=Vy, y=Ve, 2=Vsz, 





into a corresponding reduced form, v must be transformed by a substitution 
conjugate to that applied to u, and the coordinate axes subjected to the rota- 
tion conjugate to that employed in §7. To prove that the surface (1) is not 
changed by these two rotations we show that they are real and therefore 
identical. ‘This proof may be given in two ways, both-of which we indicate. 
The coefficients of à, u, v in the expressions for 2, W, 7, mentioned in §7, 
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may be expressed in terms of 2,, %, y. The coefficients of v, do not contain y, 
so that the nw Z-axis is the same for all reducing transformations. It may 
be shown direetly that if (I) a and c are real, b and d conjugate, or (II) a 
and c are pure imaginary, b and —d conjugate, and if further y= VE T e*, 
where ĝ is an arbitrary real number, all nine coefficients are real, hence that 
the surface satisfying the requirement of our problem is a surface B,,, |m| 1. 
It appears also that the coordinate axes to which Ba in its standard form is 
referred, depend on an arbitrary real parameter, agreeing with a property of 
the -associate surfaces mentioned in $3. A second method of proving the 
rotation real consists in showing the rotation identical with its conjugate for 
the value of y given above. This may easily be done if we note that —1/a,, 
—1/a,, Vt/m e~* are conjugate respectively to 2, £e, V2,/2, e'*. 

`-. Tt is interesting to note that the linear transformation connecting u arid t4 
is a real rotation of the sphere of the complex variable u for the value of y 
given, and also that the transformation connecting the spheres on which u, v and 
ty, V, are respectively the parameters of the minimal lines is a real rotation. 


YALE UNIVERSITY, 1917. 


On Integral Invariants. 
By F. W. Rer. 


The work of. Poincaré* on integral invariants has been extended along 
the same lines by De Donder t and Goursat. Lie{ has written upon a class 
of linear integral invariants somewhat more general than those considered by 
Poincaré. 

In the present paper the method of infinitesimal transformations devél- 
oped by Lie|| is applied to those types defined and discussed by Poincaré. — 
The conditions for invariants of order p are found as a system of ordinary 
linear differential equations, which are the same as those found by Goursat. 
The relation between the solutions of the systems of various orders is brought 
out in full. In particular it is shown-how.all the linear invariants depend 
upon the original system and how all the invariants of higher order can be 
constructed when these are known, An extension of Poisson’s theorem is 
given. Further it is shown that the least action integral of dynamics is 
nothing other than an integral invariant of the A of motion. _ 


§1. Tnoartaats of Order p. 
Consider the multiple integral 


I= PEAa.. o dta dt. dta, (a) © 
where l 
l r. P Eo... , 


the upper or lower sign being taken according as the rearrangement of the 
@..+.@ in the new order a....a, is obtained by an even or odd number of 
consecutive changes, and the X sign is extended to all the combinations of the 


* Poincaré, Journal de l’ Hoole Polytechnique, 2° série, premier cahier (1895). ‘Les Méthodes Nou- 
velles de la Mécanique Céleste, Tome ITI; Acta Mathematica, 13 (1890). 

+ De Donder, Rendiconti del Circolo Matematico di Palermo, 15, 16 (1901, 1902). 

Goursat, Journal de M athématiques pures st appliquées, 6° série, Tome IV (1908). 

§ Lie, “ Berichte fiber ‘die Verhandlungen der Königlich Sächsischen Gesellschaft der Wissenschaften 
mu Leipzig,” 49 (1897), pp. 342, 369. 

|| Lie, “ Theorie der Transformationegruppén;" ia 
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n letters a,....a, taken p at a time. This integral is equivalent to the 

integral l 
D (Bae -> La) 

srap O(H1----Yp) Yi 


The interchange of w,, and Va, in any one of the functional determinants 
changes the sign of the corresponding term in (b), but the sign may be 
restored by making the same permutation of a, and a; in the subscript of 
Ag...a,. The same changes have the same effect upon any particular term of 
(a). It is sufficient, therefore, when a choice of the subscripts of A,...4, i8 
once made to write the subscripts in da,,....da,, in the same order. 

To facilitate the writing the following symbols are introduced: 


I= SPA, dy, . (b) 








(1 sae .p—2, A, PEA. caps, Ay Gp? ete. ; 
_ OX,, _ OX, 
. [1, a] = an ,ete. [A, p] = an,” 
Under the transformation 
Z dx; =X;dt, : (1) 
_ Of of © 3f 
or Mea pT nee ie 


the integral (a) becomes 
- =f. E ((1....p)+X(1....p) dt] [dæ +2[1, 2]da,dt] 
[dx,+2[2, Alda dt]....[dx, +2 [p,A]da,dt]. — (a’) 


The term of zero degree in dt is I, of (a). Equating to zero the coefficient of 
da,,....d%,, in the term of first degree in dt we have 


R[X(1....p)+(1....p—1, a) [a; p] + (1... .p—2, 4, p) [à, p—1] 
| : +... + (2 2...-p)[A,1]]=0. (2) 
If these conditions are satisfied I, is an integral invariant under the trans- 
formation. 


Tueorem I, If an I, and an I, are known, an I,,, may be written by 
means of the relation 


Gicep th) = eee ONG yeas aia): 


Substitute this expression for (1....p+1) in the general condition (2). The 
respective terms become l 


X(1....p-+1)=X((1) (2.. -p+1)—(2) (1, 3....p+1) 
+....#(p+1)(1...-p)), 
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O ECP, A) [As p HIJ =DE (L) (2. -p 2)—(2) (L 8-2, A) 
í -< +. AL) cc ..p)] [A, p+1], A (=) tpt» 
(L... pLa p+) (4, p=. pap 


n (1,3... pi; aay: 
+...,£(p+1)(1....9—1,4)][, p], a(= )a, y 


ir SS 


È(1, See, FIA, 2]=Z[(1) (A, 3....p+1)—(A) (1,3....p+1) 
| eee (DT1)(1, 9,3... -D)I[A, 2, (= )e, 
L(A, 2... .p+1)[A, HER e O O eei 
| oer AD aa DAI Ae 
where A(=)a,; means à different ioi all the &;. .. .&p41 except a;. By adding 
to the second equation 


0=(1)(2....p, 1)[1, p+1]— (2) (1, 3....9, 2) [2, p+1] 
+... + (p) (1....p—1, p)[p, ps1). .. 
+[(1)(1.. PY [Ly oF tO E .p)[2, p+1] 
Feint cee ..p)(p, p+1]], 


the gaps are filled and we have 

U(1....p, 4) [a p+ 1] =2[ (1) (2....p,4)—(2) (1, 8... .p, A) 
- eee (A) CL... p) TA, B41), A= aps 
where A takes all values consistent with the properties of (1....p) previously 
indicated. The remaining equations may be reduced in a similar manner. 


Adding now the first terms in the right members of the equations thus reduced 
the sum is 


(1) DEX (2... -p+1)+(2....p, 2) [A,p+1]+....+(4,8....p+1)[a, 2]] 
+(2....p-+1)E(X(1) + (a) 14, 111. 

This expression is zero when the (i) and the (1....p) are coefficients in an J i 
and an I,, respectively. The sum of the second terms vanish in. a similar 
manner, ete. Thus the conditions for an J,,, are fulfilled. 

THEorem H. The product of.p linearly. a a invariants I, is an Ip. 

Suppose p linear invariants are known 

IO =fL, © (6=1, n) | 

where i l 
D,=Ajdat+....+Alda,=(1)!da+../.+(n)'da,, - 
L, = Aida+.. ++ Anda, = (1y drt... ot ie 


Co ssasosesoassasasoewsoeosonronsseweacos nlla 


Ly Agda +... Hågda, = (1)Pdm t.. (n)eday,. 
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The determinants 6f the matrix of the right-hand members of the system give 
‘all the.terms of this product since products in the same row could not enter, 
‘and those frpm the same column give zero on integration. Further, the 
‘coefficients of Gig,» - sei is D+ (1)1(2)*....(p)*, where the summation means ` 


l , ali the Praal of a... . p, and the upper or lower sign is to be taken 


` according: as- it requires an even or an odd number of. changes to bringan 
‘element of this sum .to the order a,....a,. Consequently, remembering | the - 


l properties of (1....p) previously Jeiried, we have 
Z (1)'(2)°:. (P= (1.4 7.-p). 
, ‘Conorzary {i If the L; are not. linearly: mpe the’ fesul I, is 
identically zero. 
Cororrary 2.. Since the deiei miiants may be expanded with respeci to 
their n minors of any order we have ` : - 
. (1....p)(p+1.. Trae -. PQ) 
which gives symbolically Laslo 
COROLLARY: 3. When p is odd (I p) =0. ; 
n! 
pl (n— aap?! i 
as the number of terms in thé product Gb Shi bi consequently, when n inde- 
pendent linear invariants are known all the I, can be written: 


COROLLARY 4, The number of coefficients in an I, is the same 


- ‘The converse of this last corollary is not true. For example, the invariant 
of the second order Ji + Ii is not factorable. 


-Turorem ITI. Knowing an lp, an I, can be found by means of the 


formula j 
(1 + P)=X(1... oP aX.. 


Teo -verify this formula substitute it in equation (2). We get 
UEX(1....p,¢)° KX + (1... 27, 2) X(X,), OFF a... hy, 


+22, p] ee p—1; a, 2) Xe, eC er ey 
Sr eee ee ee eee . i i n 
+2[4, 1]: Ba, 2.. "P, 3X, =0], i TE Ay ye + Oy aii 
` g ‘ . 
' The subseripts given by (1, 2, se must ‘be chosen so that there are no 
` repetitions. The coefficient of X, where pE a. pis. : 
X(1....p, +E... amola pl 6 o a D, 


Hae PAR PDIP HRGS Pip) [4j1]=0. * - 
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These arg the conditions for an I _ The remaining terms are zero, for we 
have as 3 coefficients of Xa » (i=1, 2.. .- p) l ; 


ae DP, o) ts, i] +A. LN, Ay a, itt.. T, ij. > 


Here the coefficient of any [, 4] is identically zero since interchanging à and ` 
a, is accomplished by j+ (j—1) moves. This number is odd. S 

The application of this theorem’ to the problem of finding invariants of 
order p—1 from those of order p-+1: leads. to coefficients identically zero. We 


~ Bonet 


have en 
a. ps nq. EEA AR oy. 


also | 
(1.. padi. Do, 2) Xe; Oe Ors p-1° 


Substituting the first equation i in the second. it- ARNA l 
(1... .p—1) =2X a(i.. pat 3, A)X, Azo. 
The coefficient of X „X is ar 
(Leap, o, 2) + a.. ..p—1, A, 0) =0. 
‘If ane equations a are canonical then ` 7 | 
z 7 T= fda flit ända.. 
: ag.can be verified readily. ‘Applying Theorem ITI, we have . 
(A=X,, 4=—X,, cae ; 


oF. 





D= f- Felon | Sdin Be tty. 
The condition for the invariant of the nih order is - 
X (Leon) HL. Ble ae i+ ~ |- 0, 


which becomes 
pon (1. wen) X= 


showing that (1....n) isa ae of aie In ee if -the equations 
are canonical, §- © ks l 
ON O and €L... n) =const.=1 
“Oa? > ep rere re SE 


~ isa multiplier. pee aes 
The invariant of order not derived from this is identically z zero. 
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: $2. Invariants of the Type [VE(1....P)dla. .. Ala. 6 
Let 

AÀ IL=fV¥ E (i. pdz.. ~. dig =f V A. 

We have n 


eS 1. ar 
X(A?)= — 
(AP) z 


X ta): 
Then J, will be an integral invariant when - 

X(A)=0.- 
This condition, when expanded, is identical with the condition (2). However, 
in the Lacey case, (1....p) has the same value for all permutations of 
Oy. , and may.be different from zero when Og = Oy in the subscript. The 
ee to be satisfied are therefore 


D[LX(1....p)+(1....p—1, a) [A, p+... S (ay 2... <p) [a, 1]]=0, 
where à takes all values 1 to n. 
Tuuorrm IV. An I,,, can be constructed from an I, and an I, by means 
of the formula | 
(1....ptq)=(1....p)(p+1....p+4@). 


Substituting this expression in the conditions for an I,,,, namely, 


X(1....p+q)+(1....p+q—-1, A)LA, p+g] l 
+... + (2, 2....p+q) [a, 1] =0, 
it becomes l - 
(1....p)X(p+l....ptq)+(ptd....ptg)X(1....p) 
+(1....p)(pt1....p+q—1,4)[4, p+q] 
eee (Le. Dp) (Ay DER... Deg) [Ay DEL] 
ge 2) (p+1....p-+4)[A, p] 
+. -+H 2... p) (+1... p+) [A 1]=0, 
and this condition is satisfied since. ee 
Rig) th <0, aid + (A, 2.04.) DA, 1] =0 
and , l “ l 
X(p+1....p+4)+(p+1....p+g—1, à) [à, p+q] 
, +... + (à, pt2... .p+4)[à, p+1]=0. 
Corortary. If, ` Cae . 
l R=fL, D= Jigs... B=SL 
are p linear integral invariants of (1) then 


.SÝL L... L 
is an-integral invariant.. i ) 
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§3. Relative Invariants. 


The following definitions and theorems are due to Poincaré: 
(a). An I, extended to a closed multiplicity E, in a space df n dimensions 
can be replaced by an I} extended to a multiplicity H,,, in a space of ñ 
dimensions limited by the H,. The coefficients of the J,,, are found from 
those of the J, by means of the relations 
_O(1....p)- (2r. PP , 2@41)1.4.p—1) 
(1....p+1)=—~3 ee Gga te er See eee 
the upper or lower signs being taken according as p is even or odd. 
(b). The expression under the integral sign of I, is an exact differential 
when the (1....p-+1) are zero. . 
(c). The ae of (a) is an integral of an exact total differential. This is 
the generalized Stokes’ theorem. 
Let Ay. (1....p)' represent the left-hand member of equation (2). 
The increment of I, was found to be 


if, (. ...p)'dig,....d%, J dt. 


Sais 


If ; E(1... P) dla.. dia, 


is exact, and if its integral be extended toa closed E, , the resulting equivalent 
I+ is identically zero. In this case the original I, is a relative integral 
invariant of (1). We shall write it J,. When 
(1....p)’=0 _ (2) 

we have an ataolnts invariant I,; when 

D(1....p)/dat,....da,, is exact, | (6) 
we have a relative invariant J,. By means of the equation (5) the: statement 
(6) may be written in full as an equation, 


O(1....p)’  Ə(2....p, p+1) EEN .Pp— = 
on a e Fen s Se o, 7) 


Cys 





The relation between these me types of invariants may be illustrated by some 
simple examples. 


Exampie 1. Let equations (1) have the canonical form 
dæ; OF dx, joF da OF da OF 
“dt ~ Oa,’ dt Oa,’ dt dm,’ dt da," 
We have i i p 
arzua El Gr 
=3[ (4) +45] © (i k=1, 2, 3,4). 
i ‘ 
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The integral 


| Stade, + adr, 
is a relative inyariant, since’ 
4 CO A 8h 
i i On, Ox; me 
It is not, however, an J,, since A’ +0. e 
Exampie 2. Let equations (1) have the canonical form 
CE IF th E a a 
EPP =x; a a _ (t=1, 2,...., 2). 
Where Fis homogeneous of degree 1 in y,, or 
` - - k were 


. oF 
F=Yy,5— =Ly,X. 
. Yi ð Yi VX, : 
The partial derivatives of this equation with respect to x;, y; are 


: ` : . OX, - OX, 


a Fitin-z, ne ZY, OY, =0, 





and these are the necessary and sufficient conditions that 


. I=s Lyd, 
is an absolute invariant. . 
According to Goursat we o designate as D the operation of passing from an 
I, to an I,4, by means of equation (5), and as E the operation of Pasnine tror: 
an I, to an Ipi by means of equation (4). 
THeorEM V. The operations D and E are in general not inverse. 


Consider the case of a linear invariant, I= faz, +-bz, of the linear system 
of equations in 2,,%. By identifying (5) with (4) we have 


ða Əb ða = ab ay 
=(#- | ae) b=—(32— F) Z l ET (8) 
where a, b amuse satisfy the conditions (2); but (2) are satisfied fae by 
_ OF 
T Oat,” 
however, the second members of (8) become identically zero, consequently, an 
I, satisfying the conditions (8) and.(2) does not exist. 


b= SE where F is an integral of the system. With this substitution, 


€ 
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`; . $4. Extension of Poisson’s Theorem. 
If equations (1) are in canonical form . 
dv, OF d - OF 
We Oy,” Gt = Sn; (=I, ee ad (1) 
where F does not contain t explicitly, then F= const. is an integral of (1). 
Further, if we put 





= TA OF, OF, oes | 
i, l= =h a a a On, 
we have l 
aF. 
dt 1 =[F,, F] 


by means of (1). The necessary and sufficient condition that R= const. be an 
integral of (1) is that [F,, F]=0. Let 


L=Sz (M,da,+-N,dy;) 


be a linear integral invariant of (1), then the conditions to be satisfied are 


aM, Or | 
dt +2 aye a — 0, (m) 
h _OF 55) =. 


The coefficients of- another similar iivaa may be represented by Mj, N; 
determined by the same conditions and lettered Gn) (n’). These 4n equa- 
tions when multiplied by mt l 

Nisa.. Nh, —Mi, -...—Mh, —Ni, -..—Na, Mi, ... My, 
respectively, give on i 


gr PNN Mi) = 2 


Therefore, : 
Eo O Too (M,N; —N:M;) = ers 
Remembering that 


_ OF ay OF 

Me Om,” Pte On,’ 
OF, an OF, 

N=- 5 Bs N= By." 


we have 
ee) 
a(S Oy, Oyj Ox [F,, F,] = const 


14 
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“Tt is well known (theorem of Poisson) that [F,, F,] is an integral of (1) when 
F,, F, are integrals. The above result can be expressed in determinant form 
M, M; 
N, N; 
Consider the. oase of four known integrals of (1). Then we have - 
Mi M? Mi M; 
Ni M NE Ni 
Mi Mi Mi Mi 
Ni NE MENS 


x 


= const. ~ 








= const. 


since all the minors of the second order found: in the first and second rows, 
also in the third and fourth rows, are constant. 
And generally 


Mi, MY,.... Me |. 

Ni Nt%.... N? 
Dp) eee af “ . sT Aa,...:a, = const. 
a, ay ° Gyrrerdy 

Mi M,- Me 


1 2 
Ni Nt... NB 


We may assume all the a, different in making the summation, because other- 
wise the particular determinant involved would be zero. 
In particular if p=n we have, since the total number of determinants. in 
the sum is.n/, and, since the permutation of the numbers: a... -@, corresponds 
‘to a transposition of the rows keeping rows 2k—1, 2k ‘together, 


2 Âa... , FA] Aa. an EN] A nn s 
Ag oan Ory 


A,,..., i8 simply the functional determinant of the F; with respect to the 2,, y;- 
This is the extension of Poisson’s.theorem. 


§5. Least Action. 
Consider the canonical equations of dynamics 
ie 208. ave E 
at” 3p? dt ~~ og’ 
-which admit the relative invariant 
J,=fXpdq., 
and the equivalent absolute invariant (by Stokes’ theorem) 


T= ffadpdq. 
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Goursat *,has shown that the integral invariant of p-th order 


T= fe, An... Ea ABa, ; 


ay 
of the system 


is identical with 
r Pa 
= J dt { LCx,.. pds,» Aba, 


where 


By specializing this result so as to apply to the above canonical system and 
ils I, we have 


I,=fdt{[—dH. _ 
Now, if this integral be extended to any E, for which H= const., we have 
I,=0, J,=0. 
It is to be noted that in this transformation of I, the form has been simplified 
by means of the differential equations. We can now prove the following: 


TuroreM VI. The relative invariant J, represents twice the action in a 
dynamical system, that is, fTdt. 


We have H=T—U where T is independent of the qı and homogeneous of 
the second degree in the p,, and U is a function of the q; only. Then we have 


i oH 
Ji = SEpdq= fop, OD, dt = f2T dt . s 


University or ILLINOIS, September, 1916. 





*Goursat, Journal de Mathématiques pures et appliquées, 7 gérie, Tome I (1916). 


Fundamental Regions for Certain. Finite Groups in S4. _ 


eo, 


are 


By Henry F. Price. ok 


One of the most interesting ‘results of the study of transformations is 
what Klein has termed the “fundamental region.” - 

A fundamental region for a group of transformations is a system of points 
which contains one and only one point of every conjugate set. j 

Fundamental regions in the complex plane have been studied for some 
time and are well known. Klein* and his followers have developed the subject 
to a considerable extent. There is a close relationship between this subject 
and the elliptic modular functions and the reduction of quadratic forms. 

The fundamental regions for groups in more than one complex variable 
bave not been studied much. However, J. W. Young,t in a recent paper, 
obtained such regions for cyclic groups in two complex variables. l 
_, In this paper will be considered fundamental regions for certain finite 
groups in two complex variables. The octahedral and icosahedral groups will 
be dealt with. 


The fundamental regions for these groups in the real plate can be readily “= 
determined and found to be triangles bounded by the axes of reflections. In.. 


the case of the complex plane the problem is solved by using Hermitian forms 
which meet the real plane in the sides of these triangles. _ . 

The problem will be solved completely in the case of the octahedral group: 
`- In the case of the icosahedral group it will be solved except for the points 
which reduce one or more of the Hermitian forms to zero. 

The ternary collineation group Gg, can be generated by the following three 
operations: E,{—4, Es, Eo], EL [be , Ei, Es] and Ey (Er, Es, Ea]. 

It permutes the points of the real plane. As it contains nine operations 
of order 2, there are nine reflections. As the group is simply isomorphic with 
the symmetric group on four letters, it is evident that these reflections are in 


* Felix Klein, “ Elliptischen Modulfunktionen, Vol. I, pp. 183-207. 
- 4J. W. Young, “ Fundamental Regions for Cyclical Groups of Linear Fractional Transformations 
on Two Complex Variables,” Bull. Amer. Math. Soc., Vol. XVII, p. 340, 
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two conjugate sets. The axes of the reflections, f:=+£3, h= +E, &= +8, . 
£,=0, &=0 and £,—0, divide the plane into twenty-four triangles. 

Any point in one of these triangles can be transformed, by a suitably 
chosen operation of the group, into a point in any other ee Any triangle. 
is then a fundamental region in the plane for the group Gu. 

The group permutes the complex points of the plane also. If we consider 
the totality of points in the plane, complex as well as real, as-real points in 
four-space, we may ask the question whether fundamental regions exist in S, 
for the group under consideration. If one does exist it must contain one 
triangle, and only one, of the real plane. The fixed points of the transforma- 
tions would lie on the boundaries of such a fundamental region. 


Consider the Hermitian forms £,£,—£,, and £,£,+&,¢, in which 2 =g +iu 
Éa 


and A syri Under the G,, we have two conjugate sets of three forms 
3 . 


ae (1) fbb, (4) hith, 
(2) ako —Ests and (5) Esko t bobs 
(3) Elb, - (6) Sabi + bah. 
It is evident that there is at least one relation between the forms, i. bay 
(1) + (2) + (3) =0. 


If we consider the portion of S, in which the signs of (1), (8), (4), (5) 
and (6) are all + and make use of the relation (1)+(2)+(3)==0, we see 
that the sign of (2) is determined as — l 

This region will be written [+ — +, +++] where the signs of the six 
forms are written in order. 

We shall next consider into how many such regions S, is divided by the 
six Hermitian forms. 

The forms (1), (2) and (3) are conjugate under Gu, and because of the 
relation (1)+(2)+(3)=0 admit at most six arrangements of sign. The 
forms (4), (5) and (6) are also conjugate under G, and admit at most eight 
arrangements of sigi. There are therefore forty-eight possible choices of sign 
for (1), (2)....(6). But the eight arrangements divide into two complete 
conjugate sets of four under Ga according as the number of + signs is odd or 
even. For one of such four choices for the forms (4), (5), (6), the six 
arrangements of sign for (1), (2), (3) all are conjugate, e. g., the +++ 
‘choice is unaltered by the group G, of permutations of the variables, and the 
G, permutes all arrangements for (1), (2), (3). 
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Hence the forty-eight possible choices of sign or possible -regipns in S, 
divide into two conjugate sets of twenty-four each, and two of these regions, 
one from each set, constitute a fundamental region in S, for Gy. 
The region [+— +, +++] belongs to one of the sets. By changing the 
sign of (5) to — we obtain a region [+—+, +—+] of the other set. 
Taking these two regions together we obtain T=[+—+, +++] which 
is a fundamental region in S, for the group Ga, except for the points which 
reduce one or more of the Hermitian forms to zero. l 
` If we consider the points which reduce one or more of the forms to zero 
we are dealing with what we may call the “boundaries” of the fundamental 
regions. 

. By placing the six forms in T equal to zero singly, in pairs, in groups. of 
three, etc., in all possible ways, and discarding those which are conjugates of 
others, it is found that there are twenty-three sets of points which are sections 
of I’s boundaries and which should be taken in the fundamental region for the 
group. T can be defined completely, therefore, by the-sets of points: 


se nie ei te 


[t—+, +04], (0-4; +44], [4-0, +244], L+—-+, 0 +4], 
ee | [0 —+, 0 0+], [+—0, 00+], [000,404], 


The ternary collineation group Gi furnishes a more complex fundamental 


region in S, than G,, does. 


by the three operations: 


Ey[&, Es, l; Heb, —&, —£al ; 
and 
B= &j—a&,+(a+1)&, 
Ey 4 &)==—ak,+ (at+1)f&+&, 
s Es= (atl)iitk,—akes, 
—1+V5, 
where a= a ka. 


This group permutes the points of the real plane. 


operations of order 2, there are fifteen axes of reflections. 


It is well known that this group can be generated 


As it contains fifteen 
These lines divide 





F * H. H. Mitchell, “Determination of the Ordinary and Modular Ternary Linear sae so a Trans.- 


Amer, Math. Soe., Vol. XIT, No. 2, p. 223. 
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the plane,into sixty triangles. The intersections of these fixed lines are real 
fixed points of three classes; first, the points left invariant under the fifteen 
subgroups of order 4; second, the points invariant under the ten subgroups of 
order 6; and third, the points invariant under the six subgroups of order 10. 

Each of the sixty triangles into which the plane is divided by the fifteen 
fixed lines has for its vertices one of each of the three classes of fixed points. 

Hach of the sixty triangles is a fundamental region in the plane. The 
group also permutes the complex points of the plane. Just as in the case of . 
the Gu we can consider the totality of real and complex points in the plane as 
real points in S, and seek a fundamental region for the group Ge in the higher 
space. \ l 

Consider the Hermitian form 2¢,£,+22,¢,. Under Ge there is a single set 
of fifteen forms conjugate to 2664+26, which can be expressed in terms of 
six forms: 


F= (a —1)82.+ (a +2) EE,— (2a+1) bobs +36 E +3262, 
F= (a +2) bF,— (2041) Eb, + (a —1) h — 3k 36E, 
Fy=—(2a+1)ġbi+ (a —1) é+ (a +2) bbe +36 +3, 
Fy=—(2a+1) 82, + (a —1) Eb + (a +2) És —3E Es —3E bs, 
F= (a +2)E,E,— (20+1) Eek, + (a —1) Fob. +- BEE, + 38,61, 
F= (a —1) EE + (a +2) Sob —(2a+1) Eobs—3EE,—3E,b5. 


The fifteen forms conjugate to 2,f,+22,¢, are Fy=—Fy=F,—F,- 
' There are twenty relations between these forms: F,+F,4+ F,,=0. 

Tt is found that the Hermitian forms Fy, Fu, Fis, F's, and Fs meet the 
real plane in the sides of the triangle whose sides are 7+ay—2’=0, 2=0 
and y=0. ; 

For any point which lies in this triangle, the signs of F, and F, are both 
—, while those of Fis, Fg, and F's: are all +. 

Taking F and F's, as negative and the other three forms as positive, and 
making use of the twenty relations between the forms, it is seen that the signs 
of the remaining ten forms are determined. Therefore, none of these ten 
forms can cross the region in S, which is determined by the five forms under 
consideration. Since for this region F,>F,>F;>F,>F,>F,, it can be 
written [345216]. . 

Under Ga the region [345216] has sixty conjugate regions. These meet 
the real plane in distinct triangles, the fundamental regions, for the group, in 

- the plane. ' i 
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The question arises into how many such regions is S, divided by the 
forms Fa? , i 

For any point in S, not on an Fa the values of the F, are all distinct, and, 
since these six values admit at most seven hundred and twenty permutations, 
the forms Fa have at most seven hundred and twenty arrangements of sign. 

Under Ge the seven hundred and twenty value systems of the F, divide 
into twelve conjugate sets of sixty each, and if one value system is taken from 
each set we obtain a fundamental region. As an example of such a funda- 
mental region we give the twelve value systems determined by the inequalities 
F;>F,>F,, Fy>Fo, F> F,> F, and Fy>F,. No two of these are conjugates 
under Gew and therefore they comprise a fundamental region in S, for the group, 
except for the points which reduce one or more of the F to zero. 





On the Representation of Functions in Series of the Form 
Leng(x+n)." 


By R. D. CARMICHAEL. 


Introduction. 


The most important functions defined by: the Q- and Q-series, whose 
properties I have investigated in previous memoirs,+ are doubtless those which 
have in a half-plane a Poincaré asymptotic representation | in descending 
power series; and, in particular, those in which the series depend ona defining _ 
function g(x) which has the asymptotic form § 


goysa Bae a 


valid in a sector V including the positive w of reals in its interior, and C 
which is. analytic in V for sufficiently large v We shall now use 
the symbol S(x) to denote the series 
; g(a+n) : 
. S (x) =È, o (2) 
It will be observed that S(a) belongs to the class of series denoted by Q(x) in- 
the preceding papers, and also to the more special class denoted by w(z). 
_ In the present paper I make a’contribution towards solving the problem || 
of representing given functions in the form of series S(x) depending on a 











* Presented to the American Mathematica] Society (at Chicago), April 7, 1917. 

+Transactions American Mathematical Society, Vol. XVII (1916), pp. 207-232; AMERICAN JOURNAL 
oy MATHEMATIOS, Vol. XX XIX (1917), pp. 385-403. These pepe will be referred to by the numbers 
I and II, respectively. 

t Compare IT, especially §§ 4 and 5. : 

§It is convenient to introduce here a alight thangs in notation; it is one, however, which can cause 
no confusion. 

|| That this includes the fundamental problem of representing-given functions-in the form of series 
dependent on functions defined by linear homogeneous difference equations may be seen from the following 
considerations. A fundamental property of the leading functions G (x) defined by such equations is that 
expresend 3 in the asymptotic relation 


G (z) ~alzebo (14 243+. a a 


„valid in a right half-plane, i being an integer and £, bı, ba, .... being constants. (Compare Birkhoft, 
Transactions American Mathematical Society, Vol. XII (1911), pp. 243-284; and Carmichael, ibid., pp. 


15 
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given defining function g(x). In order to render this problem amenable to 
simple methods it is necessary to place further restrictions on g(x). We have 
seen (II, §5) that 
4 
we ~a Boa + es a Ta +. J Bon =eO", (3) 
where Bons Bins Cony - +++ are a Set of numbers independent of æ. From this it 
follows that we have an asymptotic relation of the form ` 
peo (yy te + Ue +....), (4) 
Some of the restrictions mentioned are stated most conveniently interms of 
_ the coefficients y. They appear in Section 4. Others appear in Section 5. 

In §1 I derive, in simple form, a necessary and sufficient condition on the 
coefficients c, implying the convergence of S(x) in an appropriately determined 
right half-plane. In 42 some remarks are made on the order of increase of 
the coefficients in certain Poincaré asymptotic series. In $3 the fundamental 
relations between these coefficients and the coefficients c, of the associated 
series S(x) are determined. In §4 I construct, in a particular manner, 
functions having given Poincaré asymptotic representations of a certain type, 
and incidentally point out some fundamentally important instances of the series 
S(x) which have occurred in the recent literature. Finally, in $5, I show 
how to transform the Borel integral sum of a divergent series into a series 
S(x) and also into a certain natural generalization of such series, and indicate 
some mace ranges of applicability of these results. 








$1. Order of Increase of Coefficients c, in a Converging Series S(ax). 


Let S(x) be a series of the form (2) which converges at every non- 
exceptional point in some half-plane; that is, one whose convergence number: | 
is not —o. Then, from the corollary to Theorem XII, in Memoir I, it follows 


that a real constant r, (finite or equal to —oo) exists such that 
: `] z = 
inp au g()| =, (5) 


_ ise 








09-134, and AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXV (1916), pp. 168-182). In case i=--—-1 the 
function G (w) itself is of the same type as the function g(@) in the text. 1 general a suitable value of 
g(@) may be defined in terms of G (w) by the relation 


(£ 
1= TET 


‘or by any one of several similar expressions which readily come to mind. Thus, for every function of the 
type G (~) there exist corresponding functions of the type g(œ) suitable for use in the formation of 
series S (0). 
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where 4,8, stands for the sum of all 8, whose suffix v satisfies the relation 
ee cre, . (6) 

E(&) denoting the greatest | integer not greater than & From the last 

inequality we see that 

E<E(E)+1S1+4 logy 

for every positive value of £ and corresponding value of v. Hence, from (5), 

it follows that a constant r, exists such that 


log |c,g(v)| <1,(1+ log v), v>0. 
Thence it follows readily that a constant r exists such that 
le,g(v)| <9”, v2. (7) 


Relation (7) states a condition which is necessary if S(x) is to converge at.. 
every non-exceptional point in some half-plane. 

It may also be shown that (7) states a condition sufficient to ensure that 
S(#) thus converges in some half-plane. For from (7) it is clear that 


LX, | c.g (v)| <ref, 


where v and £ are related as in (6), and p is a positive number not less than r. 
From this one sees readily that the superior limit in the first member of (5) 
has a value different from +o. This, in connection with the corollary to 
Theorem XII, in Memoir I, at once yields the conclusion that S(x) converges 
at every non-exceptional point in some half-plane. 

Thus we are led to the following theorem: * 

Turorem I. A necessary and sufficient condition that the series S(x) in 
(2) shall converge for every non-exceptional value of xin some right half-plane 
is that a constant r exists such that 

le.g(v)|<o, v22. 

In view of the asymptotic form of g(v) this theorem is seen to be equiva- 
lent to the following corollary: 

CoroLLAaRY: A necessary and sufficient condition that the series S(x) in 
(2) shall converge for every non-eaceptional value of x im some right half-plane 
is that a constant r exists such that 


[e| <e at, v2, 





* By exactly the same argumentation one is led to precisely the same necessary and suficient con- 
dition for the similar convergence of the series Q (s) and O(a) in the case when k==1 and m=0 or }. 
The corollary to Theorem XII, in Memoir I, yields immediately the corresponding result for the case 
when k and m do not satisfy the conditions just stated. 
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It-is easy to see that an equivalent statement is obtained if one replaces 
the inequality in this corollary by the following: 
e| <a bert F Oly, y>2, 
-To prove this, one has only to employ the well-known fact that 
(v+1) ! oeri 


. approaches a finite limit different from zero as v Sours infinity. 


$2. Order of Increase of the Coefficients in ibe Poincaré. Asymptotic 
Representation of S(s). 
We have seen (II, Theorem II and §5) that a function § (æ), defined by 
the series in (2), has a Poincaré asymptotic representation of the form 


8 (a) ~By+ 2+ By... 8) 


valid in that part of V which lies in the half- plane R(xv)>—A,, where A, is 
less than the convergence number 2 of (s), and that the coefficients 8, are 
given by the formulae 


B= opot abrt brt. e beyBors y=0,1,2,..... (9) 

The order of increase of |@,| with respect to v evidently depends upon 

the @, quite as much as upon the c,. In case the 8y satisfy the restrictive 5 
condition 

| Brr a| < Mer Atk, (10) 


it is easy to see (by aid of the corollary to Theorem I) that we have 

|B,| <r, vy > 2, (11). 

s being an appropriately chosen quantity independent of v. p 
- For the special case in which g(v+1)/g(a) is analytic at =œ, other 

inequalities similar to (10) and (11) may be obtained. We write 





g(æ+1) — _ ps Pe Ps 
g(a) =p) re tee 
Since this series converges for some v, a positive quantity p exists such that ` 
, |p| <p’. l 
We take p to be greater than unity. We may: write, 
g(a+n) _ l pı BE ial 
g(a) POE hy: plan D=) +- Li +. 


"Ppt. Pe pit ps —2put-t pit? 
=| Py ee + |: 
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If this lagt product is expanded in powers of 1/z, it is easy to see that the 
coefficients in the resulting series are less in absolute value than the coefficients 
in the similar expansion of the product 


"rp  plp+i) , plp+i)? pe +o 
E eetoe 
These coefficients are not decreased if in this product p(p+t)"~ is replaced by 


(p+2)™. Thence, by the multinomial theorem, it follows readily that 


$ Ao +i,)! 
wli... il 





a < (n+p) 


, 


where the summation is taken subject to the condition 


y+ 2ig+8ig+....+nt,=9; 
whence it follows that l 


[Brn n| <9" (n +p)”. (12) 
Thence, through (9), and the corollary to Theorem I, we see that 
| By | < perO, v 2 2, i (13) 


t being an appropriately chosen real quantity. 


§3. Evaluation of the Constants c, in Terms of the Constants B,. 


From (9) it follows that the constants e, may be expressed directly in 
terms of the constants @,. It is more convenient for our purposes, however, 
to proceed as follows: In equation (4) replace n by v—n, where n<7, and 
-then replace x by x+n. Thus we have 


g(a@+n) 
g(@+7) 
g (2) ( „b, Bs j~ g(æ+n) 
aa a T ee aa 
by means of (4) and (14), we have 
i 1 . 
Yor bra F Yir br +Y Brat e.r Yr, bo = ya rat Yusa 
+20 y2+ - « oe +Y, x oy 





ed i y—n Xi, =n Y2, p—n 
(x+n) (ye mat een cay «is (14) 


Then from 








on equating the P Ofpl/a i in the expanded asymptotic forms of the 
two members. Now it is easy to see that 


=o, a=b. 5 ; f (15) 
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Hence, if we write 


n =Y brat Yb HY brat wee i+7Br, »>0; m= ĝi, (16) 


we have 


E ; 
Yo Cop bY Crater at ee FH Yy, pi =p, a Ee eee 

Combining this system with the second equation in (15), and solving for 
Cy, We have- 


. 0 Yu Y 39 
0 ya 1 
— 0 
Crp = Yay FYN 1 0 any A or Yor IR 
You 0 p3 0 
You 
0 Yor Y 20 43 
2. 
. 3 Ya Y Ys 
Hyi 1 Siig PET 2 8) cco OOD 
0 — 0 Ya . 
Yor 
0 ES 0 
Yor . 
the expansion ending with the term containing 7). Here yo has the value 
© Yo ie -$ 


We shall use the symbol A, for the doteran of order k in the second 
member of equation (17). 


$4. Construction of Functions Having Given Poincaré Asymptotic 
Representations of a Certain Type. 


In this section we show how to construct a function f(z) having a given . 
Poincaré asymptotic sa 


fapt 24 By... (18) 


of a certain type. We confine our ett to the case in which the function 
g(x) and the constants 8, Bis 6:,.... are jointly subject to the condition 
that positive quantities M and co, both independent of v, exist such that 

|n| < Dive? Oye, v=l; 2, By tices (19) 
n, having the definition given in (16). Moreover, we suppose that g(x) is 
such that a positive quantity M,, and a real non-negative quantity o,, both 
independent of k, exist such that 


| Ay] <Dhybte#h, -a (20) 
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where A,-denotes the determinant defined at the end of Section 3. Our central 
theorem here is the following: 





Turorem IJ. Let B., B1, 8,'...., be a given set of constants, and let 
g(x) be an associated function such that relations (19) and (20) are satisfied. 
Then, if constants Co, C1, Ca, .... are determined in terms of Bs, Bi Bipot 
by means of equations (15) and mi ), the series 

gla+n) 
HAA 21 
nog (2) =) 


converges absolutely at all non-exceptional points in the half-plane R(x) >7+1, 
where q is the greater of the two quantities 0 and ¢+0,+R(u); and the func- 
tion f(x) represented by thts series satisfies the Poincaré asymptotic relation 
(18), the latter being valid in the greatest region in the x-plane which is com- 
mon to V and the half-plane R(x)27-+1-+e, e being any positive constant. 
We prove first that part of the conclusion which relates to the convergence 
of the series in (21). From relations (17), (19), (20) we see readily that 
|p| <Mr r Optat, (22) 
where M, is a quantity independent of v. From the corollary to Theorem I it 
follows now that the series in (21) is convergent in an appropriately chosen 
right half-plane. Moreover, the last inequality affords partial information as 
to the position of the line of absolute convergence. This may be shown. as 
follows: From the corollary to Theorem XII, in Memoir I, we see that the 
abscissa of absolute convergence of the series in (21) is given by the relation 
u==— lim. sup Jog 2¢|¢9(»)} ; 
gee Bo 
where 2,2, stands for the sum of all č, whose suffix v satisfies the relation 
l EOKLpLeé 
From (22) and the asymptotic form of g(v) it is easy to see that 
[eyg (v)| < Matt, y= 8,8, 6, 


M, being an appropriately chosen constant. Hence we have 
a 
Del epg (v)| < Me Uv tet2 < Mani 
pol 


where n; is the greatest value of v, such that log y<£ and + is the greater of 
the quantities 0 and Spee BAe): Hence, , 
uz pen lim sup CAD bek Joe Me =—(t+1). 


=o 
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' This completes the proof of the part of the theorem which refers ta the con- 
vergence of.the series in (21). 

The portion of the conclusion of the foregoing theorem which relates to 
the asymptotic character of f(z) is an immediate consequence of Theorem H, 
of Memoir II, and the convergence properties just established. 5 

The foregoing theorem states conditions to ensure the convergence of the 
series in (21). A central part of these conditions is contained in relations 
(19). If g(x) satisfies conditions associated with (1), and if, moreover, 
g(%)/g(e%+v) is a polynomial when v is sufficiently large, then from (17), and 
the corollary to Theorem I, it is easy to see that relation (19) affords a 
necessary and sufficient condition for the convergence of (21); and hence for 
the construction, by means of a series (21), of a function f(x) having the 
given Poincaré asymptotic representation (18). It is not difficult to determine 
other classes of-functions g(x) for which (19) plays a like réle.in respect to 
necessary and sufficient conditions. 

An important special use of the result contained in Theorem II should be 
pointed out. In many investigations, particularly in the theory of differential — 
equations and of difference equations, one is led to divergent power series | 
when one seeks to obtain a suitable representation of a function which is to be 
determined. If for an appropriately chosen function g(x) the coefficients 
Bo, Bas Bs)» +++, in the diverging power series thus arising satisfy the conditions . 
imposed by relations (19), then it is clear that a suitable modification of the 
computations will enable one to obtain a convergent. expansion (21) in place of 
the diverging power series. It may be anticipated with considerable confidence 
that this converging expansion will serve to define such a function as one is 
seeking. It is my intention later to present such applications of.Theorem IT 
as are here indicated. For the special class of .factorial series, important 
applications of this character have already been made in the theory both of 
differential equations* and of difference equations,t and in more gencral 
aspects of the theory of functions. ¢ ` . 

We shall next point out some simple conditions whieh are ‘sufficient to 
ensure that relations (19) and (20) shall. be satisfied. -In the treatment of 
‘these conditions we shall have need of Hadamard’s fundamental theorem § 
concerning an upper bound to the absolute value of a determinant. This. 
theorem may be stated as follows: nof 


* Horn, Mathematische Annalen, Vol. LXXI (1912), pp. 510-532. = 
+ Nörlund, Rendiconti del Qiroolo Hatematico di Palermo, Vol. XXXV (1918), pp. “177-216. ~ 
ł Watson, Rendtoonti del Oircolo Matematico di Palermo, Vol. XXXIV (1912), pp. 41-48. : 
§ Hadamard, Bulletin des Scienocs Mathématiques (Darboux), Vol. XVII (1893), pp. 240-246. 
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If A iè a determinant of order n in which a; is the element in the i- th row 
and the j-th column, then 


JAJ EVIT efn AE A 


where 


7 2 ç 2 
r= È |a| » Pi = 2 [ag] . 


“With this theorem in hand we may readily determine conditions implying 
relation (20). Thus, if Ys}, + satisfies the condition 
Iyan Sk,  k=K, K+1,K+2,...., (23) 
where K is a fixed integer, it may easily be shown that (20) is satisfied. For, 
from the first inequality in Hadamard’s theorem above, we see that 


|A,|<M-k1=M-T(k+1), 
M being an appropriately chosen quantity independent of k. By means of the 
well-known. asymptotie formula for T (v), namely, 


gto) 


it is now easy to see that (20) is satisfied provided that M, and c, are given 
appropriate values. Hence, relation (23) expresses a condition sufficient to 
ensure that a relation of the form (20) ts satisfied. 

In order to determine simple conditions ensuring that (19) is satisfied we 
ooer that the- asymptotic relation (1) implies that the paniir 


glpty) 

g) 

approaches a finite value different: from zero as n approaches infinity, pro- 

vided that @=p is a point at which g(s) is analytic and different from zero. 

From this it follows at once that a relation of the form (19) is satisfied, pro- 

. vided that a positive quantity M’ and a non-negative real quantity a’, both 
independent of v, exist such that 


T(z) ~ ate VIn(1+ 35 


pre Bry 





1, 9(p) y" 
| n,| <M Geen : (24) 


Let us consider now the special case in which the series in (18) converges 
when |æ| is sufficiently large.. Then through (16) we see that a positive 
number p exists such that 


— [mlS Yol + ly lp? + lye |p A+ + trae lib 
p A a 

v=1, 2,3, eines 

16 


s 
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Comparing this with (4) we see that condition (24) is obviously satisfied 
‘in the special case when the quantities Yon, Yin) Ym) ---- are all positive or 
zero for every positive integral value of n greater than some given value N. 
Other simple conditions under which (24) is satisfied will readily occur to the 
reader. 
Again, it may be seen that a relation of the form (19) is satisfied in case 
a positive quantity M and a non-negative real quantity c exist such that - 


lyurBrvsil < Myer ®yr ; (25) 


for every v and corresponding k not greater than v. For determining whether 
(25) is satisfied one may make use of the relation 


r= iS o 


f: (2) =Y of" H Y2 eee +Y» 


where 


and C is a circle about the point w=0 as a center. From this it follows at 
once that i 


Irel Sg D0), l -© (21) 


where M,[f,(a)] denotes the maximum value of |f, (x)| on the circle of radius 
p about the point x=0 as a center. There are large classes of cases in which 
it may readily be shown that relation (25) is implied by relation (27). 

Let us consider the application of these results in the case of factorial 
series. Here g(x)=1/I' (x); and we have 

g(x) 
g(a+n) 

It is obvious that the quantities Ym are all positive or zero, and that they are 
zero in case s>n. Moreover, 


=g(£+1) (+2) .... (+n). 


g(p) 
glp+r)` 


Hence, conditions (23) and (24) are satisfied in case (18) converges for 
sufficiently large values of |x|, say for |x|2 R. Moreover, for this special 
case it is clear that we may take o,=0 and c=R—y and that u now has the 
value 4. Then it is easy to see that the line of absolute convergence of the 
series in (21), in this case cuts the axis of reals at a point not further to the 
right than a unit’s distance to the right of the rightmost point of the circle of 
convergence of the power series in 1/x by which f(a) may be represented. 


Yor +p +.  +Y¥ w= 
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Again, if we take for g(x) the value 





aT (2+ 4) (28) 
we have 
gls) 
g(#+1) aoa 


Then, as in the preceding case, it is easy to see that the conditions of Theorem 
II are satisfied provided that (18) converges for sufficiently large |x| and a 
is positive while b is positive or zero. ‘If we put b=0, series (1) obviously 
takes the special form 

8ı(2) OE aTa] (az-+2a).... (az-+-n—I1a) ` 
Replacing az by z, we may write this in the form 


c 


a 





— Ca ` 3 
Bale) SAE, z(z+a)(2z+2å).... (e+ [n—1]a)" 


Series of this class play a leading rôle in Nörlund’s fundamental paper. on 
factorial series to which reference has already been made. 

Again, if we put Me for ~ and a+1.for b/a in the function g(x) of equa- 
tion (28) the corresponding series S(s) is transformed into the form 

bo a bs 

bot Heyati | (Me+a+1) (Meta+2) 


+ 





(29) 


8 
(etatl) Metals) Me ati e 8°) 


a series which plays the leading rôle in the important paper of Watson’s 
referred to above. Watson exhibits a large class of functions expansible in 
converging series (30). 

One may easily construct many other particular functions g(x) satisfying 
those hypotheses of Theorem IT which relate to g(x) provided that the asso- 
ciated series (18) converges for sufficiently large |s|. Some of the most 
interesting of such functions g(s) are readily expressible in terms of the 
gamma function. Such a one, for instance, is the function g(a), 

P(e+1 
e= Fares sy < 
Here we have 





g(a) _2(z+3) 
g(z+1) a1 ` 
Employing the relation 
glz) _ g(s) g(@t1)  g(æ+n—1) 
g(z+n) g(@+1) g(%+2) g(x-+n) ’ 
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eS PG 


it is thence easy to see that g(z)/g(v-+n) is a polynomial with non-negative’; A *. i 
real coefficients provided that n is sufficiently large. Hence, relations (23) and i 
(24) are satisfied. fe Ee 


In a similar way one may treat the function 
I'(2+1)0(2+3) 
I) = BaP (era) Pets)’ 
It is clear that one may thus form an indefinitely great number of similar 
functions g(x) such that in each case g(x)/g(%+1) is a rational function of 
x, and g(x)/g(x+n) is a polynomial with non-negative real coefficients pro- 
vided that n is sufficiently large. 


(32) 


§5. Representation of Given Functions in the Form of Convergent 
Series S(x). 

By means of Borel’s method of summation of series (in general divergent) 
we shall now show how to represent functions of a certain important class in 
the form of convergent series S(x). The functions treated are those obtained 
by taking the sum of a series of the form 


Bee Era Eo: | (33) 


by means of Borel’s integral method of summation. Denoting .the Borel 
integral sum of the series in (33) by f(x), we have by definition : ° 





f(a) = S zeo (t)dt, (34) 
where 8 n 
p(t) =b Oe BE a (35) 


We assume t that the series in (35) is convergent for all values of t, and that 
` the function g(t) defined by it is such that the integral in (34) exists. We 
say then that the series (34) is summable to the sum f(z). l 

In this section we shall suppose t also that the asymptotic series in (3) is 
summable in the sense of Borel, so that we bave 


- 





gla+n) T 3 —tz ene i 
Pona. zee, (t)dt, n=1,2,3,...., (36) 
where 
Bont” Bitt Bont" t 
S a Ge E _ (37) 


The series in (37) we shall take to be convergent for all values of t. 





* Borel, “Leçons sur les séries divergentes,” p. 103 f. We have made certain obvious reductions so 
as to obtain the form convenient to use with descending series (33) rather than with ascending series. 

+The restrictions made here are stronger than are essential to the argument. They may be weak- 
ened in accordance with certain general considerations mentioned by Borel (loc. cit., p. 09). l 
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“of the function f(x) defined in (34) it is easy to obtain a formal expan- 
sion in series S(x). For this purpose we note that by means of equation (9) 
it is easy to establish the formal relation 


| Bot Bit. + Aa Se een ja Beo(t). (88) 


Rm) PER 


Replacing o(t) in (34) by the second member of the last equation we have the 
formal relation 


(x) = S (È oneg, (t) ) dt. - (39) 


T£, still proceeding formally, we integrate term by term the series denoted by 
the summation in (39) and make use of (36), we have 


g(x+n) ` 
g(s) ` 





f(a) = Be, (40) 
Hence, ü 
Tusorzm III. In all cases in which (36) and (38) are valid relations, 
and the series denoted by the outer summation in (39) is term by term inte- 
grable from zero to infinity, the Borel sum f(x) of series (33) is } represented 

‘in (40) in the form of a converging series S (œ). 
This result is capable of a. ready generalization as mCHone: From (34) 
we have 
f (aw) = T aze—ġ(t)dt= f wea) (t)dt, (41) 

0 0 

where l E: . 


= Bi; Baa B: „s 
Se area Ta Fe 


Analogous to (9) we.now form the equations 


n =O bnt br, 1t lbr, at.. e e +6,Boy, v=0, 1, 2,. 


mw 


thus introducing the quantities Coy €,,¢,...., Thence proceeding formally, 
we have l ; 
By Be : ao a E C 
Bot StH P+... = D Cn D Bon a = X69, (t) 5 (42). 
a a nað PER “Pv ! n=0 


whence, as before, we obtain 


fla) = f *(2a,ce"9,(6)) dt, (43) 
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Integrating term by term, we have 


g(2+n) 
f (ax) = = 22,9 ~ g(a) ; 7 
or és , 
jt) = $a tEn, (44) 


We are thus lead to the following result: 


Turorem IV. In all cases in which (36) and (42) are valid relations and 
the series denoted by the summation in (43) is term by term integrable from 
zero to infinity, the Borel sum f(x) of series (33) is represented in (44) in the 
form of a converging series into which a series S(x) is readily transformed. 


l If we take for g(x) the particular value 


1 
g(z)= T(z)’ 
then relation oy takes the special form 
Cs 


f(x) =0+ $ ETN aaa + Sæta) (a+ 2a) - 


Cy 
t Slota (e+ 2a) (7+3a) aaa ke?) 


That is to say, the Borel sum f(x) of (33) is always represented formally by 
the series in (45). In case (33) is absolutely and uniformly summable by the 
integral method of Borel to the sum f(a), then Nörlund (loc. cit., p. 379) has 
shown that f(s) has an actual convergent expansion (45) in case a is a 
sufficiently large positive number dependent upon f(x). Hence the formal 
result in (45), and therefore the more general one in (44), has a wide range 
of useful applicability. 

For special functions g(#) (of which that in the preceding paragraph is 
an example) and corresponding classes of functions f (œ) it is possible, as we 
have just seen, to state more explicit and precise results than those: obtained 
in Theorems III and IV; but it seems to be difficult to render these theorems 
more precise without further restrictions on g(x). I propose as an important 
problem the determination of classes of functions g(x), and corresponding 
classes of functions f(x), such that the representations (40) and (44) are 
valid, either separately or simultaneously. 


Universtry or ILLINOIS, February, 1917. 


Transformations of Planar Nets. 


By LUTHER PFAHLER EISENEHABT. 


1. Introduction. When a surface is referred to a conjugate system of 
curves, u and v being the parameters, the four homogeneous point coordinates, 
2? g”, cP, o®, are solutions of an equation of the form 


20 06 06 
Ray = 45, toa, Fo, | (1) 
where a, b, c are functions of u and v. We say that the parametric curves 
u=const., v=const. form a net N (x), æ indicating any of the four coordinates, 
and call (1) the point equation of N (x). 
If 6 is any other solution of (1), the equations 


an, 3 (# am 2 (2) 
E a) (2) 


satisfy the condition of integrability, provided that h and l are any pair of 
solutions * of 

oh. (2 log 6 ) ot _.. (2188 ) 

aa a (h—l), a Ba —b}(l—hk). (3) 
Moreover, the four functions x, obtained by quadratures from (2) when & 
takes on the four values of the coordinates of N (s) are solutions of the same 
equation 





20, l (2 log 6 ) 06, hk (2 log 6 ) 06, i 
dudo R\ w “/ du’ T\ du a (4) 


Hence these four quantities ~ are the homogeneous point coordinates of a net 


N,(%). 
The points F, and F,, with respective homogeneous coordinates 


62,—ha, O62,—la, (5) 
lie on the line joining corresponding points, M and M,, of the nets N and N,, 
and are such that as u or v varies, F, or F,, respectively, moves tangentially 








* We exclude the case h= l == const., since in this case the two surfaces are homothetic with respect 
to the origin. 
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to the line. Hence the ruled surfaces u=const., v-=const. of the congruence 
G of lines MM, are its developables. We say that the nets N and N, are 
conjugate to the congruence G, since the developables of the latter meet the 
surfaces on which N and N, lie in these nets. Two nets so related to a con- ' 
“ gruence are said to be in the relation of a transformation T with one another. 
Conversely, any two nets so related can be defined oe by (2)-and (3), 
as we have shown previously.* 

In § 2 we show that if two nets N and N; are in “is relation of a trans- 
formation T, the same is true of their first Laplace transforms, and likewise 
their minus first Laplace transforms. This result holds for nets in space: of 
any order. l - 

Any three of the functions æ are the homogeneous coordinatês of the 
planar net, say P(x), into which N (s) is projected from a suitable Vertex of 
the coordinate tetrahedron upon the opposite face. Hence the preceding 
results can be applied to the transformation of planar nets. The lines of the 
congruence G project into lines of the plane, and thus the developables of the 
congruence lose their significance, and these transformations in general are 
not of much interest. However, there are certain types of planar nets charac- 
terized, for example, by geometric properties. - The above general method can 
be used to obtain transformations of nets of a type into nets of the same type. 

We consider transformations K of planar nets whose equation (1) has 
equal invariants into nets of the same kind. In a previous paper} we have 
shown how one can determine by quadratures a surface S whose asymptotic 
curves project into any given planar net with equal invariants. .We show in 
§4 that a transformation K of the planar net is equivalent to thë determina. 
tion of a surface S, such that © and S, are the focal surfaces of a W-congru- 
ence. We make use of these results in §5 to determine the equations of a 
W-congruence, 

There are certain planar nets with equal invariants which are cepescuead 
after three transformations of Laplace. We referto them as nets of period 3. 
They are of three types. The remainder of the paper is devoted to a study of 


. the transformations K of these nets into nets of the same kind. A theorem 


‘of permutability of these transformations is established. We discover also 
another transformation of nets of period 3, purely analytic in character, 
and find that their determination and that of ‘transformations K reduce to 
equivalent analytical problems. x. l 


me Transactions of the American Mathematical Society, Vol. XVIII (1917), pp. 97-124. 
+ Annals of Mathematics, Series 2, Vol. XVIII (1917), pp. 221-226. 
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In $ 12 we show that. the preceding results can be interpreted as giving 
transformations of certain surfaces discovered by Tzitzeica. 


2. Laplace Transformations and Transformations 7. The tangents to the 
curves v=const. of a-net V are tangent to the curves u=const. of a net (N)),, 
and the tangents to~the curves u=const. of N are tangent to the curves 
v=const. of a net (VY)_,. -The nets (N), and (N)_, are called the first and 
~” minus first Laplace transforms of N. Their respective homogeneous coordinates 
y and z can be given the forms . 


Ox 


= > — be ga a 
I= Ju 7 T av f 


We shall prove the theorem: 


- If N, isa T transform of N determined iy a function 6, the first and minus 
“first Laplace transforms of.N, are T transforms of the first and minus first 
Laplace transforms of N by means of the respective functions 

06. 06 
In consequence of (4) it follows that the homogeneous coordinates of the first 
Laplace transform of N, are of the form 
oa, h (2 log 6 ) 
arala E 
By means of (2) this is reducible to such a form that we can take for the 
coordinates y, of this transform the expressions 








2(8) 
aul 6 : 
y= ym +r. 
ay log 0 — b 
Making use of the fact that a and 0 are solutions of equation (1); we 
obtain 
2H 52 (4), mr? (¥) 
Ou du \ 6 dv av\ 67’ 
where eae 
p ðlogð _ 





*Darboux, Legons, Vol. II, pp. 27, 28. 
17 : 
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_'k being the invariant of equation (1) defined by ° 
Ob 
k= ap —ab—c. 


Since the above equations necessarily satisfy the conditions of integrability, 
we have proved that the two nets are in the relation of a transformation T. 
By similar means we show that the minus first transforms are so related. 


3. Equations of Transformations 7. The three homogeneous coordinates 
ec, gL, o® of a planar net P(x) are solutions not only of equation (1), but 
also of two equations of the form 

20 „90 „90, 20 „30 p0 1g 

Ou? = u TA of ow" aut! ov KEN: (6) 
where the dooleienta are functions of u and v, which must be such that the 
conditions of integrability 


5 (e) =a aao) Bu (But) zs (Sado) 

Jo \dut/~ du\dudv/? du\dv*/~ dv \dudv/’ 

are satisfied by all three functions « This leads to the following: six con- 
ditions: 

a +0a"= a aana c, Sab tb) Wo Py ab 44 

dc’ re dc , b” i, mE ob 

ag reer! 5, +ac +be, By + ba =z; babte, (7) 


da” ” n aen ða ” 2 dc" Wat ” __ de ” 
Bu pa'a Tap +e” = =a; +a"b+a’, 5 +6 +b c= a, bact be ; 


By making use of equations (6), we are able to determine functions k, m, 


n so that, for all three x’s, 


t= ktm +02 (8) 


In fact, when this expression is substituted in (2), we find that k, m, n must 
satisfy the Completely integrable system of equations 


Æ ne +ne+ a= 0, a +k+ma’+na— $ =0, 
on j E Ok sie. 139 
+ mb +nb=0, ap metne + 55 =O (9) 


om Ki ptt ae on ” l =. 
Bp + ma Hna” = 0, zg tht mb + nb og 
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4. Phanar Nets with Equal Invariants. When P(#) and P,(a,) are the 
projections of two nets N(x) and N, (æ) in the relation of a transformation 7, ` 
the points of the plane whose corresponding coordinates are given by (5) are 
points of contact of the line PP, with its envelope as u or v varies. We con- 
sider the case when these points are harmonic to P and P,, and say that 
P and P, are in the relation of a transformation K. From (5) it follows that 


we must have /=—h, and consequently from (3) that 
da ðb 
du dv’ 


that is, equation (1) has equal invariants.* By making a suitable choice of 
the homogeneous coordinates w in this case we can take equation (1) in the 
form 


20 5 
Juv =cé, f (10) 
Now, in all generality we have from (3) 
h=—l=—F, (11) 
so that, if a, in oe be replaced by 2,0, we have 
g oe 06 go oo! 
5 a =O TA rue 5; (anes ae "oy" ea) 
and the point equation of N, is 
. Ce ee 
ðuðv EA 6 oe (1) 
We have shown ft that if we define three functions y"?, y®, y® by 
dy = es og a og? dy? i Pelee = Ca 
du © u l Ct w l w Te dv ’ (14) 


and by similar equations obtained by permuting the hyperscripts cyclically, 
the function 2 given by 


CY =g YV 4 Oy HeY., h (15) 
and 2”, «®, 2 are the homogeneous point coordinates of a surface S, upon 


which the parametric curves are the asymptotic lines. These lines and the 
planar net are in perspective relation from the point (0, 0, 0, 1). 





* This is in accordance with the similar result for nets in space first proved by Koenig’s Comptes 
Rendus, Vol. CXIII (1891), p. 1022. 

F Annals, loo. cit. The letters œ and y must be interchanged to give the equations in use in the 
present paper. 
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Since g”, w®, g are solations of (10), equations (14) are of the form of 
equations of Lelieuvre * y?, y®, y®, 1, are the point coordinates of a surface. È 
referred to its asymptotic lines. Moreover, from (15) it is seen that X and S 
are polar reciprocal with respect to the quadric 

LHL ZO ZO ZO (16) 
By means of the three functions 2, s® 2® obtained from the quadratures . 
(12), we define three functions y, yP; y by 
ay" 22 oy BE? — Ay po BOS ag Oa” 
ou | eu ž du’ dv Ou “Ov ’ 
and similar equations obtained by permuting the hyperseripts' cyclically. Now, 
as seen above, the functions yP, yf, yf, 1, are the point coordinates of a 
surface h, referred to its asymptotic lines. Moreover, it is readily foundt+ that 


yoy? pre — 77%, $ (18) 


(17) 


From (14) and (15) it follows that the equation of the tangent plane 

to X is 
eee? © pa%2 2% = 0, 4 

the 2’s being current coordinates. It is readily seen that this plane passes 
through the point (yf, yf, y®, 1) of 2, In like manner we show that the 
tangent plane to È, passes through the corresponding point on E. Hence X 
and È, are the focal surfaces of the congruence of lines joining corresponding 
points of these. oe which accordingly is a W-congruence. 

By means of y®, y, yi we obtain, as by (15), the surface S, whose 
asymptotic curves project from (0,0,0,1) into the net P,(a,). Since S, is-the 


polar transform of 4, with respect to the quadric (16), and this transfor-~ ~ 


mation changes a W-congruence into a W-congruence, we have the theorem: 


When two planar nets with equal invariants are in the relation of a trans- 
formation .K, the two surfaces, whose asymptotic lines are the perspectives of 
the curves of the nets from a point, are the focal surfaces of a W-congruence. 


5. Equations of a W-congtuence. It is well known that the direction-cosines 
of the normal toa surface referred to its asymptotic lines are solutions of the 
same equation of Laplace with equal invariants.t It is possible to choose a 
suitable factor so that the direction-parameters (that is, quantities propor- 
tional] to the direction-cosines) shall satisfy by an equation of the form (10). 





*E., p. 193. A reference of this sort is to the author’s “ Differential Geometry. 
+E, p. 418, 
iE. p. 104. 
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In this case we say that the parameters. are in the normal form. From (14) it 
isseen that s™, 2, x are the direction-parameters of X in the normal form. 
From (14) we have, by differentiation and reduction, with the aid of (6), 
ay? ay , Oy” By” = B 

an or ee a a ee 

and l 
Fy A log a® dy? Flog gh dy 
Sudo Ou Ou Ou Oe 











(20) 


The coordinates y®, y® also satisfy (19), and y satisfies (20). Hence we 
have the theorem: 


When the asymptotic lines on a surface are projected orthogonally on a 
plane, taken as a coordinate plane, the equation satisfied by the cartesian 
coordinates of this planar net is (20), where a® is the direction-parameter in 
. the normal form of the normal to the surface with respect to the normal to the 
plane. 


When two surfaces È and X, are the focal surfaces of a W-congruence, we 
say that they are in the relation of a W-transformation. Equations (18) 
define the general transformation. . They can be given another form by means 
of equations (8) for the case of transformations K. In accordance with $3 
we replace z, and k by 2,6 and k0, respectively, and equation (8) becomes 


moz n Ox 


i Since now a=b=0 and equations (11) hold, equations (9) become | 
as + (k—1) s +m +nc=0, oo + (k+1) - +me+ne’=0, 
oe +hO-+ ma’ + b==0, om +na”=0, (22) 
on on 


Fu +mb'=0, Jv + ké +nb”—6=0. 


Substituting the values from (21) in (18), we get the desired equations 
of transformation, namely 


n=Yt F ae Dv ; (23) 


Hence the problem of W-transformations is equivalent to the solution of equa- 
tion (10) and of the completely integrable system (22). 
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6. Nets of Period 3. We apply the preceding methods to nets*for which 
a=b=0, c’=c’=0. These nets are characterized by the property that any 
one of them is reproduced after three transformations of Laplace. In this 
sense they are of period 3. 

It follows from (7) that in the present case 
: a loge U V 

ov ’ c € 


d logc 
ou 
where U and V are arbitrary functions of u and v respectively. One or both 
of these functions can be taken equal to zero. If they are not zero, by @ 
suitable choice of the parameters u and v of the nets we can take U and F equal 


to unity. Hence in all generality we have 
9 


F za 








TI 
» P= 


b= s a”! = A. 5 
c c ; 
where ¢ and 7 take the values 0 or 1, and the differential equations of the 


net are 
‘Oa Ologe dx , « Om OG _ ea n Ox logc 
a On on Ok ude Oe > Ga on ae 


All the conditions (7) are satisfied provided that c satisfies 














xox. log o=e— f. l (25) 
For the present case equations (22) reduce to ‘ 
pce and Gest) 2 =0, aol +-me+ (k+1) 2 n 
Em Ot m 2108S 4 9 0, +t = | (26) 
gn TE =0, on Ao fe a 


Eliminating k from the second and third of these equations, we get 


am logc dm o log c ) aad 
Bade. ðu dv gi ðuðv | mD: 





It is readily seen that a c is a solution of this equation, so that we replace m- 
by ase /c. Similarly, we replace n by v ic. Then (21) becomes 


“2082 v 26 ae 


= Ohba Jo Ju T oe an Oo? (27) 
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and (26) reduces to 








oh rabeni 0, Ss ety 41) =F =0, 
et 2 +oi(k+u+1)=0, E Looti), 
u dv Ov | (28) 
ov 06 0°6 „2 Ə log c ee Sj 
ðu P "Ou du ¢ ae” 
Qu 20, 8 39 loge muy 





dv g ta “w Ov c Ou 
If the net N, (æ) is to be of the same kind, we must have 








Oa, Ologe,d%, U ðn Fa EEUN Oa V ez, , dlog Cy Om (29) 
ow ðu u oa w’ ĝuo "P Ov co, du ov ov’ `“ 
where, as follows from (13), c, is given by 
æ 1 2 06 06 
ee 6 °° E Gu Bu" (99) 


When the expression for a, as given by (27), is differentiated and sub- 
stituted in the first and third of (29), the resulting equations are reducible by 
‘means of (24) and (28) to equations of the form 


On rely On On 
4s+B a + Ox =0, Ae+By 5 + Oya, 70 


whére A, B, C, A,, Bı, Cı are determinate functions of u and v. As the above 
equations must be satisfied by s, x? and x®, the coefficients must.vanish 
identically. Hence we have the following equations of condition: 


U(k+u+1)=0, V(kt+rv—1)=0, 7} 


2v 30 20 2 306 06 
WH du dv —1)+e (1— cP Ou 55) = 


2u 36 20 2 2 a6 a | (81) 
Vga) i ie aa aaa oP) a 

6 _Əlogc 08 =~ 14h U39 F9 1—kV 00 ð log c 06 
ou ĝu u lk c Av’. ov 1+khe du ðv dv’ | 














We break up the discussion of the problem into three cases. 


7. When U0, V0. Nets of the First Type. Comparing equations 
(28) and (31), we find that k, u and v are constants such that 


k+u+1=0, k+2—1=0. (32) 
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Moreover, we have — . : i T 
. Le U=e=1, Fo=y=1. ` 
If k and a, be replaced by 1/e and w,/e, equation (27) becomes 


1+¢00 07% 1—e 06 dx 
ch Ov du ch Ou dv 


=f ee Or (33) | 


The. egaus of condition (28) and (31) are satista, provided isa- 


_ solution of the system 


06  Aloge 26 e+1 e 20 PO 
ou Ou u e—1c dv’ dudv 
a6 = e—l n 30 Glog oð 


ð etl c du w v” 


c0, 





(34) 


with e=y=1. We say that a net with equations (24) where s=4=1 is of the 
first type. 

The general solution of equations (34) involves three arbitrary one 
in addition to e. Hence we have the theorem: 

A planar net of period 3 of .the frst type ainnis œ* transforms of the 
same kind. 

We remark that equations (29) ii N, are of the same form 6 as (24).° 

From the results of $2 it follows that the other two nets forming with X 
a closed cycle under Laplace transformations are in the relation of transfor- 


- mations K with the two nets forming with N, a closed cycle. This remark 
applies equally well to nets of the second and third types to be discussed in. 


the following sections. 
8. When U=0, VÆ£0. Nets of the Second Type. From the second of- (31) 


it follows that e=0 or c,=0. Assuming e=0, we find, as in the previous case, 


that k, uand v are constants in the relations (32); also that V=y=1. Now 
(25) becomes 


Z logc 7 
Budo ra (35) 
of which the general integral is l A 
20V" m 
= FOV c 


where U and V are arbitrary functions of u and v respectively, and the primes 
indicate differentiation with respect to the argument. When e=0, n=1, the 
net is of the second type. Ei 


k 


. HisenpaatT: Transformations of Planar Nets. 137 


-When the value (36) of c is substituted in the second of (34), we find the 
general integral of the resulting equation; it is 


~ 9 Uy, Vi UV+iVU : 
b= at po et) 
where U, and F, are arbitrary functions of u and v respectively. 
a1, F0  dloge 26 : : : 
The fifth of (81) is Aa Oa aa of which the general integral is 
06 
Ou =cp(v), 


$ being an arbitrary function of v. When the value (37) of 0 is substituted 
in this equation, it becomes ; 
E +0) 2r (+UF)+2(0,V°—V,)+2ġ(v)V'=0. (38) 


Differentiating with respect to u, we get 


Lolz) etone. 
U ,=a0°+bU +e, (39). 
where a, b,c are constants. Substituting in (38), we find 
' a—bV +cV°'=V, V". 
If we replace ọV’ by V,, so that i 


Hence 


equation (37) reduces to ' 
T; _ 207, 
ae mam ia Aah) 


The last of (31) remains to be satisfied; it may be taken in the form of the 
last of (34). Substituting the expression (41) for 0 in this equation, we have 
for the determination of V, the equation 


(2) vB) 22 20. 7 : 

rp) P(t) Sa a 
Thus the solution of this equation determines the transformations of nets of 
the second type into nets of the same kind. As before we have the theorem: 


A planar net of the second type admits œ* transforms of the same kind, 
and their determination requires the integration of an ordinary differential 
equation of the third order. 

It remains for us to consider the second, possibility for the satisfaction of 
the second of (31), namely, e=1, c,=0. Then, from (31) we get the two equa- 

18 
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tions (32), and from the first two of (28) it follows that k, u and y are con- 
stants. Then the fifth equations of (28) and (31) are inconsistent. 

From the results of §$ 6, 7 it follows that a net of the first or second type 
` does not admit a transformation K into a net of the second or first type 
respectively. 

So far as the actual determination of nets of tbe second type goes, it will 
be shown that it is a problem of the integration of an ordinary differential 
equation of the third order involving an arbitrary function. In fact, when in 
(1) and (6) . 
a=b=b' =0¢ Sc'S0, 
equations (7) are equivalent to 
_ dloge „_ dloge 2V, Ploge _ 

— Oy? T ey ?’ =G Fumo À” 

where V, is an arbitrary function of v alone. The function c is given by (36). 
I£.U and V be taken as the parameters and be replaced by u and v, in place of 
(24) we have the system 


Oa —2v ðs Fs —2 oa 2 ÒT 2u da 
at Thun du? Sudo UF wp Boe TOH) g Fu Bo: 
The integral of the second of these equations is of the form (37) with U and 
V replaced by u and v. In order that the other two equations shall be satis- 
fied, we find, similarly to (41), that the coordinates of the net are of the form 

2v; 

. 1w’ 

where the functions 4, are linearly independent solutions of the equation 
Y” —2V wb=0. 

Thus the above statement has been proved. 


9. Transformations Z of Nets of the First and Second Types, The equation 
(25) is such that if c(u, v) is a solution, so also is c,==c(mu, v/m), where m 
is any constant. Hence with a net N of the first or second type which has 
equations of the form (24) in which c is known there is associated a net Nn 
whose equations are 


"tm  O Ot, , € OL, PX, Ot, 1 Olm, O Ot, 
Our aoe om Buy cs c 


, 











ai =p (v) — 








dv’ dudo m “Ou — op du + Gy 108 em By” 
As this transformation from N to N,, is suggestive of the so-called Lie trans- 
formation of pseudo-sphervical surfaces,* we call it a transformation La. 


m 








*E., p, 289, 


EISENHART: Transformations of Planar Nets. 139 


We return to the consideration of equations (34) and note that if we 
effect the change of variables given by 


nay 


these equations reduce to 
o0 ð 20 e 06 20 O n 30 ð 39 


Oe Bu, 98° Ou, i e dv,’ duan h ov c Bu, | Ov, loge Ov, 
Comparing these equations with the preceding set, we see that the general 


solution of these equations, and, consequently, of (34), is given by 














8 


b= jagg (2 ; mo), 
m 


1 


where a, are constants, <£? (u, v) are the coordinates of the net N, and 
ER R = 
e+1° 


The complete determination of transformations K of nets of the first and 
second types is the same analytical problem as the complete determination of 
transformations L. 

10. When U=V=0, Nets of the Third Type. We consider first the case 
where o #0. Then, as follows from (31), e=4=0. In this case the net NÑ is 
said to be of the third type. Now the last two .of (31) reduce to (34) with 
e=7=0, and c is given by (36). Hence 0 is of the form (37) with U, given 
by (39) and V, by a similar expression, say 

V= V° +b V +a. 
Accordingly 6 is reducible to the form 
6=[f(1-UV) +gU+hV]/(1+UP), 
where f, g, k are arbitrary constants whose form in terms of the constants 
a,, b,,...., G is tnessential. 

When e=7=0, it is not necessary to make a special choice of parameters 
u and v so as to reduce the equations of the net to the form (24). As the 
parameters are consequently undetermined, we can assume that they are 
chosen so that the most general form of $ is 


. 6=[f(1—wuv) +guthv]/(1+ue). (43) | 
From the last two of (28) we have 
=U, 1=V,, 


Hence we have the theorem: © 
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where U, and V,-are functions of u and v respectively. The third, and fourth 
of (28) reduce to 
O(k+u+1)= 0 (h—2fu—gw’), O(k+2—1) = ri (g—2fv—hv*), (44) 
expressions which are consistent with the first two of (28). 
If equations (44). be subtracted from one another, we get 
(f(l—wv) +gu +v] (Ui—Vi +2) 
-|F (h— ~2fu—gu)— 2 (g— -2fo—m”) |a +uv). (45) 


Differentiating with respect to u and v, we have 
[(h—-fu) Uy ]’— [(h—gv) V1] —2f 
=| Z aeuo) |- [7 


This equation may bè replaced by the two 
4 





‘I 


(h—2fut gut) = Ao. 4p te t a | 
(46) 


v: =i 2) ( 2 —f ir a 
i (g—2futhor) =(2 fiat E, 
where a, 8, y are constants. Substituting in (45), we obtain 


(24+ gu— Ł)o,—(2f+w = L\V aft 2gu+2w— (1+ w) (£ = £) =0. 


v 


This equation is equivalent to 

(h— —2fu—gut) y= (4f-+8) ut 2g —B+yu’, 

(g—2fu—hv*) V,=dv—2hv’—y + Br’, 
where 6 is a constant. These results are consistent with (46) when 6=—2a, 
in which case we have from (44) for.the determination of k, 


k[f(l—wv) +gu+hv] = (f—a) (1—uv) + (9+y) ut (8h) v. 
When the constants a, 8, y satisfy the conditions 
(8/h) —2=y/9=—a/f, 
and only in this case, U, and F, are constants. Then k is constant, and the 
equations of the transformation are of the form (33). As in the other two 
cases, we have the theorem: 


A planar net of the third type admits œt transforms of the same kind, and 
they can be found without quadrature. 
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We consider now the case where ¢,=0. From (30) it follows that 
6=1/(U+7), 
where U and F are functions of u and v respectively. When this value is 
substituted in the second of (34), we find 
c=20'V'/ (U 477. 
In order that this value may satisfy (25), we must have ev=0. The last two 
of equations (31) reduce to 
0 dlogc 06 F0 _ Ələgc 30 
è 3u M? ` ðv ov’ 
which are satisfied identically by the above values, whatever be U and V. 
From the fifth and fourth of (28) we get 
v=, k=(U+V)(V;/2V')—V;+1, 
where F, is an arbitrary function of v. From the second of (28) we bave 
= (ap) -y U+ + 


These values satisfy the first and third of equations (28) identically, but in 
order that the last of (28) be satisfied, V, must be such that 


By" i uu i) Vv, a 
(F) (Fi) tay =o. 

The function k is constant only when Vi ii is constant. Then from the 
above equation n=0. 

The results just obtained show that nets of the second and third types 


admit transformation K into nets whose equations are given by (1) and (6) 
when l 





CSCS Se Sa =" =). 


11. Theorem of Permutability. In this section we establish a theorem of 
permutability of the transformations of nets of period 3. 

We take two functions 6; and two constants e, (i=1, 2). satisfying the 
_ systems analogous to (34), namely l o 


F dloge 06;  e+1 e 06, 06, 
Ow” ĝu u'e —1 e dv’ ‘dudv 
a6,  e—1 n30; ə. log c 30; 
Ove etl c du F ðv ðv’ 








=0b;, 
(i=1,2) $ (47) 





Thus far we suppose s; and y, capable of assuming either values 0 or 1, 


142 Eusenuart: Transformations of ‘Planar Nets. 


By means of 6, and 6, we effect transformations of N into V, and N, - 
respectively. From the form of (12) it follows that there exists functions 6, 
and 6,, defined by 


06, 06; 


ð ma 
ðu (05) =— 0 Ou top Ou’ 20 bu) = 


aa. (Fb? ig) cas) 
Evidently the constants of integration in these equations can be chosen so that 
6,612 + 6.4, =0. l 


Hereafter we assume that the functions 6,, and 6, are paired in this way, and 
there are oo’ such pairs. 
The functions f and 6,, can be aged to effect transformations T of N, and 
N, respectively into the same net N,,.* We seek the conditions that N,, shall 
be a net of period 3. j : 
From the preceding investigation it follows that 6, must a the 
equations 
PO. _ log c Ay a E Ob OO ere—1 m2 Oy , 0 logy at , (49) 
ðu — ðu Qu w—l¢, Ov’ Ov estl o ou w 





where c is given by (30), and e and ny are 0 or 1; as the case may be. 


2 
If aquations (48) be differentiated and the expressions for oe and os 


` be substituted in (49), the resulting equations are reducible to 
4 (a4 peti ) 4 26 eti 06, 30, __ 2e, &+1 06, 26, 
eVei Tee IT 6, eal ov Ou ch, el du ov. 
Ctl +1 a) (att Cy +1 Te 00, 
= mo ee TA e—1 eal oul wv =O) 
arl, = ) Quy €:—1 060, 06, 2m e&—1 06, 20, 


—1 ai —1 ) (a €,—1 jas 3b 
+o (a= PL UT a1" +o ea tl epl 2) du / du =e 
We consider first the case when N is of the first type. As we have seen in 
$7, the nets N,, N, and Ny are then of the first type. Thus all the e’s and y's 
are equal to 1. Making this substitution in (50), and eliminating. 6,, from. the 
resulting equations, we get 


@i+1 0, 06,  e—1 06, Me — 
(eue du ðv e—1 du dv ous 




















` (50) 





ch ee +1 dv du ch e+1 du dv 














* Transactions, loc. cit., 88 5, 11. 
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It is readily shown that the expression in the parenthesis vanishes only 
when 6,/6,=const., but in this case N, and N, are the same net. Since ¢,3£0, 
we have ¢,—=e,. Then equations (50) reduce to the single one 


(e,+1) = 00, 9b; — (e+1) (e,—-1) Oby 06, 
ðv du ¢ Ou av 
+ 0,0, (€:—e) =0. (51) 


(€1@,—1) 010+ 





This value satisfies equations (48). Hence we have the theorem: 


If N, and N, are nets of the first type, which are transforms of a net N of 
this type, there exists a unique net Ny, of the first type, which is a transform 
of N, and N,; and it can be found without quadratures. 


From the equations of the theorem of permutability of transformations 
T * we find that for the present choice of coordinates the coordinates of Ni 


are given by 
Ois (Ta — 2) = 8, (1—21). (52) 


We suppose now that the nets N, N, and N, are of the second type. If 
Ny also is to be of this type, the e’s must have the value zero, and the 7’s one. 
Then the first of (50) is satisfied identically, and if the second be differentiated 
with respect to u, and use is made of (48), the result is reducible to 


06, Eg — C12 


Ou (e,+1) leat 


Hence e,,=e, and the second of (50) reduces to (51). As this value satisfies 
the second of (48), we have the theorem: 


If Ni and N,, nets of the second type, are transforms of a net N of t the 
second type, there exists a unique net Ny» of the second typé which is their 
transform. 

We consider finally the possibility of all four nets N, Ni, Na, Ni, being of 
the third type. In this case equations (50) are satisfied identically, and con- 
sequently all the nets N, are of the third type. Let the functions 6, and 6s 
determining the transforms N, and N, be, according to (43), 


Q= [f,1—uv) +¢u+hv] (14+uv) (i=1, 2). 
By differentiation we have 


06; ae —2fvtg—hyw’ 06, = —2futh—gwe 
ou E (1+uv)’ k ov = (1-+-uv)* . 

















* Transactions, p. 107. 
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Substituting these values in (48) and making use of the abbreviation (ab) 
==0,b,—a,b,, we get : 


— (fg) — (Fh)? (gh) _ (fh) + (foj + (gh) 
, 2 (Ota) = l 








5 a (Fu) (Fu)? 
The integral of these equations is 
_ (gh) (1—uv)—(fg)u+ (fh)v 





Tae ameona 


Hence we have the theorem : 

If N is a net of the third type, and N, and N, are two transforms of this 
type, there can be found without quadrature œ! nels Ny, which are transforms 
of N, and N,. 


12. Surfaces of Tzitzeica. When the homogeneous point coordinates of a 
net of period 3 are chosen so that they satisfy equations (24), they are the 
non-homogeneous coordinates of a surface referred to its asymptotic lines. In 
case e=7=0, the surface is a central quadric. When n=1, the surface is 
ruled or not according as e=0 or 1. These surfaces were discovered by 
Tzitzeica * in his search for surfaces whose total curvature at each point is in 
constant ratio with the fourth power of the distance of the tangent plane at 
the point from a point fixed in space, and constitute the complete solution of 
- the problem. . 

We have seen in §8 that the complete determination of the ruled surfaces 
of Tzitzeica requires the integration of an equation of the third order. Making 
use of this result and the expressions for the coordinates as there given, 
Tzitzeica showed ł that these ruled surfaces are characterized by the property 
that their flexnode curve is at infinity. z l 

Since the transformation of the planar nets as given by (33) is reciprocal 
in character, it follows that the equations of the inverse transformation are of ` 
the same form. Interpreted for the surface whose non-homogeneous’ coor- 
dinates are 2, 2, «®, we have transformations of these surfaces into surfaces 
of the same kind, such that a surface and a transform are the focal surfaces of 
a W-congruence. Tzitzeicat announced, without proof, the existence of these 
transformations. . i 
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Orthogonal Function Sets Arising from Integral Equations.” _ 


By O. D. Kexuoae. 


1. Introduction. 


As is well known,t K (az, y) being a real, continuous, symmetric function, 
not identically zero, on the square 0<a#<1, 0S y<1, there is at least one value 
of A for which the integral equation 


HZ) =x f OK (y)dy ~i 


has a solution, ẹ (x), continuous, and not identically zero. Unless K (x, y) is 
the sum of a finite number of products like +o(x)p(y), there is an infinite 
number of such values of A, and, in case it converges uniformly, the following 
development holds for K(x, y): 

K (2, y)= PEB g PZ) Oly) — fee m (2) 


Ay 


"where ,(x) is the normed solution of (1) PET to à;. The functions 
(2), (2), P(2), .-.., form an orthogonal set on the interval (0,1). They 
will be called the “harmonics” of the kernel K (æ, y), and the corresponding 
„values of 2,, their “frequencies.” The “iterated kernels” are defined by 


K,(, y) =f Kyaw, r)K(r, y)dr, and Ko(2, y)=K (2, y). (3) 


For these, the developments, known to be uniformly convergent} for i22, hold: 


K,(a y) = telah only) i anny LRO oaie 4) 











* Presented to the American Mathematical Society, September 4, 1917. , 
+ See, for instance, Schmidt, “ Entwieckelung wilktirlicher Functionen nach Systemen ` yora. 
bener,” Diss. Göttingen, 1915; Bécher, “An Introduction to the Study of Integra] Equations,” Cambridge 
tracts-in math. and math. phys., 1909; Kowalewski, “ Einführung in die Determinantentheorie,” Veit u. 
. Comp., Leipzig, 1909. 
{ Kowalewski, loo. oit., p. 533. 
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In a previous paper* I have shown that a number of the ‘Oscillation 
properties of the more common orthogonal sets are consequences of continuity, 
orthogonality, and the added condition: 

(D): D, (2 , Dis... 2p) >0 on the range R: 0<m<a,....%,<1, for 
n=0, 1, 2,...., where 


Po(%) > Pr( Bo), -3 p, (2), | 
+5 U,) = = dy (#4), $1 (21), oo ga ig aces 


2D 


D, (2; Tis one 


Po (Ln), Pi(Z,), -+ a2), 
and Dy(%) =Ẹ (£o). l : 

It was stated that it appeared desirable to connect this condition with the 
theory of integral equations, The following is intended as a contribution to 
this ‘point. , 
T 2. The Condition on K(x, y). 


To find the necessary and sufficient condition on K (a, y) in order that its 
harmonics may have the property (D) presents difficulties, since the same 
harmonics may arise from a variety of kernels, the frequencies being altered. 
However, a condition may be found which is simple, and which appears to be 
satisfied in the more common cases. We proceed to indicate considerations 
which suggest this condition, and which make it appear useful. 

It is a property of the more common sets that if Pp, (£) =c, (2) cy, (2) 
_ +... +e, (x) is a linear combination of the harmonics of K(a, y), the 


i 
function f Pan (y) E(x, y)dy has no more sign changes in the interior of (0, 1) 
0 


than ®,,(#), and in many cases, this property holds for any continuous func- 
tion f(x). Assuming that it does, let Yo, 41, +--+) Ya be any »+1 points on R. 
Choose for f(x) any continuous function f(v, e) equal to 0 except on the sub- 
intervals (y,—e, y;+e), where it is determined so that 


S He, de= (1) e 


the c, being independent of e, and f(x, e) not changing sign on any sub-intetval. 
If the c; are all of one sign, f(z, e) will have n sign changes, otherwise fewer. 





* AMERICAN JOUBNAL OF MATHEMATICS, Vol. XXXVIII, No. 1 (1916), p. 1. The condition (D) em- 
ployed in that paper, and in this, which requires determinants of the functions (w) to be ‘positive, is in 
reality no more restrictive than that they be different from zero, as is evident when we reflect that the 
function ¢n(w) may be replaced, if necessary, by its negative, without affecting any other hypothesis. 
But it ig more convenient to retain it in the original form. 
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° Í 4 ` . 1 
Tf now the law of the mean be applied to the integral f fly, e) K (a, y)dy, and 
x 8 hi + 


the limit taken as e=0, the result is 
fi(@) = eK (z, yo) —K (a, y) +- -e +(—1)" 7, K (a, Ya) 


and it may be shown, on our assumption, that this has no more sign changes 
that f(x, e). In other words, there is no set of positive numbers a, @,,...-,; 
Qi, and no set of points To, %,...., Dayi on R for which the following equa- 
tions are possible: l 


K (a, Yo) —CK (20, Yı) + e.. + (—1)*%c,K (2, Yn) = Ay 
— [eo (2, Yo) OK (2, th) +++. H (L) nK (2, d=, | (5) 


(—1)"* [eK (2q41, Yo) CK (trr Y) Fee + (—1)"¢,K (2415 Yn) = Anye 
Now let M,, Mı, ...., M,,; be the determinants formed from the matrix 
(KG. Gh ICL cai, Gel wtan (6) 


by omitting the first, second, third rows, and so forth. No two of the quanti- 
ties M, can differ in sign, since in the contrary ‘case the equation M0 + Mia 
E +M410,4:=0 would be possible with all a, positive, and for such a, the 
equations (5) would be compatible. So we conclude that no .two of the 
determinants 
K (%, Yo), K (2; Yi)s easter ey) K (&, Yn) 
Kà Dig serey = K (21, Yo), E (21, Yi)s -s KM, Yn) (7) 
Yor Yir += 99 Yn a Pert ee ene ee eee ees 
E (2y, Yo), K(X, Yi)y -ees K (Gas Ya) 


taken from the same matrix` (6), can have opposite signs. If, now, we can 
-pass through a chain of such determinants, different from 0, from: any given 
one to any given second, we may conclude that the determinant (7) is either 
never negative, or never positive on the region RR: 0<a<a%....<2,<1. 
O<y<yy....<y,<1. Thus is indicated the condition of the next paragraph, 


3. A Sufficient Condition Upon K (x, y). 


- We shall suppose the function K (s, y), in addition to being real, con- 
tinuous, and symmetric on the square 0<27<1, 0<y<1, to have the property: 
(K): a T, z0 on RR for n=0, 1,2, e the inequality 
. Yos Yrs -e> -3 Vn ; 
holding wher; =y; for alli. By K eA is understood K (a, Yo). 
7 0 
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If this property is not enjoyed by K(x, y), it may be by ome of the 
- iterated kernels. (3), which has the same harmonics. We N to prove the 
theorem: l 


If K(x, y) is real, danois and symmetric on the square 0<a<l, 
O<y<1, and has the property (K), tts harmonics have the property (D), 
with, of course, all the properties derived in the paper referred to. : 

We begin with the following special case as a Jemma: 


If K(x, y) is real, continuous and symmetric and satisfies (K) for n=0, 
it has but one frequency of least absolute value, and but one harmonic corre- > 
sponding to this frequency. This harmonic never vanishes on the interior of 
the interval (0,1), and tts frequency is positive. | l l : 


It should be noticed that the property (K) for »=0 is retained in the 
iterated kernels. We start from the first iterated kernel, K, (æ, y), whose 
frequencies, being the squares of those of K(x, y) are all positive.’ Its least 
frequency is thus 43, which we may assume to be 1 without impairing the 
argument, since we may replace K(x, y) by AK, (x, y), the latter kernel 
. having 1 as least frequency. If more than one harmonic SOrnesnonded.: to 1, 
the development (2) would take the form: 


Ky (a, y) =0(%) oly) +41(2) ply) +. Hole) On (y) 
oe Pn41(L) Pny (Y) 4. Paral) Paye (Y) + OT (8) 


Zat | Aare 


w 


where in the first line appear the harmbnices corresponding to 1, and in the 
second, those corresponding to frequencies greater than 1. Repeated iteration 
diminishes these later terms, and in the limit we have a function 


F(x, y) =9o(%) bo(y) +Oi(@) Gi(y) +--+ H) OY), (9) 
‘which is continuous, never negative, and symmetric. The harmonics com- ` 
posing it may be assumed to be normed and orthogonal. F(a, y) may, more- 
over, be shown to be positive throughout the whole interior of the square - 
0<a<1,0<y<!1, as follows. It has positive elements, since it is not identi- 
cally 0, and it is, for any fixed y, a solution of the integral equation 


f(a) = f f(y) Kila, y)dy: Let b be a value of y such that f(s) =F (a, b) is 
ze 6 


positive at some point 0<a@<1. Then f(s) can not be 0 at any interior point, 
for if it were, there would be an interior point, a, terminating an interval on 
which f(x) >0, and this would lead to the contradiction 


f(a) =0= f f(y) Ki (a, y)dy 
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the integrand being positive near y=a, and never negative. Thus F(z, y)>0 | 
at all-points of the lime y=b, and being symmetric, at all points of a=b. 
Hence, the argument being repeated with any other value of y, the conclusion 
is established. We shall now show that F(z, y) being >0 within the square, 
the sum (9) reduces to a single product. 

We must distinguish three cases according to the behavior of F(a, y) on 
the sides of the square. We note that the equation holds: 


F(a, y) =f F(a, +) P(r, y)dr. | (10) 
0 , 
If F(x, y) vanishes at a boundary point, say (0, b), we have 
S ; 
O= | F(0, r)Fi(r, b)dr 
J FO, *) P(r, b)dr, 


and as the integrand is never negative, it must vanish for all r. If 0<b<1, 
F(r,b)>0 for all interior r, and F(0,7r)=0. If b=0, the integrand is a 
square, and the same conclusion follows. If b=1, either one of the factors 
must vanish on the whole open interval, or one factor must vanish at some 
points, and the other at all the rest at least. But the last. alternative is im- 
possible, since (10) will show that if F (æ, y) 18 positive at one boundary point, 
it will be positive on the whole open side. We conclude that if F(a, y) van- 
ishes at any boundary point between corners, it vanishes on the whole side 
corresponding, and by symmetry, on a second side. The cases, then, are: I, 
F(a, y) >0 on the closed square; Ll, F(x, y) >0 on the open square, but van- 
ishing on the whole boundary; and ILI, F(z, y) >0 on the open square and on ` 
two symmetric sides, but vanishing on the other two. | 

If b is any interior point, F(s, b) is a harmonic, since (9) shows it to be 
a linear homogeneous combination of harmonics with constant coefficients. It 
may then be normalized and considered one of the harmonics @,(a), since if 
the functions of (9) be subjected to an orthogonal transformation, its form 
remains unaltered, the harmonics remaining normed and orthogonal. We may 


therefore identify (x) with F(z, b)/ f Pe b) dx. 
2, re) i 


Case I. Here ¢,(#)>0 on the closed interval (0,1). If there is a 
second function ĝ, (x), its ratio to (x) is continuous on ihe closed interval, 
and hence attains its maximum, M, say for s= a. Then Me (%) —@,(a%)2.0 on 
(0,1). But as 


| Mgo(2)—.(2) = [Pen mealies o a9) 


150 Keiioce: Orthogonal Function Sets Arising from Integral Equations. 


we have, for =a, a contradiction, since the integrand is continuous, has posi- 
tive elements, and is never negative, while the left-hand side vanishes. 


- Case II. Here, F(x, y) being uniformly continuous, and vanishing on the 
whole boundary, it is possible, given e>0, to find §>0, such that 0 < F (x,y) <ò 
for 0<a<6, and all y, and for 1—3<a<1 and all y, and for the correspond- 
ing regions formed by interchanging «and y. A similar condition holds for 
all harmonics asa consequence. For, for 0<#<6, or 1—ò <s S1, 9,(x) 


= f F(a; y)ĝ:(y)dy is less in absolute value than 
(1 
, A : f - 
. < ; 2 = 
ef le(yidusey f 4tyay E 


. Now, if there be a second harmonic, the ratio ẹ,(£)/ (x) is continuous 
on the closed interval (ô, 1—8), and attains its maximum M, say for w=a 
within this interval. Then M@,(x)—9,(2)20 on (6,1—6), and on the 
rest of (0,1), since $)(%)2>0, Mo, (2)—ẹ (x) >—e. But Me, (x)—ẹẸ (T) 


1 1—8 5 al . 
=f F(x, y) [Mp (u) =p (v) ldy= f +f +f , and as the first integral 
0 & 0 1~8 


is never negative, we conclude that for 0<#<8, or 1—3<a@<1, -Mq,(z) 
—9,(%) >—2de. If the process is repeated, we see that this function is 
greater than — (26e)*e, and so on, so that the lower limit of M@,(z) —@,(x) 
can only be 0 on the whole interval (0,1). We may then complete the rea- 
soning as in Case I. 


Case III. A combination of the methods employed in the first two cases 
leads to the same result, that there can not be a second harmonic. 

Thus ĝ (x), except for a multiplicative constant, is the only harmonic of 
K(x, y) of frequency 1, and therefore the only harmonic of K (xs, y) of fre- 
quency +1 or —1. We have seen that it does not vanish within (0,1). Since 
it satisfies the integral equation (1) its frequency must be +1, because the 
integral and the left member of the equation have the same signs. This. com- 
pletes the proof of the lemma. 

It is important for what follows to notice that though the lemma is proven ~ 
for a kernel in two variables, the proof can be easily adapted to a real, con- 
‘tinuous kernel symmetric in two sets of variables. 

The Jemma has established the property (D) for the harmonics ẹ;(x) for 
n=0. To extend the argument to all values of n, we proceed to derive integral 
equations which the determinants D,, D,,..... satisfy, and apply the lemma to 
‘their kernels. f 
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An abbreviation will be helpful. Let & stand for the aggregate of 
variables 2, 2%,,...., Bay for yo, tr, ----,Y,3 and let us write x(&, ~) for 


5 eee a) and A(£) for D,(a%,%,....,%,). Let § stand for the 
03 Yl; -3 Gr ; 


region 0<a,<1, i=0,1,...., n, and by f f(E)dg let us understand 
i S 
el pl 1 A 
SS, Pes f(s ta, -oey La) OMG dlrp o.o dy OES 


4. The Integral Equation for A(Ẹ). 
We apply to A(7)x(E, n) Lagrange’s product formula: 


Zo (V) E (aos Y), Bho (Yi) E (21, Y) +++ BO (HK (Ons y) 


A(é)x(&, 2) = Bo, (V) K (2o, Yi), Bo (Y) E (T1, Yi) >- Le, (yi) K (2u, ys) 


Pe ee re OS 2 2 le 


Bon (yK (a; Yi), Èg, (yi) K (21, Yi) Šp, (V) K (znr y) 


Po (Yi) Æ (Los Yin) Po (Ya) K (rs Yi)s +++» Po (Yin) E (Bas Yr) 

—y |? (Yi) E (os Yin) Pr (Ya) E (21, Ya)s -e es Pa (Yi) E (ny Yi) 

Pa (Yi) K (T0, Yir) Pa ( Yi) K (a, Y) segr ty Pa (Yi) K (tp, Yi) 

where in the summation i,, 4, ....; %, take on all values from 0 to`». How- 

ever, if any two of the indices are equal, the corresponding determinant is 0, 

two columns becoming proportional, so that the indices may be restricted to 

- the (n4-1)! permutations of the numbers 0,1,....,”. Thus we have (n+1)! 
terms, which, after integration over the field S, all become equal, namely to 


Po (To) Ao; Po (T1) [Bos + «+> Po (ip) /Ae 
1 (20) /A1) i (21) /Ary «+s, $1(2,)/A1, 


i 3 
. 


Pn (Lo) /Any Pu (Gr) /Ans oe Pu (Bin) /An 


Hence the required integral equation for A(&) is 


aE) = u f aln)e(E n)dan, (2) 


the solution A(&) corresponding to u= (ApA,. .. .A,)/ (n+1)!. 

Various other solutions are obtained by forming determinants of sets of 
n-++1 of the functions @;(v), other than the first »+1, the frequencies being 
the products of the corresponding frequencies of the ,(a) divided by (n+1)! 


152 Kuntoce: Orthogonal Function Sets Arising from Integral Equations. 


In order to apply the lemma of the last paragraph, it is necessary to know 
that the frequency of A(&) is the one of smallest absolute value of the kernel 
x(č, n). To do this, we shall show that x(£, 7) has no other frequencies than 
those of the form = + (A,4,,....4:,)/(n+1)1. This is the subject of the next 
paragraph. i 
. 5. The Frequencies of x(k, n). 
We shall here make use of the following fact: 2),2,,...., being a set 


of real quantities, they are determined by the power sums s_4=L1/2,, 
8_g=LI1/Aj,...., in case these sums are absolutely convergent. The truth 


of this fact follows from our knowledge that the power sums determine a 
transcendental integral function whose roots the A; are.*. Let us now assume, 
the justification to follow later, that K (a, y) is the first iterated kernel of a 
real continuous symmetric kernel. It will follow from (4) that the power 
sums all converge absolutely, and will be given by 


=f Klr, r)dr=21/M. (13) 


Under the assumption just made, x(£, 7) will- also be the first iterated kernel 
of-a real, symmetric, continuous kernel and the power sums of its frequencies, 
also absolutely convergent, will be given by 


s= fmpa(p, p)dp=E1/u. . 4) 
We are concerned with establishing the equations: 
oe (n+1)1 7 nae 
f= 2 lamp eben ane 


In order to prove this formula for j=l we introduce the notation Pa, defining 

it by the equation: $ 

; "> [Tos is e 
1)! =| K 

r ) Pati J, ee n 

E (fo, 70), (0511), +++) K (F0, Ta) 
1 1 1 ` az Pe o) ' 
=f SS K (f1, 10), K(f, tidy ee ey E (Fi Tra) CARSTEN: (16) 


a | E E E E E E E E E E E E E S E E E E E e E 


E (ta; o), K(r,; rı), e.g E (fas Fa) 


and shall prove that p, is the sum of the products of the reciprocals of the 
à; nata time. It will be noticed that the terms of the expanded determinant 


4 Ta 


Jaren, RN 





* Log P=log (1 — 2/M) (1—2/^) (1 — #/A;) ... . has these sums, apart from numerical factors, as 
cocfficients, when expanded in a power series. g 
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contain omy products of the form K (Trs Pa) E rs Te) - K aas Ta) E es Tah 
vl 

which, upon integration becomes { K,4(", r)dr, =s_,. Fixing our attention 
? d 


upon those products containing a factor from the first row and one from the 
first column, we easily verify the following recursion formula for p,,1: 


(+1) Prs = 81 Pr 8 Pa F Ss Pae. „+ (~i) "s 
But this is the recursion formula for the product sums in terms of the power 
sums given in the theory of algebraic equations, and applicable here because 
of the convergence of the power sums. And as (16) also gives p,=s_, it is 
clear that p, is the product sum stated.” , l 


On the other hand, (n+1)! 9,41, by (16) is { x(p, p)dpe=s'_,, so that (15) 
: i g 
is proved for j=1. 
To extend the proof is not difficult. We compute the value of the integral 


x, (é, n)= ful, p)x(p, 2) dz, just as we did f A(n)x(E, n) dy in- the last para- 
8 
graph, obtaining 
Ky (2o, Yo)s Ki(%o, Yas - +++) Ka (Bos Yn) 
x (É, n)=(n+1)! Ki (t, Y), K (a, Y), Le Eae | K,(%, Yn) i (17) 


Ce nnana wu 


, : . Ki (&,, Yo); K: (2, Y), ee Ky (2,5 Yn) 

This shows that the power sum s’_, may be computed just as was s’, only 
replacing K (a, y) by K,(a, y) and multiplying by (n+1)!. But the effect of 
replacing K(x, y) by K,(a, y) is to replace the numbers A, by their squares. 
Thus the formula (15) is demonstrated for j=2. It is clear that the method 
is general, and we may regard (15) as true for all positive integers 7. 

Reverting to our assumption that K (v, y) was the first iterated kernel of 
a continuous symmetric kernel, we note that. should there be doubt of this, we 
may, in the above reasoning, begin with K,(z, y) instead of K(x, y). Equa- 
tion (17) then shows that x(&, n) would be replaced. by xı (E, 7)/(m+1)1!, and 
instead of the frequencies of x(&,7) being identified with the products 
(Andr. -Ay,)/ (+1) !, we should only have their squares identified with the 
squares of these products. But this is sufficient for the purposes in hand, and 
gives the result announced at the closeof the last paragraph. 








* The result has an interesting bearing on the Fredholm ee for symmetric kernels, for p, is the 
coefficient of (—A)* in the series @(A)=1— ads: Ker, rant oy a f: ie y Jarod . oe, Whose 


roots are the frequencies of K (a, 4). It shows that. ‘ifthe power sums are absolutely convergent, as they 
will be, for example, if A (æ, y) is the first iterated kernel. of a real, symmetric, continuous kernel, the 
transcendental integral function @(A) contains as factor no.transcendental integral. function without zeros. 


20 a , 
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6. The Property (D). ° 

Evidently the sign of A(é) is not constant on S, as an interchange of two 
arguments changes the sign of A(£). But we are concerned only with showing 
it different from 0 on R. We therefore substitute in the equation (12), the 
field R for the field S. In doing so, we note that A(n) and x(&, 7) are alter- 
nating functions on S for v, and that therefore their product is symmetric. 
Hence the field R is one of (n+1)! symmetric sub-fields for the integral, 
corresponding to one of the (n+1)! orders of the arguments y. Hence 


J Axl n)dn= (n+1)! An) x (En) dn so that A(£) now satisfies the 
eqpation i l 
x (ë) =v fx (a) (En) dn (18) 


for v=2,i....2,. This equation will have the same harmonics as (12), and 
its frequencies will evidently be those of (12) multiplied by (2+1)1. 

The hypothesis (K) on K(x, y) includes the hypothesis (K) for n=0 on 
x(é,7), and the lemma of paragraph 3 applies. As the frequency of least 
absolute value of x(£,7) is +AgA,....A,, since this is the smallest (or one of 
the smallest, in case several are equal) product of »+1 of the A, in absolute 
value, the single harmonic belonging to this frequency must be A(E). And 
this one harmonic does not vanish on R. Hence, by proper choice of the sign 
of $,(%), we may conclude A(é)=D,(a,%,....,%,) >0 on R, and the 
property (D) is thus generally established for the harmonics of K (a, y). 


7. A Generalization. 

As, in the foregoing, we have used the hypothesis (K) only for one value 
of n, the following theorem follows: 

If the real, continuous, symmetric kernel K (a, y) satisfies the hypothesis 
(EK) for n=, m,...., then the harmonics of K(x, y) satisfy the condition 
(D) for NEM, Myy ees i 

In the next number of this Journal I shall establish the property (D) for 
the orthogonal function sets arising from ordinary linear homogeneous differ- 
ential equations of the second order. ; 


CoLUMBIA, Mo., October 20, 1917. 


_Complete Systems of Concomitants of the Three-Point and 
the Four-Point in Elementary Geometry. 


By Caartes Henry Raws, JR. 


INTRODUCTION. 

In this discussion, two point-sets, containing three and four points respec- 
tively, are subjected to three transformations of elementary geometry; and 
complete systems of invariants and covariants, corresponding to the respective 
transformations, are derived. In the process we obtain some interesting 
geometric applications of the theory of binary forms and of symmetric 
functions. : 


PART I. 
INVARIANTS UNDER TRANSLATION. 
Section (a): The Three-Point. 
Consider first the three-point under translation. Let the points have 
complex coordinates a, 8, y, respectively, the roots of a cubic 
ae +3a,27+3a.¢-+a,=0. 
Since translation is effected by adding to each root the same vector p, the 
invariants of the three-point under translation are the geometric equivalents 
of the invariants of the cubic under the transformation 
a’ =ao+p. 
Invariants under such a transformation are known, in the theory of binary 
forms, as seminvariants. Their complete system for the cubic is known® to 


consist of the coefficients of the cubic when so transformed that its second term 
vanisheg, and the discriminant 


Ass (4y43—,0,)’—4 (o0 — 0i) (M0s — a). 
Substituting s—(a,/a)) for x in the cubic, we obtain 
A, +3A4.¢+A,;=0, 
* Elliott, “ Algebra of Quantics,” pp. 140, 162. 


F 


156 Rawiixs: Complete Systems of Concomitants of the 


‘the form desired, where, except for factor Gey. 2 a 
A=, A= lha, A= ils —3 ttha + 2ai. 
Connecting these is the syzygy i 
i , AtA=—443+ A} 
However, without loss of generality, we can consider dy (or. a,) as having 
the fixed value unity, in which case A is expressed integrally in terms of 
_ A, and A;. Therefore . 
The complete system of invariants of the three- -point under r anslation 
consists of A, and A;. 
Since the shape of the three- point is an invariant property under trans- 
lation, the vanishing of A, or A, indicates some condition on the shape. | l 
Vanishing of A,:—If A,=0, the cubic is l 
æ+ A,—0, 
_ with roots in ratio 1:w: a°, where o is one of the complex cube roots of nnity. 
The points form, therefore, the vertices of an equilateral triangle. 
Vanishing of A,: —If A,;=0, the cubic is 
BAO 
with roots in ratio 0:1:—1.. Henra the points are collinear, with one midway 
‘between the others. 
A, being absent, the sum of dite roots is zero and therefore the origin is at" 


. the centroid. 
‘Section (b): The Four-Point. 


bai the complete system of seminvariants of the four- boil 


K ree EG +4a,0-+a,=0, 
consists of * 
7 Ag=a)(= 1), A= hta, As = as —3 ata t-20], 
1 = 4)4,—44,a,+343, ae ce ai 
‘However, since 
A= afatan Saata — 3a] a 3.43, 

we will use it instead of I. . 

Again the origin is at the centroid, and the vanishing of an invariant is a 
condition on the shape of the configuration. 

ponent: of A,:—Let a, B, y, è be the roots of 


Agt! +64 yw +4A,0+ 4,=0. - 





* Elliott, supra; p. 170. 
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Then, if 4,=0, La8=0; so that, since Sao: then Yor=0, Refer the system 
to rectangular axes through the origin, so that a=4,+1t¥,, B=X,+i¥,, ete. 
Then aI 

f RAE SO. 


Expanding and equating real paris, 


EX’—LF’=0. 
But 
LXe+LV’?= DR’, 


where the R’s are distances from the origin to ihe respective points, constants 
in the present discussion. Therefore 


UX?=1/20R?=constant. (1) 


If the points are of unit mass, LX is the moment of inertia of the system 
about the Y-axis. But, the direction of this axis having been arbitrarily 
chosen, (1) tells us that the moment. of inertia is the same for all axes through 
the centroid, thus making the “ellipse of inertia” * a circle. 

Vanishing of As:—If A,=0, the quartic is 

a'+6A,2*+A,=0, 


with factors 2*—m,, «’—m,, and roots +Vm, + Vm,. Hence the points 
form the vertices of a parallelogram. 

Vamshing of A,:—If A,=0, one root of the quartic is zero. Hence one 
point lies at the centroid of the other three. 

Vanishing of J:—The vanishing of J is known to be the condition that 
the four roots form harmonié pairs; or, geometrically, that the four points lie 
on one of a set of three. mutually orthogonal circles, at its intersections with . 
the other two. “o 

Since infinity is unaltered by a finite translation, it bas not been necessary, 
in the foregoing, to consider it as part of the apparatus employed. — 


PART II. 
Mownocenic CoNcoMITANTS IN THE COMPLEX PLANE. 


Section (a): General Theory. 


We will consider next the monogenic concomitants of the point-sets in the 
complex plane, that is, concomitants not involving the conjugates of any of 





* Routh, “ Rigid Dynamics,” Chap. I. 
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the complex quantities used. Then the most general (linear) transformation 
possible is 
x’ = (ax+b)/(ca+d) 
the product of an even number of inversions. Since infinity is not, in general, 
a fixed point of this transformation, it must be considered explicitly, that is: 
We must discuss not merely the concomitants of a point-set, but the con-_ 
comitants of the point at infinity and the point-set. Hence we use the theory 
of a binary cubice (quartic) and a linear form. From this theory we learn * 
that the complete system of the cubic (quartic) and the linear form consists 
of the linear form, the complete system of the cubic (quartic) and the polars 
of this system with respect to the linear form. 
The linear form being the equation of infinity, its polar operator, under 
the present notation, is simply d/dz. 


Section (b): The Three-Point. 


The complete system of the cubic consists of t 


the cubic itself: C=a0+3a,2+34.0+a5, 
the Jacobian: G=rApP+....,; 
the Hessian: H=A,e+...., 


the discriminant: A= (a@)@;— a,q,)*—4 (@)a,—aj) (@,@;— a). 


Successive derivatives of these are (neglecting constant factors) : 


C’ =ayz*+2a,2+a,, C’=at+a, C= (negligible), 
@ = 4A; + esey G = As + eeroy GQ’"=A4;, 
H’=A,o+...., iA 


As in Part I, Section (a), A is expressible integrally in terms of A, and Ag. 


Complete System.—Thus the complete. system contains 


two cubics: C, G, 

three quadratics: C’, œC, H, 

three linear forms: C”, œ, H'; 

two invariants: G” = Ay, HSAs. 


Geometric Equivalents.—We will state, without demonstration, the geo- 
metric equivalents (see figure). i 





* Grace & Young, “Algebra of Invariants,” 138 A. 
+ Salmon, “Higher Algebra”; Elliott and Grace & Young, supra. 
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The Gepoints are cut out of the circle on the C-points by means of the 
three Apollonian circles, that is, circles each on one C-point and drawn about 
the other two. The Apollonian circles are members of a pencil whose fixed 
points are the H-points. C’ are the foci of the ellipse inscribed in the C-tri- 
angle with its center at the centroid, and C” is the centroid. G’ and G” are 
similarly related to the G-triangle. H’ is midway between the H-points. If 
-A,=0, an H-point is at infinity. If 4,=0, a G-point is at infinity. 






hen mee eR ee eee 
a. 


Section (c): The Four-Point. ` 


The complete system of the quartie consists of 
the quartie itself: Q = aq’ +440 + 64,27 tn, 
the Jacobian: G=A,e+...., 
the Hessian: H=A,2'+...., 
two invariants: 
I= aa, —4aa +3, J= tH halg — at — aa ma. 


_ 160 Raw ins: Complete Systems of Concomitant o the 


f Complete System.—Taking derivatives; the complete system of the four- 
point is 


one sextic: G, 


one quintic: G", 

three quartics : Q, @’, AH, > J 
three cubics: l Q', &”, H, . 5 a 
` three quadratics : ; Q”; G®, H”, S g : - z 

three linear forms: Q”, G®, H”, E l l g 

four invariants: G = A,; HUSA LJ. ca A pa 


Geometric Equivalents.—We will define a few of the geometric equivalents 
of these forms. G is the double points of the:-involutions formed by taking . 
the, Q- De in pairs. The derived forms canbe interpreted by the following - 
‘theorem :* ; ; A wes 

Given ae De) vey Dp) = 0, Ponore in the p’s, as the equation of a 
‘curve, where the p’s are the distances from given points” ay, tr; saree) Gy 
respectively, to a line of the curve, the foct of the curve are de roots of 
(8—01, V—Ay, .. + @—4,) =0. 


Suppose now 2 + points, a, Ay. , dy ‘ given by . am ; EF 
f= (2—m) (oa) .. .(a—a,) = a 


The evei equation can be por in the form’ 


~ 











f= +— = +. 0. ee 


G—A, @—A, 


By the theorem, f’ gives the foci of the curve > oS | j x 
x fet ae 


which is of class mit, is on the n(n—1) /2 joins of the n points and touches 
each join at its mid-point. - 4 

Hence G’ is the foci of Sauk a curve on the joins of the G- ees and 
similarly for thë other derived forms. - 

If 4,=0, an H-pòint i is at infinity. If 4,=0,a G-point is aeii $ 





* F. Morley, Lectures 1915-16, Johns Hopkins University: . 
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where the A’s are expressions in A, a, and 2, consistent with the three-term 
form in which used. l 
Kliminating the. 4's, we obtain 


(Ax) az a xg 
(dæ) gn gp ae 

R—-2 n—2 n? at —2 => 0, 
(Ar) a Zi Xs 


(Agr) ag a ag” 
which, after the removal of certain factors, givẹs 
(Ax) = (2) (Aa) — (a2) (AL) + tnr (Aa). 
Repeating the process on (Az*~’), ete., we obtain finally (A2") in terms of 


(A2), (Ax), (A), (£), (212) and Bolag. Since the process applies equally 
well to the A’s and the a’s. 


(C) The complete system will contain no symmetric functions in which 
an element occurs to a higher degree than the second. 

We state for reference the following special case of the above formula: 

. (Aa?) = (2) (Ax?) — (922) (Ax) + 9%", (A). (1) 

‘Since by (B) no term is to contain more than two elements of a kind, the 
total degree in x (4 or a) must not exceed four. But, if the function be 
(Axa), of total degree 4 in a, we can use the important identities 

ty (am) — (0) mak (i j, k=0, 1, 2; tI), (2) 
and obtain 
(Aoiz) = (A) (210) + (2)? (A2) + (Aa) —2 (a) (m0) (AZ) 

—2 (ct) (42) —2 (8) (Aa), 
in which (Aa*) and (Aa) are reducible by (C). 

A function of total degree 3 in œ is of the type LA ziz,. This necessarily 
contains six terms and is therefore excluded by (A). Hence: 

(D) The complete system will contain no symmetric functions in which 
the total degree in A, a, or œ is greater than 2, enced the special functions 
AghyAs, AoA, VL Le. 

For reference, we restate (2) in different form: 

T= 00, + (%)@;— (a) (i, j, k= 0, 1, 2; PR). (3) 

‘A function can contain x to total degree 2 in two ways: 

(A) or (Atz). 


But, by (2), ; , 
(Atm) = (A) (218) — (£) (Aw) + (Aa*). 


Hence: 
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(E) As members of the complete system of symmetric fufctions, the 
forms (Aoxj@,) and (Ax) (similarly for the Xs and a’s) are mutually exclusive. 
We will adopt the form (4m2). 
Denoting by s,,, a three-term symmetric function of total degree p in 2, 
q ina, and rin s; principles (A) to (E), inclusive, leave for individual con- 
sideration 
Son Soro Sio 


Sone So20 S200 
Soos Sogo S300 
Sou S101 S110 
Soig S12 ‘S120 
; ! Soa Soo. - S510 
Soe S202 S230 
Sin 
Si Sigi Son 
S122 Sa S221 
S222 


We need consider only the first column in detail, because the others are 
obtained from it by interchange of letters. 

So == (2) and Sw™= (22) are obviously irreducible. 

Sona = Totas , So == (AL), Sus™= (Gp%1%,), and S= (hax) are found to be 
irreducible by a test which will be illustrated by use on Sos = (4,4,% 2). 

This, if reducible, will be a sum òf products of irreducible functions, 
each product of degree 022. Assume then 


(Gy A2@,%y) =k (a) (a222) U(X) (0102) +m (tag) (2%) +n (ax)? 
+p (a)? (a2) +9 (2) (aya) +1 (a) (x) (ax) +s (a)? (2}’. 
Then, by substituting sets of numerical values for the a’s, and x's we obtain a 
suficient number of equations, simultaneous in k, l, m, ete., to solve for their 
values. The operation is greatly simplified by a selection of numbers. which 
. causes several terms of the assumed identity to vanish. 
For insiance, substituting 


1, —1,0; 1,1, —2 for a, a), Qe; Zo, %, Zo, 
respectively; (a), (av), and (æ) vanish, and we obtain 


—1=3m, whence m=— 1/3. 
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Similarly,’ from 
1, —1, 0; 1, —1,0; n=1/3,. 
1, 0,0; 1,—1,0; p=1/3, ete. 
As a result T ; 
(F) Sogg== (t022) = —1/3 (a) (a28) —1/3 (£) (41429) 


—1/3 (a103) (212) +1/3 (ax)? f 
+1/3 (a)* (m2) +1/3 (£)? (m4) —1/3- (a) (x) (ax), 
the correctness of which has been tested by various numerical substitutions. 
If such substitutions fail to satisfy the expression, or if contradictions 
arise in solving for the coefficients, the assumption of an identity is false and 
the function is irreducible. As an illustration, assume : . 


Saa = (aott) =k (x) (ax) +1 (a) (2,2) +m (a) (w)*. - 


From 1, —1,0; 1, 0,0; k=0, 
and from 1, 1,0; 1, —1,0; łl=0, 
whence (a02) =m (a) (x), 


which is obviously untrue, whatever the value of m. 
In this way Sws, Sou, Sor aNd Smu = (Aaw) are proved irreducible. 
Similar methods show that E 
(G) Sm ™ (Aotita) =1/3 (A) (aott) +1/3 (a) (Apres) 
—1/3 (x) (Aaa) +2/3 (Aa) (2,2) 
+1/3 (Aa) (ax) —1/3 (à) (a) (2%), 
which stands the test for an identity. 
(H) S= (ApG149%%,) reduces by substituting a,a, for ao, 4,4) for a, 
aya, for a, in (G). Similarly, 
(K) Seog== (AqAgG10,%,%,) reduces by substituting A,A, for A), ete., in (H). 
Complete System:—We have, therefore, the following complete system of 
symmetric functions: 


Of a alone i S300 S20 S800 
Of a alone Soro Sozo Sogo 
Of a alone Soor Sooz Sons 
Of a and g Sn © Sow . Sper 
Of 2 and z. Syor Sio Sao. 
Of à and a Sno Shay Sang 


Of 2, a and a Sin 
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Furthermore, the foregoing processes, (A) to (K) inclusive, enkble us to 
express any given symmetric function in terms of the members of the complete 
system. f 

Section (d): Alternating Functions. 

Using the same notation as in Section (c), the most general alternating 

function of three rows is 


K = Poata Pilafo i Paot — Poget — Pigot — DoGr" 9 » 
This is the same as 


Po To l Yo 
|par|=| n a h 
Pe 2 Te 


Taking K however in the form Sap .avhers Ay=Qite—Qr1, ete., it is easily 
proved that. 

(B’) The complete aiem will contain no ataud functions with 
more than two a’s, two a’s and two 2’s ina term. 

(C') The complete system will contain no alternating functions in which 
an element occurs to a degree higher than the second. 

Functions containing à, a or æ to total degree 4 can be reduced by (2), 
Section (c), to functions of total degree 2 in that quantity. Functions of 
total degree 3 in 2, a or æ are not reducible by this means. Hence 

(D”) The complete system will contain no alternating functions in which 
the total degree in a, a or x is greater than 3. . 

(E) can be restated: 

(E) As members of the complete system, DA wy and BA a (similarly 
for the Xs and a’s) are mutually exclusive. . 

A further important principle is obtained by janederidn the determinant 

Po do fo 1/3 
nA & n 1⁄3 
Pe ho % 1⁄3 
(p) (a) (r) 1 
This vanishes identically because the last row is the sum of the others. Hence, 
expanding: 
lp g r|=1/3(p)]g' 11—1/3(0) lp r 1|+1/8(r)|p g1]. 
This reduces any alternating function except those in which p, q or r equals 
unity. Therefore: 
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(L) » The complete system will contain no alternating functions except 
those whose determinants have a column (or row) of Ps. 


Such functions, of total degree 3 in a, are of the type 
l Jua va 1| 
where u and v are products of powers of à and a. - By (2), Section (c), 
| ua? va L| = (aya) [ux v 1|— (s) Jus v o| + jus v al.. 
Only the last function in this expansion contains z to total degree as high 
as 3. Applying (L) to this function, - 


[ue v | =1/3 (ux) |v a 1|—1/3 (v) [ux a 1| 41/3 (2°) Juz v 11. 
Likewise, in this expansion, only |uaw 2 1| is of total degree 3 in g. 
Applying (2) to this, 
[uc a 1| = (2%) |ucl|+lu a a*|. 
Again, applying (L) to |u a 2*|, i 
|u s a| = (u) |1 z | — (s) lu e 1| + (2) |u vl]. 
Finally, |1 æ a*| is unaltered by (2), (8) or (L). 


If u, v, or both equal unity, the process is merely shortened; the conclu- 
sion is the same, namely: - 


(D) The complete system will contain no alternating functions in which 
the total degree in 2, a or œ is greater than 2, except possibly |& æ 1], |a à 1| 
and |a@ a1}. 

` Consider the cases where at least two elements occur, each to total 
degree 2, If w and w’ are-powers of A, we have the types 


(a) |wax was 1|, (b) |waæ wa: 1|, (c) [wea w 1], 

(d) [wax ws 1|, (e) |wa® w 1j. 
By (2), (a) reduces to |wa wa «°| and functions of lower degree. 
By (3), (b) j ‘í |wa wax v | í “ “u “ 
By (3), (c) nt t | wa? wo X | u f3 7 t u 
By (2), in terms of the element a, 

(d) reduces to |ws w'axal| “ & u u ti 

By (3), (e) i e | wara w’ x | ‘cc u u “c “u 


All of these results can be reduced by (L), except that of (e) when w’=1, 
thus giving |wa’x x 1|. But, by (3) in terms of the element a, this reduces 
to |wx av a| (and functions of lower degree) and (L) reduces this form. 
Hence: i l 


t 
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(M) ‘The complete system will contain no alternating functions in which 
more than one element occurs to total degree 2. 


We have remaining, for individual consideration, the types: 


Qoo Qoro Qao 
Aog - Qozo F200 
` Goz Gogo so 
Qor Gio F119 
Gonz Qio A120 
Qo az Qao 
ain 
Q12 Gi Qay 


Gon, and Gog can be constructed only in forms which vanish identically. 
aw% has, by (D’), the one type, |z* æ 1|, which is obviously irreducible. am can 
appear only as |#a1| and is obviously irreducible. a,, appears either as 
|a alj or |zas1|. The only possible assumption is 

jæ al| or |x av 1|=k(x)|xa1]. 
If a;=%;, we have ` 
jæ wij or |z æ 1|=k(x)|x% s 1|=0, 
which is untrue. By (2), i 


sa | +(x) |ea 1]. 


A 
Hence, |x? a 1| can be taken as the irreducible type. 
Interchanging a and g in this form, aaa = |æ a? 1| is seen to be irreducible.. 
Qı CAN appear'as: , 


ai= aa (ataa 


(a) |e ad 1| =È (m0m — m), 

(b) jaza 1|=2Aqr(a—a2), 

(e) fax à 1] =Baye,(A—a). 

The sum of (a) and (b) is 

Sla (Ar-+ 20) — ae (22+ A) ] =È ao [a ( (4) Ag) — a ( (2) Aa) } 
= (A) Bi (0—0) — Xo (Asa, — M0) 
= (à) |z a 1f—|« a Al. 

Hence ` 

|awal|=—|avaal|+(a)|eal|—|raal, 

the last term of which is reducible by (L). 
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Interclfanging 2 and a, 
jax 2 1| =— |s 2a 1|+ (a) |e à 1j—|zAal. 

Thus, (b) and (c) are expressible in terms of (8) and functions of lower degree. 

Assume (a) : 

|e 2a 1 =hk(x)|2Aa1|+1(a)|ea1|+m(A) |e all. 
Let A,;=2;, a@,=0,;, then 
joe 1| =k(x)jæ x i| +e) |x av1{+m(a)|eo1|=0, 

which is untrue. Hence | | 


m= |g 2a 1| is an irreducible function. 
Gug CAN appear as - 


(a) |æ Aa li, (b) jaca æ il, (e) |22 a 1| 


(d) lava 1j, (e) [Ax as 1|. 
By (2), (b) reduces to (a) and functions of lower degree. 
By (3), (¢) s “ |A as x | and functions of lower degree. 
By (3), (d) iz 6c ja AT Z | (23 6b 6 ií j 
; By (2), (e) & “la a a | 6“ 6c i“ ‘“ use l 





Hence (a) is the one form requiring furie examination. Adding this to (c), 
we obtain finally ; w oe 

(N) |æ 2a 1|= T E a 2.|, 
and the right-hand members are reducible. 

Complete System.—We have, therefore, the shows complete system of 


alternating functions: 


Of 2 alone Ayg= {Ara II. 


Of a alone w= aa 1]. 
Of walone w=] e 1]. 
Of a and 2 Gu=|2 a 1j, Ays=|2?a 1j, O=|e a? ij. 
Of 4 and x Qy=|e 2 1), tw=| A Tl, aw=]e ali. 
Of à and a Gi |%-a 1|, aw=]|à a1], am=]|3 a 1]. 


Of à, aande am=]|e 2a 1j. 


Furthermore, the foregoing processes enable us to express any given 
alternating function in terms of the members of the complete systems of sym- 
metric and of alternating functions. 

22 
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Section (e): Functions of n Rows of Elements. °* . 


The operations explained in Sections (c) and (d) are not confined to fune- ~ 
tions of three rows only. It is easily seen that theorems (A) to (E) inclusive 
and (A’) to (M) inclusive can be re-stated, without material alteration, fora 
function of n rows of three quantities each: at ri A 

Consider a symmetric function of four rows, 8, 2, a; æ. The complete 
system will contain the irreducible functions of 2, a, æ, and similar functions 
of 8, a, x, ete. In addition, we must examine 


Sin 

Sun Si, ele., 
| S1122 Spy, ete., 
ee ete., 

S2222 


suu = (BoAoo®12) reduces by substituting 6,4; for 2%; in (G). Similar methods 
apply to. Suz, Sige; S2292. Assume , Í i 


Sun = (Bax) =k (8) (ax) +m(A) (Bas) +... i 
Setting 8,=6:=6,=1, and collecting terms, we have 
(Aaa) =k’ (2.ax) +m (A) (ax) +n’ (a) (Av) +p’ (x) (Aa) +9’ (2) (a) (£). 


If WÆ1, this gives an expansion for (2ax), which is impossible. If k’=1, 
we have 


m (A) (ax) +n (a) (220) +p" (2) (Aa) +4" (A) (a) (a) =0: 
Let Ap=a=1, A=a=—1, A,=a,=0, so that (A)=(a)=0. Then 
. . 2p'(£)=0, whence p’=0. 
Similarly, m =n =g'=0, so the identity is not true for finite coefficients, 


Therefore: 


Of symmetric functions of ite degree in all four rows, Sun alone is 
irreducible. ‘ 


Likewise 
Ayy=|BAa w,1| is the only irreducible alternating function of finite degree 
in each of four rows. 


Similar statements are readily seen to hold true for 5, 6,...., n rows. 
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Section (f): Geometric Classification. 
The Three-Point.—The complete system for the three-point consists of 
those forms, deduced in Sections (c).and (d), which do not contain a. The 
subscripts denoting degrees in 2% and a, respectively, we have 





Symmetric Alternating Total 
Cubics Sog do 2 
Conies Se Sa _ Oy l 3. 
Lines Su Su Ser ` Qu a 5 
- Invariants Sio Se Seo Ago 4 
Total 9 5 1 


The Four-Point.—The complete system for the four-point consists of the . 
entire list obtained in Sections (c) and (d). Rearranged according to degree 
in a, they are: . 


Symmetric Alternating Total . 
Cubics ` Sina ig Gos 2 - 
Conics Some Sow Sieg Qoe Giog -5 
Lines Sor Son Son Son S101 Siu Qn yor Gu Fon Gw H 
Invariants Sioo Soro Suo Sao Sio Soro Seo awe Goso Caw Geo Guo 14 
Soso Sao i l 
Total . ~- 19 13 32 


The members of the two systems are the concomitants of the three-point 
and the four-point under linear transforniations sending the line at infinity 
into itself, either leaving the two points of the absolute fixed, or interchanging 
them. 

Section (g): Susugies: 

It is not our purpose to derive a system of syzygies. However, it appears 

thatthe following method is useful in doing so. Take the determinant 


(2°) To wo o 
(Az) Avo A Ataf _ 
(ax) Aggy Qty Oey | 
(x) ~ T Ty Lo 


which vanishes identically because the first column is the sum of the others. 
Removing the factor a,2,%, and expanding: 


(a) |a a 1|— (aa) |z a 1] + (as) [aa 1|— (0) |2 à a] =o. 
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Substituting (2)*—2(a,2,) for (2*), applying (L) to |xà a| and ‘clearing of 
fractions, we obtain, in the abridged notation, 7 


(285016 Soon) Gyo (Sio 8001 —3 S101) Gori + (3 So — Soro S001) o = 9. 


Section (h): Geometric Interpretation. 


In the following we shall denote VA, by L, and Va, by b;. Then, it will 
be remembered, l is the length of a side of the reference triangle, and b, 
+b,, +b,, are the coordinates of four points having the reference triangle as 
their diagonal triangle. So far, we have considered the a’s, 4’s and l's merely- 
as magnitudes, but, of course, they are also the coordinates of certain points, 
the positions of which it is well to establish. A point ho, hi, hy, will be 
denoted by the symbol h. l 

It is known that 

1 is the centroid of the triangle, 

l is the incenter, 

à is the symmedian point—the center of perspective of the vertices 
of the triangle with the intersections of tangents to the circumcircle 
at the vertices. 

1/4: Rays from a vertex through à and 1/2 meet the opposite side in 
points equidistant from its mid-point. 

To locate a: 

Given points ba, +b,, +b,, the lines joining them, two at a time, are on 
the vertices of the triangle—two lines on each vertex—and form a harmonic 
pencil with the two sides of the triangle on the same vertex. Two such lines, 
on 1,0, 0, are f 

ai b,%,—b,7,=0, and b,2,+6,a,=0, 
which, taken together, form a degenerate conic 
bia? — bia? = axt —a w= 0. 
The polar line of this with respect to 1 is 
Ag) — 4%, =0, 
on which lies a. 

From the nature of this construction, the line on 1,0,0 and 1, (the 
median) is the harmonic conjugate of a.%,—a,2,—0 with respect to the two 
lines of the degenerate conic. 

Hence, given a point b, to construct point a: À 

Join b to a vertex of the reference triangle by a line m and taken, the 
fourth harmonic of m with respect to the sides of the triangle on that vertex. 
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Take the fourth harmonic p of the median with respect to m and n. Per- 
forming this construction for each vertex, the three lines p will meet in a. 

47: By the above rule 4’ is obtainable from à. 

It is interesting to note that, if ba, +b,, +b, are the coordinates of four 
lines, the line a is on the mid-points of the diagonals of the four-line con- 
figuration. -- l 

aa: Taking the polar of the degenerate conic a,a?—~—a,a3=—0, with respect 
to 1/2, we have 

AsQgh,—A, 4,2, =0, 
on which lies Aa. The-details of the construction readily follow. 

If we calculate the polar systems of 1 2,0,=0, (the triangle itself) and 
| a? æ 1| == (21—28) (tı — 2a) (%_—2)) =0 (the three medians) with respect to the 
various points defined above, it is seen that they are closely identified with the 
complete system of Section (f). In several cases, the forms of the complete 
system and of the polar system are identical, and, most generally, they are 
members of the same pencil. Hence, the geometrical construction of the 
complete system can be based upon the construction of the polar system. 

The expanded form of |a* æ 1| in the preceding paragraph shows it to be 
the discriminant of mxw, =0. Similarly for [274 1| and ja? a 1j. 


Systems of Pencils of Lines in Ordinary Space. 


By Anton L. MILLER. 





In his classic paper entitled “Preliminari di una-Teoria delle Varieta 
Luoghi di Spazi,” Segre” laid the foundation of investigations of the pro- 
jective differential properties of geometric configurations in -n-dimensions by 
synthetic methods. It is the purpose of this paper to apply some of the results 
. of these investigations to the study of families of pencils of lines in ordinary 
space. By means of the Klein coordinates of a line, there is set up a one to 
one correspondence between lines of space and points of a hyperquadrie, Q, in 
five dimensions. To a line on this hyperquadric there corresponds in S; a 
pencil of lines. Thus, to ruled varieties on Q there correspond families of 
pencils in S,. This correspondence is disoussed momplerely in the following 
paper. 
Let = Gis yy Ly, Ly, Ly, Vs) be the Klein coordinates of a line in 


ordinary space, then 
(ages sep, - (1) 
0 


If at the same time we think of (x) as a point in five dimensions, equation (1) 
represents a hyperquadric, Q, in that space. Thus, to every line in ordinary 
space there corresponds in five dimensions a point on the uypergnadrie Q. 


If two lines intersect, their coordinates satisfy the relation (yz) =Èey= 0, 
and the coordinates of any line in their pencil are given by (=a) +u(z) 
for some value of A:u. The points of Q which correspond to two intersecting 


lines are therefore conjugate with respect to Q and every P (x)=A A(y)+ H(z) 
lies on Q, on the line from (7) to (2). 


Parr I. 


1. <A ruled surface, R, on Q corresponds in S; to a one-parameter family 
of pencils of lines, R. The centers of these pencils, in general, trace a curve 
C, while their planes, in general, envelop a developable, c.’ If R is developable, 





* Rendiconti del Ciroolo Matematico di Palermo, Vol. XXX (1010). 


a 
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C is-the edge of regression of c. Points on the edge of regression of R corre- 
spond to the characteristics of c. If R lies in an S, the corresponding R lies 
in a linear complex, and if R lies in an S R belongs to a linear congruence. 
This congruence will have distinct, coplanar, or coincident directrices accord- 
ing as R lies in an ©, which cuts Q in a non-degenerate quadric, a pair of 
pisnes, or a cone. 


Parr II. 


2. A two-parameter family of lines on Q generates a ruled V; which we 
will call M. To M there corresponds in S; a two-parameter family of pencils 
generating a line complex which we will call an m-complex. Every linear 
complex is an m-complex. In general the centers of the œ? pencils trace a 
surface, S, and their planes envelop a non-developable surface, s. S -may 
reduce to a curve or even a point, and, in the dual case, s may reduce to a 
developable or even a plane. In general S and s do not coincide. 

3. We can represent M analytically as follows: Let m= a; (u, v) a 
%,==6;(u,v) i=0,1,....,5 be any two surfaces on Q. Thatis (aa) = (88) = 
for all values of u, v. Furthermore, let us assume that if A and B are = 
corresponding points of æ and @, that is two points obtained by giving u and v 
the same values in a and , then the line from A to B lies entirely on Q. The 
necessary and sufficient condition for this is 


(a3) =0 for all values of u and v. (2) 


Then lines joining berespondive poinis of a aa 8 generate a ruled V; of 
Q, M. Hence M is given by 


m= alu, v) +18;(u, v) t0; loaa D (3) 


If we fix u and v in (8) but cause ¢ to vary (Œ) traces a line generator -of M. 
In S, the a and 8 surfaces represent line congruences of such a nature 
that corresponding lines of each intersect. If we fix u and v in (3), but cause 
t to vary, (Œ traces a pencil of lines, one of the generating pencils of the 
m-complex represented by (3). 
The tangent S, to M at (a), i. €., u=u, v=, t=t, is determined by 
(2), (%,), (%,),\(a%), that is by the four points 
(a), (8), (a.+¢8,), (atthe) (4) 


Let G represent the generator from a to 8. If we-allow ¢ to vary in (4); but 
hold u and v fast, (4) determines the various tangent S,’s to M at points of G. 

~ We will call the linear congruence corresponding to the tangent S; to M, 
tangent to the m-complex at the line corresponding to the point of contact of 
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the S,. Such a tangent linear congruence will always be degenerate ’in that its 
directrices will be coincident. It will be determined by a line of m and three 
lines of m infinitely near the first, but not lying in the same regulus with the 
first. For example by (2), (%)+(a,) Au, (£) + (a) Av, (a) + (a) At, where 
Au, Av, At are all infinitesimal. Evidently the S, in S; determined by these 


=: four points is precisely the same as the ©, determined by the points of (4): 


although those points do not lie on Q and therefore do not correspond to lines 
in ordinary space. All of the linear congruences tangent to m at lines of the > 
pencil g have g in common, but in general, nothing else. 


4, A line of M infinitely near G will join a point of the a-surface infinitely 
near (a) to a point of the -surface infinitely near (8). That is a line of M 
infinitely near G will be determined by (a+a,Au+a,Av), (6+6,Au+8,Av), 
where Aw and Av are infinitesimal. As we vary the ratio of Au: Av we get 
oo' lines of M infinitely near G. G and a line of M infinitely near G determine 
the S; of the points i 

(a), (8), (a,Au+a,Av), (8,Au+8,Av). (5) 


~ 


Segre * has shown that the locus of the œ S,’s obtained by varying the 
ratio Aw: Av in (5) is a quadratic cone in S;. This quadratic cone has G for 
a line of double points, and one other double point in each plane of Q that 
contains G exists for the quartic of intersection of Q with this cone. Hence 
the intersection of Q with the locus of all S,’s determined by G and the lines 
of M infinitely near G, is a quartic with double points along G and one in each 
of the planes of Q that contain G. , 

The above theorem stated in terms of line geometry becomes: 

The locus of the œ linear congruences determined by a pencil g of an 
m-complex, and the pencils of the m-complex infinitely near g is a quadratic 
complex with double lines, the lines of g and one other in the plane that con- 
tains g and one other through the center of g. This is a tetrahedral complex 
of the type [ (22) (11) ].t ; . 

5. If two of the tangent Sys at points of a generator G have a plane in 
common, all the S,’s tangent to M at points of G he in an S,. For the ©; 
tangent to M at P, of Gis the S; of (a), (8), (a,+t.8,), (4, +4,8,), and that 
at P, of (a), (8), (a,+48,), (2, +48,). Since these two have a plane in 
common, by Grassman’s theorem, they lie’ in an S,, and any linear combina- 








i} 
* Segre, loc. cit., No. 12. ; 
yA. Weiler, Math. Annalen, Yol. VII (1874). Sturm, “Liniengeometrie,” IJI, p. 436. 
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tion of the above eight points lies in the same S;. In particular the following 
points lie in an S,: 


(a), (8), (a), (Buds (ay), (Bo). (6) 


Hence every tangent S, to M at a point of G lies in this S,. Note that it does 
not follow that all tangent S,’s to M at points of G have a plane in common. 
This is not in general true. 

In line space the above theorem states: If two of the tangent linear con- 
gruences to m at lines of a pencil g have in common besides g a second pencil 
h having a line in common with g, all the tangent linear congruences to m at 
lines of g lie in a linear complex. 

The S,’s tangent to M along a generator G all have a plane in common if, 
and only if, the S,’s determined by G and the lines of M infinitely near G have 
a plane in common. In fact the tangent S,’s of (4) are S,’s determined by G 
and lines of the regulus obtained when we vary t in the line from (a,+¢8,) to 
(a,+t8,). Ifa plane is to be common to all these S,’s it must cut every line 
of this regulus. Hence the regulus cuts that plane either in a conic, which is 
impossible, for then G would cut the regulus twice, and all the tangents S,’s 
would coincide, or else in a line. Then G cuts the regulus in one point. Hence 
a necessary and sufficient condition that all the tangent S,’s to M along G have 
a plane in common is that G cut the regulus mentioned above. 

But the S,’s determined by G and the lines infinitely near G are the same 
js as those determined by G, and the lines of the regulus obtained by varying 
the ratio Aw: Av in the line from (a,Au+a,Av) to (8,Au+6,Av). And a 
necessary and sufficient condition that all these S,’s have a plane in common is 
that G cut this regulus. But the two reguli that determine the tangent S;,’s 
with G and the S,’s of G and the near by lines, are conjugate reguli of the same 
quadric. Thus, if G cuts one regulus it ents the other also. Hence the 
theorem. 


In line space this theorem becomes: The tangent linear congruences to m 
at lines of a pencil g have in common a second pencil h having a line in com- 
mon with g if, and only if, the linear congruences determined by g and the pen- 
cils of m infinitely near g have in common a second pencil h’ having a line in 
common with g. 


If all the S,’s determined by G, and the lines of M infinitely near G have 
in common a plane of Q, they all coincide. Thus, if all the linear congruences 
determined by g and the pencils of m infinitely near g have in common anything 


besides a second pencil having a line in common with g, they coincide. 
23 
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If all the tangent S,’s to M along the generators of M have a plane in 
common, M is said to be developable of the first kind. We will also call devel- 
opable of the first kind the corresponding m-complexes, viz., those whose tan- 
gent linear corigruences along the pencils of m have in common besides g, a 
‘second’ pencil having a line in common with g. 

"6. The linear congruence determined by two pencils is that congruence 
which contains the two pencils, and therefore the congruence which has for 
directrices the line joining the centers of the two pencils and the line of inter- 
section of the planes of the two pencils. Hence the directrices of a linear 
congruence determined by a pencil g and a second pencil of m infinitely near g 
are a tangent line to S at the center of g, and a tangent line to s at the point 
of contact of g. 

- Let us consider the nature of these surfaces © and s when m is developable 
of the first kind. That is all the linear congruences whose directrices are 
corresponding tangent lines to S and s have in common g and a second pencil 
h which has a line y in common with g. Let P be the center and x the plane 
-of g. P lies on S and x is tangent to s at P’. The tangent plane to S at P is w. 
Then the directrices of the linear congruences referred to above will be corre- 
sponding lines of the pencils Pw’ and xP’. If all of these congruences are to 
` contain h, every line of h must cut every line of the pencils Px’ and xP’. 
Since h is different from g it must then be the pencil P’n'; and y, the line join- 
ing corresponding points of S and s, is tangent to both these surfaces. Hence 
the lines y form a congruence whose focal surfaces are S and s. 

Conversely, the two-parameter family of pencils having as centers one set 
of focal points of a line congruence and planes, the corresponding focal planes 
of the congruence is an m-complex of the first developable kind. Thus every 
line congruence generates two m-complexes of this kind. 

7. Segre* bas shown that if M is a V, in S; of the first developable kind 
the lines of M are all tangent to a surface or else al] cut a curve. Let us con- 
sider first the case in which all the lines of M are tangent to a surface. ‘This 
surface lies on Q and may be taken as the a-surface. At every point of a 
there are two lines tangent to « and lying on Q. 8 may be chopgn as any 
surface cutting one set of these lines, for example, 


Bayt pt. (7) 
But @ must be a point on Q, hence 
p (at) + 2p (ayaty) + (ayatg) =0. (8) 





* Segre, loc. oit., No. 29. 
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The two values of p obtained by solving (8) are the two directions of lines 
tangent to a and lying on Q. Call them p, and p,. Let G, and G, be the two 
corresponding lines tangent to a. The locus of lines G, will be M, and the 
locus of G, will be M,. The points of (4) determining the tangent S, become 

(a), (Gut pty) s [Auu t 2pdus tp deo t ty (Put PPro) tu tt (uu F Pau) Hipa], (9) 
and the points of (5) determining the S, of G and a line of M infinitely near 
G become ‘ 
(a), (ay), (ay), [Cau tpu) AUH (Gy tpt) Av]. - (10) 

Thus, when M is a developable of the first sort the tangent S,’s to M along 

G, and the S,’s of G and the lines of M infinitely near G form two pencils of 

s Which lie in the same S, of (6). The plane axis of pencil (9) (as we . 
vary t) depends on p, but that of (10) does not. Thus (9) furnishes two dis- 
tinct pencils (9,) and (9,), while (10) furnishes two pencils (10,) and (10,) 
with the same central plane. 

G, lies in two planes on Q, 7, and m% and, similarly, G, in m and m. Since 
m and 7, are in different systems of planes of Q they intersect in a line L, and. 
7%, and 7, intersect in L’. The four pencils of (9) and (10) cut on L and L’ 
projective ranges. Projective ranges are also set up on G, and G, by means 
of (9,) and (9,), respectively. 

In S; the congruence which corresponds to the tangent a-surface of S; is 
the y-congruence. To M, and M, there correspond the two m-complexes m, 
and m, mentioned in No. 6 as generated by the y-congruence. Thus, if the 
n-complex is developable of the first sort and the y-congruence is not degen- 
erate (i. e., a ruled surface) the tangent linear congruences to m along g form 
a pencil of congruences, and the linear congruences whose directrices are the 
corresponding tangent lines to the focal surfaces of the y-congruence also form 
a pencil of congruences. The centers (two pencils with a common line) of the 
last-named pencils of congruences for m, and m, coincide, while those. of the 
first named do not. E . 

The lines L and L’ correspond in S; to the pencils of tangent lines at 
corresponding points of © and s. Hence the above pencils of congruences cut 
off projective pencils of lines on these pencils.* 

. The necessary and sufficient condition that g and h coincide, i. e., that S 
and s coincide is that the roots of (8) be equal. Hence 


(a,a,)?— (autu) (a,a,) =0 T , (11) 


* These are the projectivities of Waelsch, see “ Zur Infinitesimalgeometrie der Strahlencongruenzen 
und Flächen,” Stizungsberioht Akad. Wien alathem. Classe, i. 100 Abth. TIa (1891). 
+ Waelsch, loo. cit., obtains the same result in a different way. 
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is a necessary and sufficient condition that S and s coincide. It will appear 
later that this is a necessary and sufficient condition that M have a fixed tan- 
gent S, along every generator. “2 

Since pencils (10,) and (10,) have the same center, a necessary and 
sufficient condition that they cut off the same projectivities on L and L’ is that 
they lie in the same S,. A necessary and sufficient condition for this is 


ja, Hes Bey Gans Buys a. = 0, (12) 


that is, the a-surface is a @-surface of Segre. * 

In line space this reads: A necessary and sufficient condition that the two 
pencils of linear congruences whose directrices are corresponding tangent 
lines of S and s should cut off the same projectivities on the pencils of lines 
tangent to S and s at corresponding points is that the y-congruence satisfy 
(12). But this says that the y-congruence is a W-congruence. t 

A necessary and sufficient condition that the plane common to all the tan- 
gent S,’s to M along G should he on Q, that is a necessary and sufficient con- 
dition that the tangent linear congruences to m at lines of a pencil g have in 
common a plane of lines or a bundle of lines, is that the plane of the first three 
points of (9) lie on Q. But this plane is the osculating plane to the curve of 
a, along which the lines of M are tangent. Hence the above condition becomes 
that the curves on a, along which the lines of M are tangent, should have their 
osculating planes lying on Q. 

If a is a ruled surface the two M’s defined are first, M, consists of the 
tangent lines to a along the rulings. Then M, is a two-dimensional variety, a, 
and not a three as we have considered. Second, M, consists of the other set 
of lines tangent to a and lying on Q. The corresponding y-congruence in S, is 
made_up of.0! pencils of lines, and the surfaces S and s are a curve and a 
developable, respectively. n, is a family of the sort described in Part I. Ifa 
is a developable it is a plane. . 

If a is cut by œ planes of Q in curves, M, will consist of the lines tangent 
to these plane curves. Conversely, if the lines of M can be grouped into the 
tangents to œ plane curves, these planes lie on Q. In the corresponding case 
in S; the y-congruence is made up of the lines of œ' cones or the tangent lines 
to œ plane curves. Then either S will be a curve and s a non-specialized 





* Segre, “Su una classe di superficie degli iperspazi legata colle equazione lineare alle derivate 
parziali di 2 ordine,” Atti della R. Aooad. delle Scienze di Torino, Vol. XLIX (1913-14), p. 215. 

t Darboux, “ Leçons sur la théorle générale des surfaces et les applications géométriques du caleul 
infinitésimal,” Edition IT (1889), p. 345. 
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surface, or s will be a developable and S a non-specialized surface. Con- 
versely, if one of the surfaces is a curve or_a developable, the surface a can be 
cut by oo’ planes of Q in curves. If both:S and s are curves, or both are 
developables, the two sets of lines tangent to a and lying‘on Q will be tangent. 
to a along plane curves. 

If the lines of M, instead of being tangent to a surface, all cut a curve on 
Q, «' of them pass through each point of this curve. Then all the pencils of 
. m have a line in common with a ruled surface. Hence, © and s are this surface, 
but S and s do not coincide in the sense that the center of the pencil of m on S 
is the point of contact of the pencil with s. The y-congruence also reduces to 
this surface. 

8. It may happen in 8S; that the tangent S,’s to M along G coincide, that. 
is, there is a fixed tangent S; to M along every generator. Then M is said to 
be developable of the second kind. If M is a developable of the second kind, 
the a and 8 surfaces of (3) satisfy two linear homogeneous partial differential 
equations as follows: 


Aiat Bb: eee re A +F,8;, =0, j=0.1 
A,a,+ Babit C0,,+ DB, + Era, HFb =, E ` 


where A,;, B;,...., F}, j=1, 2 are functions of u and v, and not all identically 
zero, Conversely, if « and @ satisfy (13), M is a developable of the second 
sort. For under these circumstances the eight points of (6) all lie in an S,, 
the tangent ©; to M along G. Accordingly, if M is developable of the second 
kind, all the S,’s determined by G and the lines of M infinitely near G coincide. 
In fact, all the lines of M infinitely near G under these hypotheses, lie in the 
two planes of Q that contain G. For they all lie in the tangent S to M along 
G which cuts Q in the two planes containing G. 

On the other hand, if all the lines of M infinitely near G intersect G, M is 
a developable of the second kind. Thus, in 8; if m is developable of thé second 
kind, all the lines of pencils of m infinitely near g, lie in a special linear con- 
gruence with intersecting but distinct directrices which belong to the pencil g. 
Every pencil of m infinitely near g has a line in common with g and, conversely, 
if every pencil of m infinitely near g has a line in common with g the m-com- 
plex is developable of the second kind. 

9. Segre has shown * that if M is developable of the second kind, all the 
lines of M are tangent to two surfaces of Q, or cut a curve of Q and are tan- 
gent to a surface, or cut two curves of Q. Since we know from No. 8 that if 


45, (18) 








* Segre, “ Preliminari ....,” No. 29. 
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m is developable of the second sort all the pencils of m infinitely near g have 
a line in common with g, we see that either they have their centers in the plane 
of g or their planes pass through the center of g. In either case S and s 
coincide. Hence, if m is developable of the second kind, S and s coincide. 
See (11). Conversely, if S and s coincide, m is developable of the second kind. 
By the theorem of Segre every pencil of m is tangent to two congruences (or 
tangent to a congruence, and has a line in common with a ruled surface, or has 
a line in common with two ruled surfaces). That is there exist two congru- 
ences, excluding for the moment the other two cases, such that every pencil of 
m has two infinitely near lines in common with each. Thus S must be the 
focal surfaces (coincident) for both of them, and they consist of the tangent 
lines to S along the two sets of asymptotic lines. 

If the lines of M all cut a curve and are tangent to a surface of Q, the 
tangents to one set of asymptotics of S involve only œ lines and therefore S 
is a ruled surface. Similarly, if the lines of M all cut two curves, S has ms 
sets of rulings and is therefore a quadrie. 


Parr HI. 


10. A three-parameter family of lines on Q in S, may generate either a 
V, ora V,. If they generate a V,, that V, is either the intersection of Q with 
an S,, or consists of œ' planes imbedded `on Q. We will demonstrate this in 
two parts. First let us assume that the V, is developable of the second kind. 
That is the tangent S; to V, along G is fixed. Through every point of V; there 
are oo' lines of Vs, which lie in the tangent S, to V, at that point. But this S; 
is tangent to Q along G, and therefore cuts Q in the two planes that contain G. 
Hence the lines of FV, in that S, lie in one or two planes of Q, and F, consists 
of œ planes of Q. l 

If F, is not developable of the second kind the tangent S,’s along G cut it 
_in œ' cones of lines which are distinct and V, is the locus of these cones. 
Through every point of V, there are œ’ lines and every line cuts œ others, 
Hence some line besides G in one of these cones cuts some other cone, and the 
two S,’s of these cones have in common besides G another point and therefore 
a plane. Hence all the tangent S,’s to V, along G lie in an S, according to 
No. 5. Hence V, is the intersection of Q with this S,. Hence, in line space a 
three-parameter family of pencils of lines either involves all the lines of space 
or else o* of them. [If they all lie in a complex, that complex is either a linear 
complex or else is made up of the lines in o' planes or through œ’ points. 
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11. In what follows let M, represent the locus of w' lines of Q which do 
not lie on a V;. Then M, coincides with Q. Hence all the tangent S,’s to M, 
along a generator G have an S;in common. Therefore, according to Segre,* 
all the lines of M, are tangent to two V,’s, or either V; may be replaced by a 
director variety of less dimension. 

The S,’s of G and the lines of M, infinitely near G are œ in number and 
may be grouped into œt pencils of S,’s whose axial planes themselves form a 
pencil of planes about G. A proof of this theorem follows. M, can be repre- 
`- sented analytically by means of 


i= a (u, v,w)+tB(u,v,w) it=0,1,2,....,5, (14) 


where a and @ are the two tangent or director varieties mentioned in the 
theorem of Segre. Therefore . 


sa =} +uBy +78, +pB.; . (15) 
ap SNA May tH A Fp aa. ; 
The lines of M, infinitely near G are the lines from 
(at+a,Au+taAv+a,Aw) to (8+8,Au+8,Av+,Aw), 


where Au, Av, and Aw are infinitesimal. Hence the S,’s of G and the lines of 
M, infinitely near G are the Sys of 


(a), (B), (aAu+taAv+a,Aw), (B,Au+8,Av+8,Aw). (16) 


As we vary the ratios Au: Av: Aw in (16) we get the œ? 9,’s determined by G 
and the lines of M, infinitely near G. Call the plane of (a,), (a,), and («,,) 
_ the plane 7, and similarly the plane zg is the plane of (8,), (8,), and (Be). 
‘According to (15) G cuts 2, in P, and cuts ag in P. Points represented by 
the same ratios of Au, Av, and Aw are corresponding points in the planes 
nm, and ng. A line in n, corresponds to a line in zg. Let H be a line in m, 
through P., and H’ the corresponding line in m,. Let K be a line joining 
corresponding points of H and H’. Then the S, of G and K is one of the Sys 
of (16), and it contains the plane of G and H. As K moves along H these 
S,’s form a pencil of Sys about the plane GH. But H was any line of 7, 
through P,. Hence these planes themselves form a pencil about the line G. | 
Hence the theorem. Similarly the S,’s of G and the lines of M, infinitely near 
G can be grouped into o'-pencils of Sps whose axial planes are determined by 
G and lines in a, through P,, that is, the axial planes form a pencil of planes 
about G in the tangent S,’s to n, and ag. 





* Segre, “ Preliminari ....,” No. 29. 
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In line space the preceding facts give us that: All the tangent linear com- 
plexes to m, at lines of a pencil g are special, with the lines of contact of the 
pencil g as axes, and have in common a linear congruence whose directrices 
belong to the pencil g. The linear congruences determined by g and the pen- 
cils of m, infinitely near g can be grouped into œ' pencils of congruences having 
in common besides g a second pencil A which has a line in common with g. The 
. locus of these pairs of pencils is a special linear congruence whose directrices 
are coincident. This last congruence is tangent to a or 8 at the line which g 
has in common with a or 8, where « and @ are line complexes to which all the 
pencils of m, are tangent (or congruences or ruled surfaces with which every 
pencil of m, has a line in common). The m, may be considered as the locus 
of œ! ms of the first developable kind as in Part II. 

The ordering of M, into œ! ms of the first developable kind can be 
accomplished in only two ways corresponding to the two ways of ordering the 
Ss of G, and the lines of M, infinitely near G into œ pencils of Sys. For let 
f(u, v, w) =0 be any relation on the parameters u, v, w which yields a devel- 
opable Fy of the first kind on M,. Then ` 


faut f Av +f Aw, (17) 


and (17) represents a line H in %,, and a corresponding line H’ in ag. Lines 
joining corresponding points of H and H’ form a regulus, and the S,’s of G 
and the lines of this regulus are the S,’s of G and the lines of M, infinitely 
near G, and lying on the V,, determined by f=0. If this V, is to be developable 
of the first kind all these S,’s must have a plane in common and G must cut 
this regulus. Let us assume that this intersection takes place outside of 7, 
and zg. Then the line of the regulus which cuts G cuts 7, in Q, and ng in Qs. 
Hence Pa, Pg, Qa, and Qg are coplanar, and aa, 7g, and G all lie in the same S,. 
Hence the points (a), (8), (au), (as), (%e)s (Bx)s (Bs) (Be) all lie in an S, 
and the tangent S, to M,, and therefore to Q along G is fixed, which is im- 
possible. Hence the assumption that G cuts the above regulus in a point 
outside of 7, and 7, is false. Hence H passes through P, or H’ passes through 
P, and the two cases of the preceding paragraph are unique. 

Hence the only f’s which give developable V,’s of the first kind are those 
for which the line (17) passes through P, or Pp. The coordinates of these 
points may be obtained from (15), the point (ca—a”) is the point of G in m,, 
and therefore has for coordinates u:v:p which is the point Pg, similarly P, is 
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w:v':p'. Hence the developables of the first kind on M, and on m, are given 
by one of the following equations: 


ufa Hefe +pfe =9, (18) 
Mfebe fy +p’ fo ™=0. 


If a or @ or both are surfaces instead of V,’s, there will exist a relation on the 
three parameters of that variety and one of them can be eliminated. Hence 
either u, v or p is zero, or one of u’, v’, p’ is zero, or both. This will not affect 
the above reasoning. If either a or ĝ is a curve, the pencils of S,’s determined 
by G and the lines of the regulus from H to H’ collapse into single Sy's, for 
then either H or H’ is a point. That is, the M, can be grouped into œ M’s of 
the second developable kind. 

Thus M,’s may be classified according to the type of differential equations 
(15) that they satisfy. If all the coefficients u, v, p and w, v’, p’ are different 
from zero, M, is made up of lines tangent to two Vys. If one of these 
coefficients is zero, the lines of M, are tangent to a Vg and cut a surface. If 
one of the primed and one of the unprimed coefficients are zero, the lines of 
M, cut two surfaces. If two of the primed or two of the unprimed coefficients 
are zero, the lines of M, are tangent to a V, and cut a curve. Other cases can 
not occur. 

Similarly m,’s may be grouped according to the type of differential equa- 
tions (15) the a and 8 complexes satisfy. If none of these coefficients is zero, 
the pencils of m, are tangent to two complexes. If one is zero they are tan- 
gent to a complex and have a line in common with a congruence. If two are 
zero in different equations they have a line in common with two congruences. 
If two are zero in the same equation they are tangent to a complex and havea 
line in common with a ruled surface. In the last case the pencils can be 
grouped into oo' ms of the second developable type.. 

12. If the lines of M, can be grouped into œ M’s of the second develop- 
able type, there must exist an f(u, v, w) =0 for which the tangent S; along G 
is fixed, and therefore, lies in both the tangent S, at a, viz., (ax) =0, and the 
tangent S, at B, viz., (Ga)=0. Hence the last two points of (16) must lie in 
the S, of intersection of (av) =0 with (6x) =0 for all values of Au: Av: Aw 
which satisfy (17). These four conditions reduce to 


(28,) Aut (a8,) Av-+ (abu) Aw=0 by virtue of (17). 


(aB,): (aBa) : (Bo) =fu: fot fo (19) 


Hence 


24 
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And (19) is a necessary and sufficient condition that the lines of M, be 
susceptible to an arrangement into œ M’s of the second developable kind. 
‘Furthermore (19) gives us the f’s that are developable. 

Hence (19) is a necessary and sufficient condition that the pencils of m, 
be capable of grouping into œt m’s of the second developable type, that is 
` whose focal surfaces, S and s, coincide, or such that the locus of the centers 
. of the pencils and the envelope of their planes coincide. 

The Pfaffian differential equation 


X (a, y, 2)da+Y¥ (x, y, e)dy+Z (a, y, 2)de=0 (20) 


defines precisely a three-parameter family of pencils of lines in ordinary space. 

(19) is the condition of integrability. The preceding work shows how to pick’ 
out in Klein coordinates the two-parameter families of pencils of lines for 

which the centers.of the pencils lie on a surface S, and their planes are tangent 

to a surface s, where S and s are of such a nature that lines joining corre- 

sponding points of each are tangent to both in the non-integrable case. Voss * 

has discussed three-parameter families of pencils from this point of view. 


UNIVERSITY OF MicHtaan, Ann Arbor, Mich., Maroh 17, 1917. 


* Voss, “ Zur Theorie den allgemeinen Punktebenesysteme,” Math. Annalen, Vol. XXIII, p. 45. ‘ 


Some Contributions to the Geometry of Plane 
Transformations. 


By Tosras Dawrazia. 


$1. The Indicatria of a Transformation. 


. Let T be a continuous plane point-to-point transformation sending a plane 
TI into itself. To fix the idea I shall further asstime that T transforms every 
point P in the plane TI into a unique point P. The latter I shall call the 
image of P by 7. In the concluding pages of this paper is to be found an 
extension of most of the considerations here developed to the case of a p: q 
transformation. ' i 
Let P be a point of.the plane II and let P be its image by T. Consider- 
an arbitrary curve C passing through P and let t be its tangent at the point P. 
The curve C is transformed by T into a curve C which will pass through P 
and have there a unique tangent t, providing the point P is a simple point of 
the curve C. Let the two lines ¢ and $ meet in a point t. Then it is easy to 
see that, 


The position of the point t is independent of the curve C and is perfectly. 
determined once the points P and P and the line t are given. 


Indeed let C’ be any other curve passing through P and having there t 
for tangent. The image C’ will pass through P and, since T conserves contact, 
will touch at P the line # The point + I shall call the tactal of the line t at 
the point P. l 

Assuming now the points P and P fixed, to each line t through P will 
correspond a unique line ¢ through P. When the line ¢ turns about P a one- 
to-one correspondence is established between the two pencils having their 
vertices in P and P, respectively, and the point is the product of two corre- 
sponding rays. It follows at once, therefore, that 3 


The locus of the tactal z for one and the same point P, is a conic K pass- 
ing through P and P. 
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The conic K is uniquely determined for every point P of the plane IL. I 
shall call it the indicatrtw of the transformation T for the point P. The 
totality of all the indicatrices of the plane form a system of conics depending 
on two parameters. 

When the points P and P are known, the determination of K requires the 
knowledge of three tactals. These can be obtained by tracing through P three 
arbitrary curves having different tangents at P. The proper selection of 
these curves will facilitate the construction of K. The following obvious 
remarks may help to guide in this selection. 

The line PP I shall call the bridge of the transformation at P. It follows 
at once that 

If a curve C touches the bridge PP at P, its image C will touch at P the 
indicatria K, and, conversely, if C touches K at P, C will touch PP at P. 

If C and Č have parallel tangents at corresponding points P and P, the 
direction of these tangents is an asymptotic direction of the indicatria K for P. 


The importance of the introduction of the indicatrix can be best illus- 
trated by the following problem: 


Determine a geometrical construction of the tangent t at a point P of a 
plane curve Č, knowing that C is the image of a curve C by a transformation T. 


Assume that the geometrical construction of the tangent ¢ of the curve C 
is known, and let K be the indicatrix of T for the corresponding point P. If t 
meets K in a second point t,t is evidently the tactal of ¢ at P, and conse- 
quently tP is the tangent sought. It is interesting to remark that if K is 
determined by five points (P, P and three tactals t,, ta, Ts) and ¢ is known, 
the construction can be completed by projective means only (Pascal’s theorem). 

These considerations bring out the following property: The indicatrix of 
a transformation T for a point P can serve as a first asymptotic element of T 
at P, characterizing the behavior of T in the vicinity of the point P, 1o the 
same degree as the tangent at a point of a plane curve characterizes the 
behavior of the curve at the point. 


$2. Equation of Indicatriz. f 
To obtain the general equation of the indicatrix assume that the equations 
of the transformations 7’ are given in the explicit form 
: Z= (x,y), Y=4(z, y), (1) 
where ĝ and 4 are single-valued continuous functions of ~ and y, admitting 
first derivatives which are also single valued and continuous; and where 2, y; 
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z, J are the coordinates of P and P, respectively, in a system of cartesian 
coordinates. We shall set 


3p _ , mM wi, AL, 
br By 3z Po Jy TE 
, The equations of the corresponding tangents t and F at P and P being 
evidently 
Noe vay Xp yeg 


ao ay and ae as re (2) 











we are to eliminate the differentials from these equations with the aid of the 
identical relations 
di=pdx+qdy, dj =p'dæ+q'dy. (3) 


We have, by setting the. common ratios in (2) equal'to 1/p and 1/9, 
respectively, the two equations ` 


p(X—) =[p(X—#) +a(¥—y) lp, 9(¥—9) = [w' (X—m) +4 (¥—y)]p, 
and eliminating p and p we obtain the equation of the indicatrix in the form 


p(X—ax)+q(¥—y) _ p'(X—«#)+q'(¥Y—y) (4) 
X—Z ae Y¥—¥Z ea 
In this form it is apparent that the indicatrix is circumscribed to the 
quadrilateral whose four sides are X=%, Y=¥, p(A—x)+q(Y—y)=0, 
p' (X—x)+q'(¥—y)=0. Collecting the terms we have 


(X=) (X—Z) —p(X—a) (Y—¥) —q' (X—#) (Y¥—y) 
—q(¥—y) (¥—y)=0. (5) 
The character of the conic K is determined by the discriminant of the 
quadratic part of equation: (5) 
A(x, y) =(p—q')* +409. (6) 
Assuming now that the transformation T is real, the curve A(z, y)=0 
divides the plane II into two regions: E and H. In the region E, A<0 and 
the indicatrix K is an ellipse, in the region H, A>0 and the conic K is a 
hyperbola, on the discriminant curve itself the conic is a parabola. I shall 
call these regions the elliptic and hyperbolic regions respectively. If the 
transformation admits the whole plane for an elliptic region I shall call it an 
elliptic transformation, and the terms hyperbolic and parabolic transforma- 
tions should be taken in the same sense. 
From the consideration of the preceding section it follows at once that 
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At any point P in the region H there exist two rays a and B, such that, if 
a curve C passing through P admits one of the rays for tangent, its image C 
will have a parallel tangent at P. These rays a and 8 are the asymptotic 
directions of the indicatria K. They are coincident at every point of the dis- 


criminant curve A and become imaginary in the region E. 


Of ‘course, the locus A=0 is not necessarily singly connected. Consider 
for instance the transcendental transformation 


@=cos Y, Y=sin T. 
We have here 
A= —4 cos 2”: sin y, 


and the discriminant locus consists of the lines 
ag n/2+kn and y=ln. 


The locns divides the plane into an infinite number of squares whose sides 
are parallel to the coordinate axes and which alternately constitute the elliptic 
and hyperbolic regions. 


§3. The Invariant Points. 


The invariant points of a transformation T given by equations (1) are 
obtained by setting 
a—x=E=0, J—y=n=0. : (7) 


If equations (7) admit but a discrete number of simultaneous solutions, 
the invariant points are isolated. It may happen, however, that the equations 
&=0, n=0 have a factor f(z, y) in common. The curve f=0 is then a curve 
of fixed points. . 

f I shall prove now that: 


If S is an invariant point the indicatriz K for S degenerates into two 
straight lines passing through 8S. 

Indeed, the image C of an arbitrary curve C, passing through S must also 
go through S. If then the tangents ¢ and ¢ are distinct, the tactal of ¢ is in S, 
if they coincide, the tactal is indetermined on t. The coincidence of t and t 
will occur only when the tangent is an asymptotic direction of K. Conse- 
quently the conic K will degenerate at an invariant point into its asymptotes. 

According as the invariant point is situated in the elliptic or hyperbolic 
regions, ot on the discriminant curve, we shall call the invariant points elliptic, 
hyperbolic, or parabolic. 

An elliptic invariant point is necessarily isolated, tf real. 
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Indeed the indicatrix degenerates into two imaginary lines at such a point. 
If there were another real invariant point S’, in the vicinity of S, and at an 
infinitesimal distance from it, SS’ would necessarily be an asymptotic direc- 
tion and the latter would be real, contrary to the hypothesis. 

As a corollary we see at once that in the region E no real curve can touch 
its image at an invariant point. 


If then T admits of a curve of fixed points the latter must be entirely in 
the region H or make part of the discriminant curve A=0. In either case the 
curve of fixed points is the envelope of one of the branches of the indicatria K. 


Conversely, if the indicatrix of a point P degenerates into two lines pass- 
ing through P, the point P is necessarily an invariant point. 
Exampie: Consider the transformation defined by the equations 
B= (a+ y?+2ax—a*)/2a, Y= (a*+y?+ 2ay—a?’) /2a. 
We have in this case 


A=[(a+y)/a]’. 


The discriminant curve is the line x+-y=0 counted double. The trans- 
formation is hyperbolic throughout the plane, except on A, where the indi- 
catrix is a parabola. We have here 


E=q= (+y —a*)/2a, 
and the transformation admits of a fixed circle 
e+y=a’. 


At any point of this circle the indicatrix-degenerates ‘into the tangent to 
the circle and the line parallel to s=y. 


$4. The Jacobian. 


The degeneracy of the indicatrix at an invariant point leads us to examine 
the general case of degeneracy of the conic K. For this purpose make in (5) 


the substitution . 
E =g%—%, % =y—y. 


The equation of K then becomes 


p' (X—a)*— (p—q') (X—#) (Y¥—y) —g(¥—-y)* 
— (p'€—pn) (X—#) —(q'E—an) (¥—y) =0. (8) 


The condition that the conic degenerates is 


(pg —ap') [p'?— (p—q') En—Qn*] =0. -© (9) 
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The degeneracy locus therefore consists of the two curves 
_ I (%, y)=pq'—qp'=0, © (10) 
and D(a, y)=p'?—(p—q')En—an’=0. (11) 

The first is the Jacobian of the transformation, the second I shall call the 
degeneracy locus proper. We see that the invariant points make part of the 
locus D=0. l 

Geometrically the two cases can be characterized in the following manner. 
If P is not an invariant point it may happen that the degenerate conic has one 
branch a passing through P, the other 8 passing through P. The tactal of 
any line ¢ is evidently on 8; 8 is therefore the line corresponding to any 
direction ¢ through P. The transformation therefore establishes a pseudo- 
correspondence between the two pencils. Such points are characterized by 
the fact that the image of an arbitrary curve passing through them has a fixed 
tangent 8, independent of the direction of the tangent t. If m and ™ are the 
slopes of two curves C and C at corresponding points we have in general 

—_ ay _ ptgm 
ae pean | (12) 
and the condition that this homographic correspondence degenerates into a 
pseudo-correspondence is : . 
À . J=0. 

At any point of the Jacobian of the transformation T the indicatria 
degenerates into two lines of which but one a passes through P, the other B 
containing the point P. Conversely, if the degeneracy is of this type, the 
point P is on the Jacobian. l l 

It follows from these considerations that if a curve C has in a point P 
belonging to the Jacobian of T a double point, its image C will have in P a 
cusp, and the cuspidal tangent is the branch B of the indicatria. . 


$5.. The Degeneracy Locus Proper. 
We shall now interpret the equation (11) 
D=p'f'—(y—q')En—aqr’=0. 
The equation of the indicatrix in this case is 
P p' (X—2)’— (y—q’) (X—a) (¥—y)—q(¥—y)*=0, (13) 
and the condition D=0 expresses that one branch of the degenerate conic 


coincides with the bridge 
(X—2)/E=(¥—y)/n. - (14) 
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At every point of the locus D=0 the indicatrix degenerates into two lines 
of which one a coincides with the bridge at P. If the bridge is a tangent to 
any curve C passing through P, it is also tangent to the transformed curve C 
at P. Conversely, if the degeneracy is of this type, the point P at which it 
occurs belongs to the locus D=0.- 

If we set o=7/Ẹ and take in consideration that 


0& Of ðn- , On 
gar oe =H Jy P jg P> oy =q'—l, 


equation (11) takes the remarkable form 


dw ‘da 
teag | (15) 


Consider the curves, o (æ, y)=const. Through any point- in the plane 
passes a unique curve of this family. The transformation T shifts every point 
~of the curve, o=const., in a constant direction whose slope is œ. The slope of 
the tangent at any point of the curve is equal to 


0 [Oa 
Bal By" 
Relation (15) expresses that at a point where any of the curves a=const. 
crosses the degeneracy locus D the curve touches the bridge of the point. 
_ Consider in particular a line / which the transformation T leaves invariant. 
At every point P of such a line the indicatrix degenerates into the line? itself 
. and a second line which in general crosses? in a point different from P or P. 
It follows therefore that 


` An invariant straight line of a transformation necessarily makes part of 
the degeneracy locus D=0.. At all points of such a line the indicatrix degen- 
erates and one branch of it is the line l itself. 


‘From the discussion of Section 2 we conclude that a real invariant line 
can not penetrate into the elliptic region of the plane, for the degenerate. indi- 
catrix is necessarily real at all points of such a line. : 

The same remark holds for any continuous branch of the degeneracy locus 
and the J acobian: they can have in- the elliptic region of the plane but isolated 
points. xt 

As a corollary it follows that. an elliptic E E admifs of no 
invariant lines unless a part of its discriminant locus be an invariant straight 
line. . 

25 
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§ 6. Directed Transformations. s 


The case when- the indicatrix degenerates at any point in the plane 
deserves special attention. Equation (9) shows at once that this will happen: 
First, when we have identically i i 


E=0, n=0. 


In this case we have w==2, y=y, and T is the identical transformation. 
Second, when J is identically zero. There exists then a functional relation 
between x and y, and T is a pseudo-transformation. Equation (1) is but a 
parametrical representation of a curve, or we can regard T as transforming 
the plane II into a one-dimensional configuration. Leaving these cases which 
do not present any interest, we still have to interpret the identical vanishing 
of D. The general integral of equation (15) is easily found to be 


y—w0=F (o), (16) 


where F is an arbitrary function and w is the slope of the bridge of ‘any point. 
Since, on the other hand, the equation of the bridge at a point P(a, y) is 


Y—oX=y—o2; r 

equation (16) expresses that the totality of the bridges in the plane depend 
on but one parameter. The bridges therefore envelope -a curve W. We shall 
call this type of transformation a directed transformation, and thé curve W 
the directrix of T. ` 


If the directrix is an algebraic curve of class k, the multiplicity of such a 
transformation is at least k to k. The determination of such a transformation 
therefore requires the knowledge of the directrix and the mode of corre- 
spondence between the points P and P on the bridge. If the latter is a p-to-q 
correspondence, the multiplicity of the transformation is evidently kp: kg. 

Assume, in particular, that the correspondence between the points on the 
bridge is one-to-one. All the singular points of the transformation are 
evidently situated either on the directrix or on one of- the double tangents to 
the directrix. The transformation is regular at any other point of the plane, 
and any one of its branches may be regarded as a one-to-one transformation. 
At any such regular point the indicatria degenerates into the bridge and a 
second line B.* l 








* Concerning the meaning of singular and regular points see Section 21. 


+ 
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v $7. Central Transformation. ; 

If on a directed transformation we impose the additional condition of 
being of multiplicity 1:1, the directrix W. must reduce to a point Q. The 
. transformation is characterized by the fact that all pridgon g concur in a point, 

the center of the transformation. 
The indicatrix of such a central transformation degenerates at any point 


--_ in the plane into the ray of the point and a ‘second line 8. 


From the preceding section it is seen that the center is d singular point. 
If we- take it for origin, the eavarion of any central transformation can be put 
in the form 


ī=g (2, y)- £, -Y=g(a,y)-y. . (17) 
The € curves g(x, y) =const, are of special interest. We have indeed, 
© SDa n= (18) 
and the locus g=1 is a curve of fixed points.” We find, on the other hand, 
i i J=g9(29:+49,+9), 


and the Tosia consists of the curves g= =0 and EJs YJ +9=0. 
We find for the discriminant a 


ra A= (29,+99,)° T Se (19) 
anid the two branches have for equation l , 
yX—2¥=0, g,X+9,Y= g2 +9,9—9 (9—1). (20) 


Conséquently the second branch of the tndicatrix is parallel to the tangent 
of the curve g=const. passing through the point. At any point of the dis- 
eriminant curve the curve g=const. touches at. P the radius OP. From this it 
follows that the condition that a central transformation be parabolic is that the 
family of curves g=const. consists of the pencil of lines through O. Analyti- 
cally the condition can be obtained by integrating (19), which gives 


a=9(y/x)- æ, G=gly/x) y. < - (21) 
If we put this in polar Coprdiugtek, we arrive at the conclusion that the 
g transformation a 
- i 0=0,. =g (0)p T (21') 
is parabolic throughout the plane. : 
The curve g(a, y) =k and its image are evidently homothetic with sales ba 
to the origin, the ratio of homothety being k. 


=% 





*It is assumed here thag if the function g(a, y) has a denominator, this latter does not contain g 
or y as a factor. . ` : 
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$8. The Foci of a Transformation. a 


Whenever a transformation admits of an invariant pencil of straight lines 
I shall call the vertex of such a pencil a f ocus of the transformation. The 
following theorem brings out the importance of these points. 


All indicatrices of a transformation pass through its foci, and conversely, 
af all the indicatrices of a transformation pass through a fixed point, the pencil 
of lines through this point is left invariant. 


For let K be the indicatrix for any point P, P the image of P, and Ca 
focus of the transformation. By hypothesis PC is transformed into PC, C is 
therefore a tactal. Conversely, if all the indicatrices pass through a point C, 
consider any line | through C and the family of indicatrices relative to the. 
points on}. To each point P corresponds on the conic K a point P such that. 
PC is the tangent at P to the image of J. All the tangents of 7 concur there- . 
fore in C, which proves that Į is a straight line passing through C. . 

The transformation being assumed one-to-one, there exists a homographic 
correspondence between, the two superposed pencils | and T. We see therefore, 
that in any invariant pencil there are two invariant lines u and v, the double 
rays of the pencil through C. I shall call the invariant pencil elliptic, - 
hyperbolic, or -parabolic, according as u and v are congugate imaginary, real, 
or coincidenti" 

If an invariant pencil contains more than two invariant lines, every line 
in the pencil is invariant. The homographie correspondence between the two 
pencils | and Į reduces to identity and the transformation is a central ane: 
formation. E 

I shall say that a transformation is unifocal, bifocal,-ete., if it admits of 
one, two, ete., foci. It follows from the considerations developed that among 
the indicatrices of a unifocal transformation there. are two families of degen- 
erate conics. All the indicatrices of any one of the two families have an 
` invariant line of the transformation for one common branch. l 


No one-to-one transformation can possess more than three non-collinear 
foci. - ; 
For, assume that there are four foci, G, Ca, Cs, Ci, DO ee of which are . 
on a straight line. All indicatrices will have to pass through the four foci. 
The system of indicatrices in the plane would reduce to a pencil of conics and | 
any one of the conics would have to serve as indicatrix for any point on it, 
which is absurd. 

We shall see later that if a transformation admits of three non-collinear 
foci it is a collineation., 
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» If three of the foci of a transformation are collinear, any point on the line 
6 containing these foci is also.a focus. 


Indeed, since any indicatrix must pass through all the foci, they will all 
have the axis § for common branch, and, consequently, contain any point on 6. 
We shall see later that the transformation is a perspective. 


$9. Unifocal Transformation. 
If the focus of a unifocal transformation be taken for origin, one of the 
equations of the transformation can be readily obtained by expressing that 
there exists between y/x and ¥/% a homographic relation 


Axi +Byy=Cae+ Dyz. = (22 
By setting ' 
a/(An+ By) mu Acer Dy) =g (x, y), 


the equations of the transformation are put into the “form = 
=(da+By)-9(a,y), 9=(Ce-+Dy)- g(a, y); l (23) 
and this is the resultant of the two transformations 
B=wg (0, y), J=y'g (v, y!) and aeda Ti y'=02+Dy. 
Consequently, i : 


Any unifocal one-to-one transformation is ane product of a ‘otra and a 
linear transformation. 


Let now T, and T, be two one-to-one transformations, one sending a point 
P into P,, the other sending P, into P,, and let 7,7,=T, represent the product _ 
of the two transformations, Let, moreover, K, be the indicatrix of T, for P, 
‘K, that of T, for P,, and K; that of T, for P. The conic K, must go through 
the three intersections of K, and K, others than P,. . Indeed, if Q be one of | 
these intersections, Q@P.and QP, are corresponding rays in the pencils (P) and 
(P,). Since, on the other hand, P, is on K,, QP; and QP, are corresponding 
rays in-the pencils (P,) and (P,). It follows therefore that QP and QP, must 
be corresponding rays in the pencils (P) and (P,) as 8 determined by the trans- 
formation T. - Q is therefore on the conic Kg. 

This lemma permits the determination of the indicatria of a product of 
two transformations when the indicatrices of the components are known. For 
it gives five points of the conic K,: P, Pi, Q, Qi, Ve. In particular it can be 
applied to any unifocal transformation thus reducing the determination of the 
indicatria to that of a central transformation. 
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§10. Bifocal Transformation. 


Consider a one-to-one transformation T admitting two-foci, C, and C,. 
We shall call the line 1=C,C, the line of foci. Each of the pencils C contains 
_ two invariant lines. Denote these by t, v, and te, V, respectively. It is clear 
that the transformation admits of four invariant points, ula, UVa, Vitg, VWa. 
The foci are singular points; the image of C, is indetermined on the line J, 
corresponding to / in the pencil (Cj), and similarly C, is transformed into the 
line 1, corresponding to 7 in the first pencil. The transformation admits of a 
third singular point G, the intersection of the lines l}; and J; to which | corre- 
sponds in the pencils (C,) and (C,), respectively. The image of G is therefore 
the line of foci, i 

On the other hand T can be considered in two ways as a unifocal trans- 
formation. It follows that the equations of the transformation are of the 


form 
A,Z+By+C,=—0, AZ+BY7+C,=—0, (24) 


where the coefficients are linear expressions in w and y. 

T is therefore a “ Magnus transformation.” * Any straight line is trans- 
formed into a conic going through three fundamental points, which in this case 
are C,, C, and the intersection F of l; and l}. Conversely, any conic through 
Cı, Ca and the intersection G of l; and i, is transformed into a straight line. ~ 
In particular, the pencil of lines through G goes into the pencil through F. 

Let. L, M, N be the fundamental points of any Magnus transformation T, 
and L’, M’, N’ the fundamental points of the inverse transformation 7-', and 
consider T as operating between two superposed planes II and II’. Then a 
linear transformation could bring two pairs of corresponding points in coinci- 
dence, say L’ into L and M’ into WM. Under these circumstances the pencils 
(L'yand (M’) would be superposed with (L) and (M), and the points L and 
M would be foci of the new transformation. Therefore f 


. The most general Magnus transformation can be considered as the product 
of a linear transformation and a bifocal transformation. 


$11. Conformal Transformations, Elliptic Type. 


If a transformation conserves angles both in size and in sense of rotation 
I shall call it an elliptic transformation, otherwise a hyperbolic conformal 
transformation. l 


EOS Sa 


* See Magnus, “ Nouvelle méthode,” ete. Orelle, 8 pp. 52-83. 
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~ An elliptic conformal transformation has for indicaltis at -any point of the 
plane a circle. 


_ The theorem i is evident acne Tidèed, let ¢ and ¢’ be any two rays 

` of the pencil (P), and let $ and ?’ be the corresponding two rays in the pencil 

(P). By hypothesis the angles (¢, ¢’) and (t, #) are equal and have the same 
sense of rotation; the locus of the point tis therefore a circle. _ 

Conversely, if the indicatria is.a circle, the angles are conservi. Ana- 
lytically the condition that equation (8) represent a circle is given by 

: p=q', q=—2’; -© (25) 
and this is the well-known condition that a transformation be “ directly” con- 
formal. 

A conformal transformation of this type is necessarily elliptic Miroiu 
the plane, and the discriminant’ curve is imaginary. An invariant point of an 
elliptic conformal transformation is necessarily isolated and admits for indi- 
catria the isotropic lines passing through it. 

There are no real inyariant lines. 

It follows from the developments of the preceding saai that a con- 
formal one-to-one transformation of this type is a bifocal transformation 
having two elliptic foci in the cyclic points at infinity I and J. 

All straight lines in the plane are transformed into conics going through 
the foci, i. e., into circles, and these circles will have a third fixed point in 
common, real or imaginary. The lines of the plane have for images circles 
having a radical center in common. This radical center is real, for the lines 
land 1, to which the line.at œ corresponds in the pencils J and J, respectively, 
are conjugate imaginary. For the same reason the four invariant points of a 
conformal transformation are real. 

` Let F be the radical center of the circles, arid let G be the radical center 
of the circles which are transformed into lines. Then from the preceding 
section it is seen that F. is transformed into the line at infinity and G is the 
image of the same line, i. e., F and G are vanishing points. 


§12. Conformal Transformations, Hyperbolic Type. 

The case of the hyperbolic conformal transformation, in which the sense 
of rotation of angles is reversed, is connected with the preceding case DE the 
following theorem: i 

Any hyperbolic conformal la tomanon is the product of a circular 
transformation and reflexion. 
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Indeed, let - l 
B=(2, y), y=v(a, y) 


be the èquations of a circular transformation. If we make the substitution 


, s=% =—y'; 
we will have f o ae . 
| OU Sip Ota i Nay OU 
On’ =P, Oy’ ~ “dy. -ox =p 3 Oy’ — q , 
the condition p=q’, p'=—q is therefore transformed into 
e Oe ages a (26) 


Nevertheless there are some advantages i in treating the problem directly.. 
The following theorem is true: 


The indicatrix of a conformal transformation of the hyperbolic type is an 
equilateral hyperbola admitting the bridge for diameter. 


The proof can be based on this classical property of an. aiaei 
hyperbola: Any arc of the curve is viewed at equal or supplementary angles 
from the extremities of any diameter of the curve. It can also be regarded as 
` the geometrical interpretation of conditions (26) in the equation of the indi- 
catrix (8). 
~, Let us apply these soubderatious to the determination of all central con- 
formal transformations. It is clear that, if real, these can not be’ of the 
circular type asthe indicatrix degenerates. Therefore the indicatrix' is a 
degenerate equilateral hyperbola admitting the bridge for diameter. The 
second branch of the indicatrix is then the perpendicular bisector to PP. The 
curves g=const. are orthogonal trajectories to the bridges as well as their 
` images, that is, circles having. O for center. The transformation is necessarily 
reversible, and the points of any bridge and their images determine an involu- 
tion. The transformation is therefore an inversion. l 


$18. Collineations. ` 


Assume now that- a one-to-one transformation T admits three invariant - 
pencils (A), (B), (C). The-indicatrices of the transformation form. then a 
system of conics-circumscribed to a fixed triangle ABC.. 

Consider a line / of general position, and consider the family of idies: 
trices relative to the points on this-line. They depend on but one parameter 
and consequently admit of an envelope (E). 


Pi 
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Let E be the point in which the conie K relative to a point P touches the 
envelope. This point is uniquely determined, for by hypothesis the indicatria 
passes through three fixed points. Let K' be the position of the indicatrix for 
an infinitely close point P’. The tactal + of the line J for P is at the intersec- 
tion of K and J, and likewise that of P’ is at the intersection of K’ and 1. 
When the point P’ approaches P, the point + approaches the point E as a limit. 
The point E is therefore on 1. Since all indicatrices relative to the line J can 
not touch the line / it follows inerelere that the point E is fixed. 

Consequently 

Whenever a transformation admits three foci the family of indicatrices 
relative to the points on any straight line form a pencil of conics. 

This theorem leads at once to the following: 

Any trifocal transformation is a collineation. 

Indeed the image of the line / has all its tangents going through the point 
E, it is therefore a line through E. We can complete then the preceding 
theorem by this statement. The four basic points of the pencil of conics are 
the three foci and the intersection of the line 7? and its image J. 

Among the indicatrices: of the pencil, that relative to E is tangent to. the 
line l. For let B be the image of E: the line EE is the bridge for E, conse- 
quently the line 7 must touch the indicatrix atl. (See Section 1.) 

Conversely any collineation admits three foci. To show this I shall prove 
the following lemma: 

The indicatria of the image of a point P is the image of the wdicatria of 
the point P. 

Indeed, let P and P be the two points. By hypothesis any line l through 
P is transformed into a line l through P. Letland 1 méet in a point t. This 
point belongs to the indicatrix K of P. Let us seek the image 7 of 7. It is 

“at the intersection of l and its image 1, and consequently belongs to the indi- 
catrix K of P. l 
. Assume now that the indicatrix-K does not degenerate identically, that is 
that the collineation is not central. The two conics K and K meet besides in 
P in three other points A, B and C. The line PA goes into PA, and PA into 
PA. Ais therefore an invariant point and the same is evidently true of B 
and C. The three pencils (4), (B), (C) are therefore invariant. Consequently 
any collineation is a trifocal transformation, and. the wmdicatrices circumscribe 
a fixed triangle ABC. 
26 
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$14. Perspective. 

In the proof of the last theorem we have expressly assumed that the indi- | 
catrix does not degenerate identically. Suppose now that the conic K degen- 
erates at any point of the plane and let P and P be a point and its image. 


We know that the transformation is central, i. e., PP goes through a fixed ` 


point P. Let 8 be the second branch of K. Any line } through P will inter- 
sect its image 7 in a point t on 8. It follows that if on the line 7 we take any 
other point Q the indicatrix of Q will also go through t. And since t is any. 
point on 8 we conclude that 


All indicatrices of a central collineation (or perspective) have one biakin 
in common (the axis of perspective). 


Any point on the axis @ is a focus and the transformation possesses also 
an additional focus O without the axis. Let C be a point of the axis. The 
pencil (C) has for the two invariant lines CO and £. 

The product of two perspectives is in general a non-central collineation. 
Indeed, let T, and T, be two perspectives with O, and O, as centers, and 68, and 
B, as axes, respectively, and let P, P, and P, be a point, its image by T, and 

-its image by 7,7,, respectively. PP, goes through O,, and P,P, through 0O,. 
According to a lemma proved in Section 9 the indicatrix of P by T,T, is deter- 
mined by P, P and the three intersections of the indicatrices of P and P, for > 
Tı and T,, respectively. If then 6, and @, meet in a point A, PP, and @, in F, 
and P,P, and (, in G, the indicatrix of the resultant transformation will go 
through P, P,, 4, F and G, and consequently does not degenerate unless 8; 
and ĝ, coincide. l 


The perspectives of a plane do not form a group. All perspectives having 
a common azis form a group. 


It is readily seen that the point A where the two axes of perspective meet 
is one of the foci of the resultant collineation. To find the other two foci we 
shall remark that T-T, shifts O, and O, on the line 0,0,. The line O,0, is 
therefore invariant under T,T, and contains the other two foci. The latter 
can therefore be determined as the intersections of the indicatrix for P and 
0,0,. | é 
Conversely any collineation T can be regarded in an infinite number of 
ways as a product of two perspectives, T,T,. We can choose arbitrarily the 
two centers O, and O, on one of the sides of the invariant triangle, the two 
axes of perspective are then perfectly determined. They meet at the opposite 
vertex of the triangle. To actually perform the decomposition let P and P be 
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two corresponding points and let K be the indicatrix for P. O, and O, being 

_ taken at random on BC, let PO, meet K in a second point F, and PO, meet K 

in G. Then FA and GA are the two axes of perspective. If now P, be the 
intersection of O,P with O,P, P, is the image of P by T, while P is the image 

of P, by T,. The two perspectives are therefore perfectly determined. 


This theorem gives a first method of constructing a collineation gwen the 
invariant Hange and a pair of corresponding points. . 


515. Classification of Collineations. 


The indicatrix offers a natural method for the classification of collinea- 
tions. Since the indicatrices of a collineation form a bundle of conics the 
following cases are possible: f 


A. The three foci are distinct. The indicatrices circumscribe the invariant 
triangle. We shall call such a collineation trifocal. From the standpoint of 
real transformations we must distinguish two cases: a) the three foci are all 
real, b) two of the foci are conjugate imaginary. In the first case all three 
invariant pencils are of the hyperbolic type. In the second case two of the 
pencils are-elliptic. l 

B. Two of the foot are coincident. The indicatrices all pass through a` 
fixed point A and touch a fixed line a at another fixed point B. The invariant, 
pencil (B) is hyperbolic while (A) is parabolic. For any point of the line a 
the indicatrix degenerates into a and a line 8 passing through 4; while on the 
other hand the indicatrix of any point on AB will have for the two branches 
AB and a line through B. In particular at B the indicatrix will consist of 
AB doubled. Therefore the point A belongs to the discriminant curve. We 
shall call this type a bifocal collineation. 


C. All three foci are coincident in a point A. ' The collineation is uni- 

focal. All indicatrices osculate at A and therefore have a common tangent a, 

The pencil (4) is parabolic and the point 4 again belongs to the discriminant 
‘curve. 

- D. One of the invariant pencils consists of invariant lines only. Suppor 
(C) to be this pencil; then C is a center and the opposite side c of the invari- 
ant triangle is a fixed line. The transformation is therefore a perspective 
having C for center and c for axis. 

E. A particular case of the latter is hen the center Cisonc. In this 
case the transformation can be considered as a dégeneracy of the type C. The 
curve ¢ is a part of the discriminant curve. The collineation is an elation, 
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$16. The Discriminant of a Collineation. 


The discriminant curve of a trifocal collineation is a. parabola inseribed 
in the invariant triangle. 

Consider indeed any line Z and its image J and let E be their intersection. 
We have proved that the family of indicatrices relative to J is a pencil of 
conics having E for a fourth fundamental point. But among the conics of a 
pencil there are two parabolae: let D and D’ be the points for which these 
parabolae are indicatrices. Then D and D’ are the unique points in which | 
meets the discriminant curve A. The latter is therefore a conic, 

When a point moves along any invariant side, say a, the second branch of 
its indicatrix turns about A; the correspondence thus generated between the 
range (a) and the pencil (A) is one-to-one. There exists therefore but one 
point L on a whose indicatrix degenerates into two parallel lines, i. e., a and 
the line a’ parallel to a and passing through A. This point L belongs to A 
and evidently a touches A at L. Since there is but one such point on any side 
of the invariant triangle, the conic A is inscribed in the triangle ABC. 

On the other hand, the pencil of indicatrices relative to a line } generate a 
parabolic involution on 1, since J goes through one of the basic points of the 
pencil and E is the double point. There exists therefore in a pencil but one 
conic K touching J, and the point of contact is in E. If we take for / the line 
at infinity, w, the unique conic of the pencil relative to œ that touches © is 
evidently a parabola, and the point of contact belongs to the discriminant 
curve. The two points D and D’ in which w meets A are coincident in E, and 
therefore D touches w at E. The discriminant curve is thus a parabola. 


` The asymptotic directions of the indtcatria at a point are the two tangents 
drawn from P to the discriminant conic A. 


Indeed, let Z be a line through P parallel to its image l. The point E is 
then at infinity, and the conics K of the pencil touching l at E are parabolas. 
The pencil has therefore two coincident parabolas and consequently } is tan- 
gent to the discriminant curve A. l 

As a corollary.we see that it is the interior of the parabola A that makes 
up the elliptic region of the plane. If then the three foci are all real (hyper- 
bolic) the invariant triangle is entirely within the region H. If two of the 
foci are conjugate imaginary, the real focus, being elliptic, must be within the 
parabola. 

As a second obvious corollary we derive that the bridges relative to the 
vanishing line w envelope the discriminant curve. It follows from this that the 


s 
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vanishing line itself is a tangent to A, for there exists on it one point V which 
has for image the point at infinity on o, and since the image of the bridge of a 
point touches the indicatrix at the image of the point, V has for indicatrix a 
parabola and is therefore on A. 

The same considerations hold with but slight modifications in the case of 
bifocal and unifocal collineation. If A and B are the two foci, and a and c the 
two invariant lines, the curve will be inscribed in the angle (a, c) touching c 
at A. In the case of a untfocal collineation the parabola A is osculating at A 
all indicatrices, it is therefore itself an indicatrix. l 

In a perspective the conic A degenerates in a double line parallel to the 
axis of perspective and going through the center. This line coincides with the 
axis of perspective in the case of elation. í 


§17. The Conformal Points of a Collineation. 


-~ Letland? be any two lines through a point P, and / and V their images 
through P. If the angles (J, l’) and (i, 1’) are equal for all positions of the 
lines, I shall call P a conformal point. I shall prove now that . 

There exists for any non-conformal collineation one and but one conformal 
point in the elliptic region. This point is the focus of the discriminating 
parabola. i 


Indeed, to determine the point it is sufficient to find the point Æ which has 
for indicatrix the circle circumscribed to the invariant triangle, and providing 
the collineation is not conformal, there exists but one such point. Now the 
asymptotic directions at E are isotropic, and since they are, according to the 
preceding section tangents to A, E is the point from which we can draw two 
isotropic tangents to A, that is, the focus of A. 

In the same way it can be shown that in the hyperbolic region of the plane 
there also exists a point H at which angles are conserved. The indicatrix for 
this point must be an equilateral hyperbola and HA a diameter of the indi- 
catrix. Now, since the asymptotic directions of all indicatrices are tangent to 
A, the locus of the point for which the indicatrix is a rectangular hyperbola is 
the directrix d of the discriminating parabola. The line d goes through the 
orthocenter of the invariant triangle and meets there its image d, for all equi- 


lateral hyperbola circumscribed to a triangle pass through its orthocenter.. 


The point H may be any point on d, but once selected, the collineation 1s per- 
fectly determined. Indeed the indicatrix is then known by five points (H, 
orthocenter, and A, B, C) and-consequently by taking for H the point diamet- 
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rically opposed to H on the indicatrix, the indicatrix is determined by the 
three invariant points and a pair of corresponding points. 

The actual construction of the point H can be effected in the following 
manner: Let O be the orthocenter of the triangle. Then OA must be seen 
from the same angle from H and H. If then we construct on OA an arc of 
capacity OHA the point H is on the are, providing the arc has been so drawn 
that the angles OHA and OHA have opposite senses of rotation. If we now 
perform the same construction for OB, the point H will be determined as one 
of the intersections of the two circles, the other being in O. E 

If a collineation admits more than one conformal point of each type it is 
a conformal transformation. This is clear for the elliptic points, for were 
there more than one such point, the corresponding indicatrices being circles, 
two of the invariant points would be the cyclic points at infinity, and conse- 
quently all indicatrices would be circles. As to the hyperbolic conformal 
points the case can be immediately reduced to the preceding one by a reflection. 
A non-central hyperbolic conformal collineation can not exist however, for -all 
conics circumscribing a triangle can not be equilateral hyperbolae. 


$18. Geometrical. Determination of a Collineation. 


Lemma. If P, P and Q, Q are two pairs of corresponding points, and if 
‘the indicatrices of the collineation for P and Q meet in a fourth point S, then 
will PQ and PQ meet in S. 


Prosrem 1. Determine a collineation by its invariant triangle and two 
pairs of corresponding points P, P ona and Q, Q on b. 


The second branch of the indicatrix for P passes through 4, and that of 
Q through B, and according to the lemma both indicatrices contain the point S 
in which PQ and PQ meet; the indicatrices are therefore perfectly determined. 
In order now to obtain the image of any point R in the plane, join R.to P and 
let RP meet SA in R,, also draw RQ meeting SB in R,; then will PR, and 
OR, meet in the image R. 

Prostem 2. Determine a collineation by its invariant triangle and 
one. pair of corresponding points R and R not belonging to the invariant 
_ triangle. ; 

We can immediately reduce this to Problem 1 by drawing RA, RA, RB, 
FB; for if the first two lines meet a in P and P, and the second two meet b in 
Q and Q, P and P, Q and Q are evidently corresponding points. 
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The problem can also be treated directly, for the indicatrix K Rof Ris 
determined by the five points R, R, A, B and C. We can therefore determine 
projectively the intersection of any line RS with K. Let this intersection be 7; 
then the indicatrix K, of S is perfectly determined by the five points Tt, 8, A, 
B, C, and the determination of 9 requires the finding of the intersection of È 
with Ks. The construction therefore necessitates two Pascal constructions.* 


PROBLEM 3.. Determine a collineation by four pairs of corresponding 
points of general position: P, P; Q, Q; R, R; 8,5. 

If we denote by PQ - PQ the intersection of PQ and PQ, the conics ieee 
and K, are determined respectively by the five points 


P; P; PQ: PQ; PR-PR; PS -PS and Q; Q; QP- QP; QR: QR; QS - QS. 
By one Pascal construction we can therefore determine the intersection 
t, of Kp with the line MP, M being any point in the plane. A second Pascal 
KEE would give us the point t, , Where MQ meets Ko. The point M is 
at the intersection of Pr, and Qr. i 
We have the following theorem as a consequence of the fact that four 
pairs of points determine a collineation. 


Let P,P; Q,Q; R, R; 9,8 be four pairs of points of general position. 
The four conics Kp, Kg, Kz and Kg determined respectively by 

P, P, PQ - PQ, PR- PR, PS - PS; Q,9,QP - QP, QR - QR, QS - Q8; 

R, R, RP- RP, RQ-RQ, RS-RS; 8,8,SP-SP, SQ - 8Q,SR-SR 
have three points in common. 


Prosuem 4, A collineation being given by tts invariant triangle and a 
pair of corresponding points, P and P, determines its discriminating parabola 
A and the elliptic conformal point. 


Applying again our lemma let the parallel to a through A meet the indi- 
catrix Kp in S, then if PS meets a in L, L is the point where a touches A 
The points M and N are determined in a similar manner. 

The elliptic conformal point E is located by the following simple con- 
struction. Let the parallel through A meet the circumscribing circle Ky in 7, 
and let tL meet the circle in a second point Æ. The latter is evidently the 
-~ conformal point. 

The latter nonstrustion: can be applied to the ia Find the or óf- 
a parabola inscribed in a triangle. š 


*I call Pascal construction the construction based on Pascal’s hexagram theorem, 
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. §19. Displacements,. Linear Transformations. 


A conformal collineation must be either of the trifocal type or a central 
collineation. 

I. Rotation. If the indicatrices of a conformal collineation do not 
degenerate identically, they can not consist of equilateral hyperbolae only. 
They are therefore circles, and two of the invariant points are the cyclic 
points Z and J. The transformation is a rotation. All indicatrices have a 
common radical center O, the center of rotation. If the transformation is real 
this latter is real, and the bundle of circles is a hyperbolic bundle. If the 
center be taken for origin and if a be the angle of rotation, the equation of the 
transformation is 

T=% co8 a—y sin «q, Y=v sin a+y cos a. — (27) 


The equation of the indicatrix is then 
X? +Y?=k(&X4-yY), where k= sec a. (28) 


II. Still assuming that the conformity is direct if the indicatrix degen- 
etates identically, this can only happen in two ways. Either the two branches 
are asymptotic directions of the circle, that is isotropic lines and then the 
transformation is imaginary; or one of the branches is the line at infinity. 
Any line l has in the latter case a parallel image. Assume first that the center 
of perspective is not on the line at infinity. The transformation is then 
homothetic. l 

` JIT. If, however, the perspective becomes an elation, that is. its center is 
also on the line at infinity, the transformation is a translation. ; 

IV. Finally, if the conformity of the collineation is of the hyperbolic 
type, the indicatrix must consist of two perpendicular straight lines, and its 
fixed branch must bisect the bridge. The bridges are therefore all parallel. 
and the center of perspective is at infinity. We have then a reflection, l 

More generally consider a collineation leaving the line at infinity invariant. - 
If the two invariant points on the line at infinity are real, all the indicatrices 
are hyperbolae with fixed asymptotic directions. If, on the other harid, the 
two foci at infinity are imaginary, the transformatión is elliptic throughout 
the plane. The collineation in both cases are linear transformations, and, if 
the finite focus be taken for origin, admit the equations 


G=antby, yreutdy. -= (29) 
The discriminant is 


w 


A= (a—d)?+-4be, (30) 


~ 
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so that the transformation is hyperbolic or elliptic according as A is positive ` 
or negative. If A=0 the two-foci at infinity become coincident. The indi- 
‘eatrices represent a bundle of parabolae- passing through a fixed point, and 
admitting at the point a fixed diameter. Geometrically the three cases are 
distinguished by the fact that a hyperbolic linear transformation will leave 
two real pencils of parallel lines invariant, a parabolic but one real pencil 
while an elliptic linear transformation will not move any real line parallel to 
itself. l - 

The last considerations are capable of an E generalization. Con- 
sider any Magnus transformation that admits two foci at infinity. 


‘The indicatrices - of such a transformation will have fixed asymptotic — 
- directions, and, conversely, any one-to-one transformation admitting a system 
of indicatrices with fixed asymptotic directions ts a Magnus transformation 
with two. foci at infinity. i 

If the third fundamental point be taken for origin and the directions 
determined by the foci as directions of coordinate axes the equation of such a 
Magnus transformation takes the form | 

z GZ—A/(x—a), J=B/(y—b). - i (31) . 

A and B being arbitrary coefficients, and a, b the coordinates of the finite 

fundamental point. : . 
l ` § 20, Dualistic Developments. 

The results reached in this investigation admit of obvious disli devel- 
opments. % 
Given a line-to- line transformation T, let 1 and Į be two corresponding 
lines. Consider a line configuration C admitting J as a simple tangent, and let 
P be the point of contact. The image Ọ of C will touch 7 at a unique point P. 
I shall continue to call PP the bridge. The bridge is independent of the curve 
“È chosen and depends only on the line Z and the point P. When the point P 
describes J there is a one-to-one correspondence generated between the ranges 
land 1, and the envelope of the bridge is consequently a conic L touching 
Land i. I shall call this conic the indicatrix of the line transformation T for 
the line l. 

The discussion of the divers cases eos out the fóllowing properties of 
the line indicatria which I state witho: :proof: 

~ Eet 8. bethe intersection of J and J, and let L touch l and 7 in A and B, 


io respectively, and furtherniore let A’ and Br be the poirits of h Kr 


opposed to A and B, then . RE 
27 T , l e 


- 
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1% If a curve C touches lin A its image C will touch T in S, and con- 

versely: if C touches Lin S then will C touch | in B. 

2°. If a curve C admits l for asymptotic, its image C will touch lin A’, 
and if C touches l in B’, Tis an asymptotic of C. 

3°. Let C and C’ be any two curves and l a common tangent, Sieg C 
in P, C’ in P'. If C and Ọ touch Tin P and P', I shall say that distances are 
conserved along l andi if PP'=PP'. A line transformation that conserves 
distances throughout the plane I shall call a collateral transformation, directly 
collateral if PP’=PP” inversely if PP’=—PP’. Then the condition necessary 
and sufficient that a transformation be inversely collateral is that the indicatriz 
be a parabola symmetrically inscribed in the angle (1,1). For a direct. collat- 
eral transformation it is necessary and sufficient that the indicatria degen- 
erate into two points, the point S where l and 1 meet, and the point at infinity 
in the direction of a bisector of (l, 1). 

4°, If the indicatrix for a line 1 degenerates, three cases are possible: ` 
A. lis an invariant line; B. lis an element of the Jacobian; C. Any curve 
touching l at S will have an image touching | at S. The degenerate indicatrix 
consists of two points, which in Case A are both on J; in Case B one of the 
points is on J, the other on l; finally, in Cage ©, one of the points is in S. 

5°. If the indicatrix degenerates identically and T is a proper transfor- 
mation the point S will describe a curve, which may again be called the direc- 
triz of T,and T a directed transformation. If besides T is one-to-one, the 
directrix is necessarily a straight line which I shall call the avis of T, and T 
an axial transformation. 

6°. If a range of points goes into itself the bearer of the range, f, is a 
focal line. All the indicatrices of the plane will touch f. We can prove in the 
' same way in the correlative case that a one-to-one transformation will not 
admit more than three non-concurrent focals. In the case of three focals we 
have a collineation which is a self-dualistic transformation. If, however, three 
focals are concurrent in a point O, any line through O is a focal and the trans- 
formation is a perspective. The latter being an axial transformation, any 
indicatrix will consist of the point O and a second point on the axis of per- 
spective. : 
7°. Ifa collineation T be regarded as a line transformation all indica- 
trices are inscribed in the invariant triangle. The discriminating parabola of 
T regarded as a point collineation is nothing but the eane air i for the line at 
` infinity of T regarded as a line configuration. 


Dantzia: Some Contributions to the Geometry. of Plane Transformations, 211 


This outline may suffice to bring out the most prominent features of the 
analogy between point and line transformations. 


$21. Estensions and Generalizations. ' 


We have expressly assumed in the preceding investigations tbat our 
transformation is of multiplicity one-to-one. I shall reserve for a subsequent 
paper the detailed study of transformations of higher multiplicity. Never- 
theless I think this is the proper place to point out that most of the results 
reached apply without modifications to the general case. 

Let : 
U(G, Y, x, y)=0, F(z, J, x, y)=0, (32) 


be the equations of the transformation in implicit form, and let P (x, y) be any 
point in the plane. If, regarding æ and y as constants, the solution of equa- 
tions (32) give a discrete number of values for Ñ and ¥ all distinct we shall 
* gay that the point P is regular with respect to the transformation T. If the 
point is not a regular point it is either a singular point, that is, it has an 
infinity of corresponding points, or it is a point of coincidence, that is, at least 
two of its images are coincident. 

All our investigations conserving the indicatrix apply evidently to any 
continuous point to point transformation at any regular point. If the point 
P has n distinct images P,, P,,...., Py, there will be n indicatrices passing 
through P, one for each of its images. Once the couple of points (v, y) and 
(z, y) determined, the pe of the indicatrix becomes 


- (X—a + 2 7 e— y), ea Fo, 
j =0. (33) 
U ay (Y—9), a e -a+ E (¥—y), 


Assume now that the point P is a point of coincidence. For example, 
that T is a two-to-one transformation and the two images of P are coincident 
in P. It is clear then that at P the image of any curve C passing through P 
will have a double point. To a ray ¢ through P will correspond two rays 
through P, but to a ray £, but one ray ¢ will correspond. The indicatrix is 
therefore cut by any ray through P in -one point only. The indicatrix is there- 
fore a cubic having a double point in P and passing through P. On the other 
hand, this cubice is but a limiting position of a configuration consisting of two 
conics, it must therefore degenerate and it consists of three straight lines a, B, 
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y, of which a and 8 meet in P. The point P is evidently on the Jacobian of T. 
At any other point of the plane the behavior of the indicatrix is regular, and 
any determination of T can be regarded as a one-to-one transformation. All 
the considerations developed in the general theory apply therefore with this 
restriction. l l 

In the most general case of a continuous p-to-q transformation the 
behavior of the indicatrix at a point will be analogous to that of the example 
considered. As long as we avoid the singularities described above, all the 
results of the general theory hold. l 


+ 
* + 


As to the generalization of the theory, it can be pursued in two directions. 
First, we may extend the conception of the indicatrix to any surface of genus 
zero; second, to space line-to-line transformations. I reserve these considera- 
tions for a subsequent communication. 


BLOOMINGTON, IND., February, 1917. . 


Properties of a Certain Projectively Defined Two-Parameter 
Family of Curves on a General Surface. 


By Pavitnze Sprrry. 


“al, ane Foundation of the Differential Geometry of Non-Ruled 
Surfaces. 


In his first memoir on the “ Projective Differential Geometry of Curved 
- Surfaces,” * Mr. Wilezynski has shown that the projective theory of non-ruled 
analytic surfaces may be based on the consideration of a system of completely 
integrable partial differential equations of the second order which may be 
reduced to the so- called canonical form’ 


You tby, +fý=0, Yatay +gy=0, - (1) 


where the subscripts denote partial differentiation, and where the coefficients 
are analytic functions of u and v satisfying the integrability conditions 


in tut 2ba,+-40'b,=0, bo tf, +2a'b,+4ba,=0, (2) 


Gun fw tfar —20'f, +49b,+ 269, =0. 


Such a system of differential equations possesses exactly four linearly inde- 
pendent analytic solutions 


hes (Ps v) (k=1, 2, 3, 4): (3) 


If we now interpret y,...., y®, as the homogeneous coordinates of a point 
Pys and let the independent variables range over all their values, P, will 
generate a surface S,, an integral surface of (1), which will be a ruled surface 
if, and only if, a’=0 or b=0 (a case which we shall exclude in this paper), 
and upon which the reference curves, u=constant and v=constant, are the 








* There are five of these memoirs which appeared in the Transactions of the American Mathematioal 
Society from 1907-1909. These will be referred to in the following pages as “First Memoir,” ete. 


214 Spzrry: Properties of a Certain Projectively Defined 


asymptotic lines. Since the most general system of linearly independent solu- 
tions of (1) is of the form 


4 
n= 2 Cay (=I, 2, 3, 4),. (4) ` 


where |ca| £0, the most general nteereLing surface of (1) is a projective 
transformation of any particular one.* : 

The canonica! form is not uniquely detoinied: The most general trans- 
formation leaving it invariant will preserve the asymptotic curves as lines of 
reference and will be of the form 


J=CVa, by, U=a(u); T=8(v), © (5) 
where a and @ are arbitrary functions of u alone and of v alone respectively, 


and where C is an arbitrary constant.t 
The functions 


Y=Y. Yu=Z, Y= Py) YuoH=O - (6) 
are semicovariants. If the four independent solutions of (1) are substituted 
in g we get four functions 2”,...., 2, which may be taken as the homo- 


- geneous coordinates of a point P,. “So also for p and c. The. points P,, P,, 
P,, P, are in general the vertices of a non- -degenerate semicovariant tetrahe- . 
dron T.ł In just the same way every expression of the form 


C= 0,y +I e+ Hg +245 (7) 


determines a point P, whose coordinates referred to, T, by means of a suitable 
choice of the unit point, may be taken as (%, 2a, £s, 4). 


2. The Differential Equation of Certain Two-Parameter Families of 
Curves on a General Surface. 


The theory of two-parameter families of curves on a general surface has © 
received but little attention except in so far as such a genera] theory may be 
implied by the theory of geodesics. We shall discuss in this paper a class of 
curves which will include the geodesics as a special case. 

Let us associate with every point P, of the surface one of the lines. L 
which passes through that point, but does not lie in the tangent plane of the 
point. All these lines form a congruence L. Let us consider a curve on the 
surface which has the property that each of its osculating planes passes 
through the corresponding line of the congruence. All such curves will clearly 








* First Memoir, p.. 237. t First Memoir, pp. 90-95. t Second Memoir, pp. 79-80. 
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form a two-parameter family, and it is easy to: show. that they will be the 
ants gral curves of an equation of the form 


wy! — uv" +2 (bu? —a'v') +2 (puw v + paw v?) = (8) 
where w =du/dt, u’=d*u/de, ete., and where Pı and p, are functions of u and 
v which depend upon the choice of the congruence L. 

The coordinates of P, referred to the local tetrahedron of reference T are 


(1, 0, 0,0) so that the caual of any line J, through P, referred’ to T may be 
written in the form 


Ast, + Ast + A2 =0, Bit + Bats +B, =0, E; (9) 
where the coefficients, are in general functions of u and v. If we denote by . 
. IL and Il, the left-hand members of (9), 
Po a+ =d (10) 
is the equation of any plane through L,. If, in EE E this plane i is the 
osculating plane of a surface curve through P,, the coordinates of y’ and y” 
must also satisfy (10). By means of (6), . 
y =dy/dt=wet+v’ P» P i a 
y" =čy/ de =— (u"f+og)y+ (w —2a' v)e-+ (v 2bu) p-+2u' v'a. 
The coordinates of y’ and y” referred to T are therefore 
(0, w, v, 0), (—u f—v?g, w'—2aw”, v’—2Qbu't, 2Qu’v’). 
The substitution of these coordinates in (10) gives upon the elimination ot- 
- the ratio %: u equation (8), where 
l _ A,By—A,B, _ _ AsB,—A,Bs 
Pi=7,B,—A,B,’ P~ A,B,—A,B,' 


It is now evident that the line 1, must not lie in the tangent plane, as the 
denominator A,B,—A,B, would vanish in that case and only in that case. If 
v be taken as the parameter of the curve, equation (8) will become 


u” + 2bu’®+ Qp,w?+ 2p,u'—2a'=0. (12) 


It is also true that the one-parameter families of planes osculating the 
integral curves of an equation of the form (8) at the point P, form a pencil. 
The equation of such a plane is 


i v Piu "Dg tau +p )%=0. (13) 


If (ut, v1), (ua, Vz), (ug, 03) ‘are three pairs of values. of wu’, v’ corresponding 
to three etaae curves of this sort which ‘pass through the same pout it is 


iy 
> ` 
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evident that the corresponding equations (13) are not linearly independent 
for the determinant of the coefficients ` ' 


v — Uy Prnt pwi. 
Va —U, Prit DY; 
V3; —Us. Prist PVs i 


vanishes identically. We. have proved the following theorent: 


If a two-parameter family of curves on a non-ruled surface has: the 
property that the osculating planes of all ‘of the curves of the family ‘which 
pass through a given surface point P, have in common a line through P, , then ` 
the second order differential auala. of the two- Er mereR family of. curves 
; has the form (8) and conversely. 

These curves we have ‘called union curves pesauke, of f the: characteristic 
_ property of united ‘position’ of line and plane. It is evident that neither of 
the one-parameter families of asymptotic curves u=constant and v<constant _ 
can be union curves on a non-ruled surface since that would necessitate the l 
condition a’=0, or b=0. Pes 
Among the congruences associated with the surface i in the way deaoribed 
above are two of particular interest, the congruence of surface normals and 
the congruence of directrices of the second kind. One may define a geodesic 
_ as the curve whose osculating plane at-a point contains the surface normal for 
that point. In case-that for a particular one of the projectively equivalent 
integral surfaces of (1), the congruence L happens to be. the congruence of E 
surface- normals, the corresponding union curves on that surface will- be. 


geodesics. Since perpendicularity is not a projective, property, they would >, 
`. not in general be geodesics’ on the other integral surfaces of (1). The other, 


congruence, the-congruence of directrices of the second kind, is determined as 
follows:. If we take five consecutive tangents to the curve v=constant, they 
determine i in general a linear complex which _approaches.a limiting position as 
_ the tangents approach coincidence.* This complex is called the osculating 
linear complex for the asymptotic curve of the first kind. Similarly for the 
asymptotic curve of the second kind u=constant:+ These complexes have as 
their intersection a congruence, one of whosé directrices’ lies in the tangent: 
piine of the he point P,, while the other, known as directrix of the second kind, 





jpa 


~ AEJ. Wilezynski, “ P Diferential Geometry,” p «162. In the following pages this book will 
` .be referred to as Proj. Diff: ‘Geom.’ a . y 3 
t Becond pai Pee "90-96... p 
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`~ 


passes through the point itself, but does not lie in the tangent plane. The 
equations of the latter referred to the local tetrahedron T are 


2bap tb a =0, 2a’m+ala=0. — -(14) 
If the congruence Lis the directrix congruence of the second kind, 
> l Pi=—4&,, p.=B, . (15) 
where . 
a=d,/2a', B=b,/2b. ; (16) 


Equation (12) is a non-linear, non-homogeneous equation of the second 
order whose coefficients are functions of u and v. Since the complete solution 
involves two arbitrary constants, it represents a two-parameter family of 
curves, any one of which is uniquely determined when the surface point 
through which it must pass and the tangent at the point are given. The 
differential equation (12) can be integrated only in a few cases. The inte- 
gration of an equation of this type in certain instances has been discussed by 
-Darboux,* Liouville,t and Guldberg.+ If L is the directrix congruence we 
can find a class of surfaces for which we can always integrate (12). Mr. 
Wilezynski has considered a class of surfaces for which the invariants . 
I=B,/4BAt, and J= A,/4.4B}, where A=a’b? and B=a"b, vanish identically, 
and he has shown that these surfaces are self-projective.§ For such surfaces 
we may assume without loss of generality that a’ =b=1. Then equation (12) 
becomes p'+2p°—2=0, where p=w’, and its first integral is ` 


log cV (p—1)*/(p? + p+1)—(V3/8) are tan (2p+1)/V3=—2v 


3. The Definition of Torsal Curves and Their Relation to Union Curves. ` 


` There are two well-known fundamental properties of congruences. First, 
the lines of a congruence are the common tangents of two surfaces, or more 
precisely, they are the double tangents of a surface with two sheets, the focal ` 
surface. Second, if the two sheets of the focal surface do not coincide point 
for point, the lines of the congruence may be assembled into two one-parameter 
families of developables. We shall determine the curves on S, such that the 
ruled surface composed of the lines of L, corresponding to the points of these 
curves shall be developables. These curves we shall call torsal curves. There 





* Darboux, Legons, Vol. III, Chap. 5. 

+ R. Liouville, “Sur une classe d'équations différentielles,” Comptes Rendus, Vol. CV (1887), p. 1062- 

TA. Guldberg, “ On Geodesic Lines on Special Surfaces,” Nyt tie fath., Vol. VI (1895). 
(See Jahrbuoh, “ Ueber die Fortschritte der Mathematik.”) 

§ E. J. Wilczynski, “On a Certain Clase of Self-Projective Surfaces,” Yřänsactions of the American 
Mathematical Sooiety, Vol. XLV (1913), pp. 421—443. a ae 
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will be two of these curves passing through each non-special point of the 
surface, one from each family. We shall assume, therefore, that the two sheets 
of the focal surface are distinct, that is, that it will be impossible to find two 
functions w,(u, v) and w,(u, v) such that 

w(u, V)EP Hwa(u, v)n®=0 (k=1, 2, 3, 4), 


where & and 7 are the coordinates of points on S, and S,, the two sheets 
-of the focal surface.* 

The equations of l, as given in (9), are satisfied by the coordinates 
(0, — Pz, Pı, 1) -80 that the point P,, where 


t=— p+ pip to (17) 
is a point of l. If we allow u and v to take on the infinitesimal increments 


du and dv, the point P, moves to the point P +ydu+ya, and the point P, to 
Prstaueta, Where 


t.=Py+Qe+Rp+So, t.=P’'y+Q’e+R'p+S'a, (18) 
and 
P=fp,+2bg—f,, P'=—gp,+2a'f—g,, 
Q=40'b—Dy, Q = —2a'p,—9 —24,—Py (19) 
R=2bp,—f—2b,+p,, R= 4a'b+py, 
S=p,, S’=—p,. 


An arbitrary point P, on the line 1.) auiya, Will be represented by 
A(ytyduty,dv) +u(t+tdu+t,dv), 
and its coordinates referred to T will be 
==A+u(Pdu+P'dv), = Adu+u(—p,+ Qdu+Q'dv), (20) 
ss =Adv+u(pı+Rdu+R'dv), s =u(1+89du+9'dv). l g 
In order that P, may also be a point of J,, its coordinates must satisfy (9), 
that is, . 
2[B du +Bdv] + ul (BQ +B:R +B,8) du+ (BQ + B,R’+B,8’)dv]=0, 
whence 


A,du+A,dv (A,Q+A,R-+-A,8)du+ (A,Q’+ A,R’+ 4,8’) dv 
Bdu+B,dv (BQ HBR + B,S) du+ (B,Q' +B:R'+B8')dv 





=0. (22) 








*E J. Wilczynski, “Sur la theorie general des congruences,” Bruxelles, 1911. 
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If we let 


L=2bp,—f—pji—2b,+p,, 2M=pi,+0y, N=20'pitg+pit2a.+pe,, (23) 


then (22) becomes 
Ldw+2Mdudv+Ndv’=0; ‘ (24) 


this is the quadratic equation of the tangents to the torsal curves. If these 
curves form a conjugate system, there exists a function 0, such that ,=—6, 
and p,=6,. When L is the directrix congruence of the second kind, the torsal 
curves are the directrix curves.* If L is the congruence of normals, they are 
the lines of curvature. 

The question naturally arises whether some or all of the union curves 
might be plane. We shall show that this can happen if, and only if, they are 
at the same time torsal curves. 

Every curve in three-dimensional space is characterized by a linear 
differential equation of the fourth order of the form,t 


gy? +4qy'" +6 gry" +44sy' +q.y=0, (25) 


where y®=d'y/dt! (i=1, 2,3,4), and q,...., q are in general functions of t. 
We may regard the solutions of (25) as the homogeneous coordinates of a 
point in space. As t varies this point describes a curve. Since 


4 
m= È Cas i=], 2, 3, 4) 


is the most general solution of (25), we may say the differential equation 
defines a set of projectively equivalent curves in three-dimensional space. 
These curves will be plane if, and only if, q==0. We shall indicate the method 
for computing the fourth order .differential equation which characterizes the 
union curves and actually calculate the value of g,. From equations (1) and 
(6), and those obtained from them by partial differentiation, and from the 
* value of u” given by (12), we find the following formulae in which v is chosen 
as independent variable: l : 


y =w z+ p, y” = hY + at p + S, ' } (26) 
y= byt betbpthe, yl? =ay +c + ep +49, 





* Second Memoir, p. 116. 
t Proj. Diff. Geom., Chap. 2. 
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where 


a,=—fu®—g, d,=—2bu®—2p,u°—2pw', a=—2bu?, a=W, | 

b= 6bfu*+ (6fpi—f,) w” +3 (2bg +2fPe— fs) t? —39,u' Je, 

b,= —fu®+120'bu?, 

b= 12b%w’4-+- (12bp,—20,) u +3 (4bp,—f—2b,) u"*@—g, 
cs by=—8bu®— 6p.w?—6p,u' +44’, l f (27) 

c= [(2bg—f,) bs—fbo+ bilt —gbs+ (20 f—g.) bit bu, 

c= (bit 4a bb, t bou) u —20' ba — (g +2au) bit bav, 

c= [—2bb, Hbr (f+ 2b,) bi] w +b, +4a'bb,+bs, 

C= (bet bu) u'+b,+5,; 





where b,,,...-, Ow, Bi) +.. Da are found from the fifth to eighth equations 
of (27) by partial differentiation, and w” is given by (12). The desired- 
equation will be obtained by eliminating z, p, and o between equations (26) 
which gives i l - 


y'- Pa 1 0 
ae PET a a 
ay a 3 4 —0, (28) 
y” —by be b, bi , 
yM—cy a O G 
Thus the coefficient of y@” is 
Ju 1i 0 
D=—|% Ww I; 
or, substituting from (27), 
gQo=4u”? (Lu? +2Mu'+N). ~ (29) 


Since wv’ can not vanish, q,=0 is equivalent to (24). Hence we have proved 
the following theorem: 


A necessary and sufficient condition that the union curves be plane is that 
they shall also be torsal curves. 


This necessitates two relations between p,, p,, a’, b and their derivatives 
which are obtained by the substitution in (12) of each of the pairs of values 
of w’ and u” found from (23) and the equation obtained from it by differen- 
tiation. If we let 

R'=M?—LN, (30) 
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these relations are 


2a’ L?-+-8b M84 2M?(L,—2p,L) +L? (2p,N +2p,M -+M,+4N,) 
—LM (2M,+L,)—LN (6bM—4L,) = 
R(4bM?+-2bLMN—4p,LM + 2plt— LM, +2ML,—LL,) 
+1°R,—LMR,=0. 


4 (31) 


The second of these is satisfied identically when R=0, that is, when the two 
families of torsal curves coincide.. For this case (31) reduces to the single 
condition 


2a'L? + 2bM*—2p,LM*+ 2p,L°M—LMM,+h,M?+L°M,—LL,M=0, (32) 


for particular values of p, and p,, one must always show that these conditions 
are not inconsistent ‘with the integrability conditions (2). This caution 
applies also to all similar situations which occur in the following pages. 

Since by definition the osculating plane of a union curve at the point P, 
contains the line 1,, and since the osculating plane of a plane curve is the same 7 
for all points of the curve, it is obvious geometrically. that plane union curves. 
are torsal curves, and that the developables are the planes of the curves 
themselves. If every curve of the two-parameter family of union curves is 
plane, it is evident that the torsal curves must be indeterminate, since there 
are only a single infinity of them. In that case ‘we must have 


L=M=N=0, (33) 


‘and conditions (31) would be satisfied identically. 


In case all the union curves are plane, the lines of L for a restricted 
region R of the surface have a point in common as a simple geometric argu- 
ment will show. Consider that part of a union curve C lying in R. It follows 
from the theory of differential equations that for R sufficiently small, there 
exist union curves joining two arbitrary points of C to a third point of R not 
on C. We obtain in this way an infinite number of triples of points for which 
the corresponding lines of L intersect in pairs. Since these lines are not all 
in the same plane, they must all pass through the same point, the edge of © 
regression of all of the developables of the congruence. 

The theorem proved above is of especial interest as it includes as a par- 
ticular instance the well-known theorem that a peodesie is plane when, and 
only when, it is a line of curvature. 
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4. The Principle of Duality Applied to Union Curves. 
The integral surface S, of (1) may be regarded as the envelope of its tan- 
gent planes. It will then be represented by the partial differential equations.* 
Fy 2bY,+ (2b,+f)%=0, ¥,,—20’F,+(2a,4+9)¥=0,- (34) 
where the solutions Y, (t=1, 2,3, 4) are proportional to the homogeneous 


coordinates of the plane p, tangent to the surface S, at the point P,. If we 
let 


| @=—a', b=—b, ]=2b,+f, g=2alty, (35) 
we may replace (34) by 
Yyet2bY,+7¥=0, Y,,+2aY,+g9Y=0, (36) 


which is called the system adjoined to (1). It is evident from (35) that each 
is the adjoint of the other. If the solutions Y, (i=1, 2, 3,4) are regarded as 
the coordinates of a plane, systems (1) and (36) have the same integral sur- 
faces. But if they are regarded as the coordinates of a point, every integral 
surface Sy of (36) would be a dualistic transform of every integral surface 9, 
of (1). Since a’ $0 and b+0,'S, is not identically self-dual, that is, there 
exists no dualistic transformation carrying the point P, over into the plane p, 
tangent at that point. If Y, be interpreted as the coordinates of a point, then 
the equation of the union curves on Sy is 
y” —2bu* + 2pyu?+2p,u'+2a’=0. (37) 
_ In order to pass to the dualistic interpretation, let us regard 9, as the 
locus of its points, and Sy as the envelope of its tangent planes. To the con- 
gruence L of lines J, passing through the points of S,, will correspond a con- 
gruence Ly of lines ly in the tangent planes of Sy. To a curve as point locus 
on S, will correspond a developable circumscribed about the surface Sy. Just 
as the union curves on S, have the property that the osculating plane at Py 
determined by three consecutive points of the curve contains the line },, so the 
point, which for symmetry we shall call the osculating point for p,, deter- 
mined by three consecutive planes of the developable, lies on the line ly. As 
the line /, is the intersection of the osculating planes of all of the union curves 
passing through P,, so also ly is the locus of all the osculating points of the 
developables containing p,. To a plane union curve would correspond a cone 
with the osculating point as vertex. The theorems developed in the preceding 
pages are capable of dualistic interpretation, and could be developed indepen- 
dently by analysis dualistic to that employed above. The values of p, and p, 


* First Memoir, p. 267. 
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in (37) evidently depend upon the choice of Ly. As instance of projectively 
related congruences of this character one may cite the directrix congruences 
of the first and second kind. 


5. The Ruled Surface of the Congruence L along a Union Curve. 


We shall determine the differential equations which characterize the ruled 
surface generated by the line l, as P, moves along one of the union curves. 
The coordinates of a point ¢ of tthe line ly given in (17), and of y, must satisfy 
differential equations of the form * 


nay” + Puy + Pil’ + any t+ det=0, nat" + Day’ + deat’ + day t get=0, (38) 
where y'=dy/dv, y’=d*y/dv* and so on. By means of (1), (12), (17), (18) 
and (19) we find 

y =y, y=wetp, y"=—(u"°f+g)y+ (w"—2a!)e—2bu! p—2u'e, 

t =—pet+ppts, 


39 
v= (wWP+P’)y+ (wQ+Q')e+ (wWR+R')p+ (wS+8’)a, Ag?) 
=Ty+Tz+T +T, 
where T,,...., T, are somewhat lengthy expressions in a’, b, their partial 


derivatives and the powers of w’ up to the third. By eliminating z, p and c by 
means of the second, third, fourth and fifth of equations (39), and then from 
the second, fourth, fifth and sixth, there result two equations of type (38) 
where ny=ny=— (Lu?+2Mu'+N). Since the ruled surface is a developable 
if, and only if, n,=.=0, the results of $3 are again emphasized. 

The four pairs of independent solutions of (88), Yi; tı, (t=1, 2, 3, 4) may 
be taken as the homogeneous coordinates of two points P, and P,. As the 
line 1, generates the ruled surface, these points describe curves C, and C;. 
The curve C, is asymptotic for that surface provided that p,=0.t The cal- 
culation of the coefficients gives 


Py=4u' (pyu'+p2). : (40) 


Since w $0, pe=0 when, and only when, u’=—p,/p,. This value of u’ must 
satisfy (12) which imposes the following restriction 


PiP: (Pout Dip) —Pa (Piu + 262) — Di (Po, t+ 20' pı) =0. j (41) 


That this condition may be satisfied is apparent. Let L be the congruence of 
directrices of the second kind, and let a’ and b be functions of v alone, and of 








* Proj. Diff. Geom., p. 126. . + Proj. Diff. Geom., p: 142. 
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w.alone, respectively. Then p,=p,=0. Whenever p, and p, are such that 


` (41) is satisfied, there exists a one-parameter family of union curves having . | 


the property that they are at the same time asymptotic curves of the ruled 
surface generated by the lines of L along those curves. 


` 6. Some Remarks on a Problem in the Calculus of Variations. 


One of the most interesting properties of geodesics is that they appear in 
the problem of determining the lines of shortest length on a surface. Because 
so much of the theory of geodesics has turned out to be capable of generaliza- - 
_ tion to the theory of union curves, the question naturally arises whether there 
exists a function F (u, v, w) such that the integral fF (u, v, u’)dv assumes a 
‘minimum value along a union curve, and such that the integral is invariant 
under the transformation U=a(u), V=B(v). It is possible to find an infinity 
of functions satisfying the first of these conditions. The latter condition is 
essential in order to obtain an integral which may have an intrinsic projective 
_ significance. Investigation of this question has yielded thus far only negative 
results. 





Interpolation Properties of Orthogonal Sets of Solutions 
of Differential Equations." 


By O. D. KELLOGG. 


As the present paper is of the nature of-a continuation of the one pub- 
lished in the last number of this Journal, an extended introduction may be 
dispensed with. Suffice it to say that we shall-here be concerned with the 
problem of extending to the orthogonal function sets arising from ordinary 
differential equations of second order, the properties there derived for sets 
‘arising from integral equations. i 


1. The Diferential Equation and Boundary Conditions. 
We shall be concerned with differential equations of the form , 


d ‘d; 
£ (pi Z) +a tara) )y=0, 
: p>0 for 0<e¢<1, r>0 for 0<v<]l, (1) 


~ 


with the general homogeneous self-adjoint boundary conditions . 
ay (1) +by' (1) =cy(0)+dy’(0), a’y(1) +b’y' (1) =c'y (0) +-d’y' (0). (2) 
If p(x) vanishes at one of the end points of the interval (0,1), but in 


such a way that the differential equation has a solution which remains finite 
and different from zero, with a finite derivative in the neighborhood of this 


point, one of the boundary conditions (2) is to be replaced by the condition: - 


y(x) remains finite and different from 0 in the neighborhood of this point. If 
p(x) vanishes at both end points, both equations (2) are to be replaced by this 


demand for both end points. Examples of these cases are: (a) the functions — 
Jila) V2, Jy (a2) Va, ...., Where a, @,.... are the successive roots of the ~~ 


Bessel function of zero onde: Jol); (b) the Legendre polynomials on the 
interval (—1, 1). 


* Presented to the American Mathematical Society, December 1, 1917. 
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The existence of solutions of the problem (1) and (2), and their oscilla- 
tion properties have been extensively studied,” and we shall make use of some 
of the more common ones. Our interest will center rather in the interpolation 
properties, and some of the consequences of the property (D),+ which it will 
be our object to establish. 

By “harmonics” we shall understand solutions of the differential equation 
and boundary conditions. The corresponding “frequencies” are the values of 
a for which these solutions are possible. There is an infinite sequence. of 
frequencies, without finite limit point, and bounded below. We shall think 
of them written in ascending order of magnitude, a frequency being written 
twice if it corresponds to two harmonics. The harmonics are orthogonal; f 
even two corresponding to the same frequency may be made orthogonal by a 
proper choice of the integration constants entering them. No harmonic van- 
ishes simultaneously with its derivative. The zeros of any harmonic separate 
those of any harmonic with the same or lower frequency. In addition to these 
known facts, we assume explicitly (1) the continuity of the coefficients of the 
differential equation and of the derivatives involved, (2) that the boundary 
conditions are such that for any pair of harmonics 


0° %,(0), $, (0) =yp(1 ẹ: (1), (1) , 3 
ANo O K 
and (3), that the i-th harmonic has exactly i zeros in the interior of (0,1) for 


all i. A harmonic is “even” or “odd” according as the number of interior 
zeros is even or odd. 





2. Types of Boundary Conditions. 


For what follows it will be convenient to separate the houndary conditions 
into types according to the behavior of the corresponding harmonics at the 
end points of (0,1). Consider first the case in which the determinant of 
coefficients in (2) ab’—a’b vanishes. There will then be a relation of the form 
a”; (0) +b”; (0)=0. From this it follows that the function 


M (x) =p (x) [di (x) };(@) —;:(@) 9; (x) ] 








* See Bécher, “ Leçons sur les méthods de Sturm,” Borel monographs, Paris, 1917. Rich indications 
as to the literature are found in the footnotes. ~ 

+ AMERIOAN JOURNAL OF MATHEMATICS, Vol. XXXVIII, No. 1 (1916), particularly (1), (2), I, II, 
IV, V, VI and V’. Sturm (Liouvilles Journal, Vol. I, p. 433), and Liouville (same Journal, Vol. I, p. 269) 
studied the interpolation problem, and the method of the latter has suggested that used here. But the 
only existing results appear to be confined to boundary conditions of Class I below, which does not include 
the periodic and other interesting cases. 

$ Orthogonal here in the sense that S; p: (@) p; (ar (mdo = 0, ij 
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vanishes for «=0 for every i and j, and in consequence, by (3), also for g=1. . 
We are thus led to the first class of boundary conditions, in which is also 
included the cases in which p(#) vanishes at one or both end points. 

Crass I. M(0)=M(1)=0. One boundary condition involves only one 
end point, and the other, only the other. Consider first the case in which p (a) 
vanishes at an end point. Then under our assumption, all harmonics are 
different from 0 at that end point. Consider an end point at which p(s) does 
not vanish, say v=0. Then, as M(0)=0, $;(0)$,(0) —@,(0)$;(0) =0, and 
since no harmonic vanishes simultaneously with its derivative, it follows that 
if any harmonic vanishes for v=0, all do. We conclude for Class I: If any 
‘harmonic vanishes at an end point, all vanish there. f . 

Supposing the determinant cd’—c’d=0 leads to the same class. We may 
therefore assume that both this and ab’—a’b are different from zero, and that 
p(0)>0 and p(1)>0. The conditions (2) may now be given the form 


y (1) =ay(0) +by' (0), (4) 
y' (1) =cy(0) +dy’(0), (4a) 
or y (0)= dy)—by (1), (54) 
y' (0) =— cy (1) +ay' (1), (5a) 


where, by (3) and (4), A=ad—bc=p(0)/p(1)>0. These conditions charac- 
terize the second class of cases. l 

Crass II. M(0)=M(1)Æ0. The boundary conditions both involve both 
end points. M (0) and M (1) may both vanish, but not as a consequence of the 
boundary conditions. There will be three types to consider in this class. 

(a) b=0. Then ad>0, and (4,) shows that if $;(z) vanishes at either 
end point, it does at the other. The sign of d now becomes important. 

(a) b=0,a>0,d>0. If $,;(%) vanishes at the end points, (4,) shows 
that 9/(0) and ${(1) have the same signs, so that (s) must have an odd 
number of interior zeros. But (4,) shows the converse. Hence, for this case: 
All odd harmonics vanish, and all even harmonics are different from zero at 
both end points. An example of this case is y”+Aay=0, y(1)=y(0), y' (1) 
=y' (0), with the harmonics 1, sin 27%, cos 2mm, sin 4a, cos 4na, ..... 

(a) b=0,a<0,d<0. By similar reasoning, we conclude for this case: | 
All even harmonics vanish, and all odd harmonics are different from zero at 
both end points. An example is y’+Ay=0, y(1)=—y(0), y (1)=—y' (0), 
with the harmonics sin ns, cos 2%, sin 3m, cos INL, ..... 

(b) b>0. Since a harmonic will not vanish simultaneously with its 
derivative, (4,) shows that no harmonic vanishes at both end points. If 


eo i 
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(0) =0, (4,) shows that $,(1) and $;(0) have the same signs, and the har- 
=` monic must be even. The same conclusion follows from (5,) when (1) =0. 
Hence in this case: No odd harmonic vanishes at either end point, and no har- 
monic vanishes. at both. An example is y” +3y=0, ay(1)=2y’'(0), 2y’(1) 
= ny (0). The harmonics are, for 122, ġ; (x) =sin a(a—1)+E COS AL, 
where 4, is the i-th positive root of 4m4=(n°+4a*) sin 4; while 7.=”2,=7/2. 
For these frequencies we have the solutions A cos F ot+B sin 5 æ. It will be 
seen if A and B are so chosen as to give an odd harmonic, this harmonic will 
be different from zero at both end points. All later harmonies are different 
from zero at both ends. l 

(c) b<0. By similar reasoning we conclude: No even harmonic vanishes 
at either end point, and no harmonic does at both. 


3. Lemmas. 
We shall need the following: 


-1. If two harmonics have the same frequency, the one with the greater 
number of interior geros is different from zero at both end points. For the 
zeros of the two separate each other. 

2. Let y(x) =c (2) +6,9,(2) +....+¢,,(2) be a linear combination 
of harmonics, in which at least one of the constants c; before the last is not 0. 
If, for c,=0, y(x) has p interior roots, then for some o E0, it will have at 
least p interior roots. If for c, =0 it has an infinite number of interior roots, 
then for some c FO, it will have at least N interior roots, N being any positive 
integer. The proof is easily supplied by considering the limit of y(a) as 
c,--0, the approach of y(x) to its limit being uniform. We shall reserve the 

_ notation y(x) for functions of the above form. f 

8. Given a function y(æ), c FO, c, remaining fixed, we can choose 
Coy Cis +++ ey Ca SO Small, not necessarily zero, that y(x) has the same number 
of interior géros as $,(x) (i. e., exactly n), providéd p (Œ) does not vanish at. 
an end point at which an earlier harmonic is different from zero. And in any 
case, y(x) has not more than one additional interior zero corresponding to a 
terminal zero of p,(%). The proof depends upon the facts that (x) does not 
vanish simultaneously with its derivative, and that all the harmonics are finite, 
with finite derivatives. 
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4, Establishment. of the Property (D). oo 

The results and treatment differ for the different types of boundary con- 

ditions enumerated. But the general argument is this. With a solution (2) 

of the differential equation, corresponding to boundary conditions to be 

assigned later, and not vanishing in the interior of (0,1), we form the differ- 
ential operators to be applied to y(x): 


Ny (2) =p(2) [y (@)H(a) —y(m)¥ (a)1, and Ly (a) =F Nye). (6) 


It will first be shown that repeated application of the operator L reduces 
relatively the earlier coefficients of y(x). to any desired degree, and thus, by 
the third lemma, leads to a function with no more than n interior roots. It 
will then be shown that the application of the operator L does not diminish 
the number of interior roots. The result, with the modifications noted, will be 
that no y(x) has more than n interior roots, and accordingly, that the deter- 
minant of the equations y(x)=0, y(a)=0,...., y(#,)=0 does not vanish 
for any set of arguments a, no two of which are equal. The property (D) 
will follow (see this Journal, Vol. XL, p. 146, footnote). 

Note first, however, that Dj (a) >0, since the first harmonic has no 
interior zero. Second, that in case 2,=A,, D,(%, 2) >0. For the two har- 
monics, belonging to the same frequency, will have a non-vanishing Wronskian, 
from which fact the desired result may be inferred. We may therefore sup- 
pose in the following, n? 1, or, in case A=”), n2 2. 

The choice of y(x) in the operators (6) may vary with the function y(a) 
to which it is to be applied, and the corresponding parameter value à* for 
which (a) is a solution of the differential equation (1) will vary with it. We 
shall assume, however, that there are two constants, x and 7 such that always 
2o t21 Rot Àe - 

2 ae 7) 
- The assumption will be considered below as use is made of it. Using the 
differential equation, it will be found that 

Ly (x) =p (a)9 (x) 1 (a) [69(A*—Ap) po (2) +6, (A* —A1) (x) 
| +. e HO (A Aq) pa (2) 1. 
Dividing, on the assumption c, #0, by p(x)W(#)r(z) (A*—2,) we arrive at a 
new function ; 


y (2) = ey (=) P(x) +e, (= 





x SA* Sp where p< , or if a=, p< 





4) ga (2) 


—à, : 
A* — An 
E Oy Ga) Paral) Hnn (T). 


_ Under the assumption (7) the quantities -a 
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a* —A, 





) are all less in absolute 


value than certain quantities independent of 4* and less than 1, an exception 
arising only in the case of the last of them when 4,—A,_,. Hence, by repeat- 
ing the application of L and the division, we may reduce all the coefficients. of 
y(x) except the last (or, in case 2,==A4,_,, the last two) to be less than any 
assigned positive quantity. This completes our first step. 

The next step is to study how this process affects the number of interior 
zeros in the various cases enumerated. 

Crass I. Choose J(z)=@,(%).. Then 2*=A,, and (7) is satisfied. If 
y(x) has p interior zeros, Ny(x) will be seen to vanish between each pair, and 
thus have at least p—1 interior zeros. But since in this case M (æ) vanishes 
at both end points for all pairs of harmonics, and as y(a) is linear in the har- 
monies, it follows that Ny(x) also vanishes at both end points, and hence 
Ly (xz) has at least p interior zeros. Thus no interior zeros are lost by the 
repeated application of L. Lemma 2 permits us to assume c, £0, and then 
Lemma 3 shows that no y(x) has more than n interior zeros, since by § 2, no 
harmonics vanish at an end point under the present boundary conditions 
unless all do. And a case of double frequency does not arise.* Hence, in 
problems of Class I, the property (D) holds. 

Crass II, (a). b=0,a>0, and y(1)=ay(0), for y(x) is a linear homo- 
geneous combination of harmonics, and hence satisfies the same boundary 
conditions. Hence y(0) and y(1), if not both zero, have the same signs. We 
again use (x) =,(”), and assume that the last harmonic in y(z), $,(2) is 
even. If y(x) has an odd number, 2p—1, of-interior zeros, it also has two at 
the end points, and Ny(a) has therefore at least 2p interior zeros, and Ly(a) 
at least 2p—i. Thus, if the application of L to y(x) changes this function 
from one with an odd number of interior zeros to a new one with an odd 
number, none are lost. If it changes y(z) to a function with an even number ` 
of interior zeros, at least one is gained. If y(x) has an even number, 2p, of 
interior zeros, Ny (æ) has at least 2p—1, but (3) shows that it then either has 
an additional interior zero, or else two at the end points, and in either case 
Ly(a) has at least 2p—1 interior zeros. If Ly(a) has an even number of 
interior zeros, it must be at least 2p, and if odd, at least 2p—1. But ulti- 
mately, by Lemma 3, the repeated application of L leads to a function with an 
even number of interior zeros, since we have supposed this to be the case with 





* For two harmonics of the same frequency, M (@)=const. This constant is not zero if the har- 
monics are independent. But it must be 0 in the problems of Class I. 


i 
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p(x). Hence no zeros have been lost, and we conclude: The harmonics of 
Case II (a,) have the property (D) for every even n. aa 

The conclusion is still justified in case 4,_,—A,. Here we must study 
C,19,-1(@) +e, (x). If this has an even number of interior zeros, their 
number can not exceed n, since they are separated by the zeros of $,_,(x), and 
Cy-1Pn-1(©) +6,0,(%) will, by the boundary conditions, be different from 0 at 
the end points. The conclusion thus subsists in this case. If c¢,_,.9, 1(2) 
+c, (£) has an odd number of interior zeros, the repeated application of L 
to y(x) may have reduced the number of interior zeros of y (Œ) by one, but by 
no more, and ¢, 9, 1(2) +c, (£) has n—1 interior zeros, and none at the end 
points, since by § 2, „= (x) vanishes at both end points, and ¢,(#) at neither, 
and c, £0. The application of the lemma 3 then shows that y(a#) can not 
have more than n interior’ zeron and the conclusion is established also in the 
case A, 1=A,.- 

Crass II, (a,). b=0,a<0, and y(1)=ay(0), so that if y(1) and y(0) 
are different from zero, they have opposite signs. We now operate with L in 
which (xz) is chosen subject to the condition that y'(x)ẹ(x)—y(x)ẹ (a) 
vanishes at both end points. By §2, ¢(2), being an even harmonic, vanishes 
at both end points, and as ẹ(%) is different from zero on the interior of (0,1), 
it follows that A*<A,. Hence the assumption (7) is justified as far as the 
upper limit on à* is concerned. The existence of the lower limit will be 
generally established at the end of the paper. We start with a function y(zx) 
ending in an odd harmonic. The operator N does not reduce the number of 
interior zeros by more than one, while with the present choice of ẹ4 (s), Ny(x) 
has zeros at the end points. So the operator Z does not diminish the number 
of interior roots. As the odd harmonic (æ), by §2, is different from 0. at 
the end points, Lemma 3 gives the result: The harmonics of Case II (a,) have 
the property (D) for every odd n. 

Cases IT, (b) and (c). Here, again, we choose (2) so as to make Ny (x) 
vanish at the end points. It is not, in these cases, apparent that the upper 
limit for 4* in (7) holds. However, since ¥(x) does not vanish within (0,1), 
-and as (x) vanishes twice, it is clear that A*<A,. As the frequencies have 
no finite limit point, there‘ must be a positive integer n, and a number p, inde- 


pendent of a*, such that à" Sp < Tatte, The least value of n for which these 


inequalities are possible,* we will call n’. The type of argument used in the 








* This least value of n can often be easily determined in a particular problem, it being helpful to 
observe that the value of à for which the differential equation has a solution vanishing at the end points 
‘ of the interval (0, 1) but not in the interior, is an upper bound for A*. In the example in §9 under Case 
II (b), (7) is fulfilled without alteration. 
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previous cases then permits us to conclude: The harmonics of Case Il (b) 
have the property (D) for every odd n2>n', and, provided none of the har- 
monics after dy_1(%) vanishes at either end point, for every n2w. Also, the 
harmonics of Case II (c) have the property (D) for every even n2n’, and, 
provided none the harmonics after dy1(%) vanishes at either end point, 
. for every n2 


5.. Existence of a Lower Bound for à*: 


‘In the problems of Class II, from (a,) inclusive, on, it was assumed that 
a lower bound for the values of A* existed. We proceed to show that such is 
the case. It will be recalled that ~(a) was to be chosen so that the ratios 
WX (1)/4(1) and 2’(0)/2(0) coincided with the corresponding ratios for y(a). 
Let us call these ratios 7 and £ respectively. They are not independent, but 
are connected by the equation, obtained by dividing (4,) by (4): : 


n=(c+dé&)/(a+b§), where ad—bc>0. (8) 
We shall now prove the theorem: 


There exists a number A, independent of E and n, such that the solution of 
the differential equation (1) which satisfies the boundary conditions . 


w'(0)=§u(0), w(1)=nu(1), (9) 


subject to the relation (8), and which does not vanish in the interior of (0,1), 
belongs to a parameter value A* >A. 


We assume that p (0) >0 and p(1)>0. The herem is not needed in the 
problems of Class I. 

We first prove the lemma: For fixed E and eens n, and for fixed n 
and increasing ë, the value of the parameter A corresponding to: (9) increases. 
Let u(x) and u(x) be two solutions of the differential equation satisfying the 
first equation (9). Denoting the corresponding parameter values by A, and 24, 
we find the following identity: 


(1) [ule (L)1u{ (1) 1 (1) ug (1) ] = ata) faa (2) 14 (2) (0) de 


We are, in this paragraph, concerned only with solutions of (1) which do not 
vanish in the interior of (0, 1), so that it is legitimate to consider u,(z) and 
u(x) positive for 0<z<1, so that the integral is positive. Dividing by 
us (1) (1), we have 


PO n)a Ja u (s) (2)r(2)do, (10) 
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which shows that decreasing n corresponds to increasing 2. The second part 
of the lemma is proved similarly. 

We next find the relation between £ and n when these are the values of 
the ratios w (0)/u(0) and u’(1)/u(1) corresponding to any fized à. To do 
this we take a. fundamental solution set for v=0, u (x) and u(x), for whiçh 
um (0) =1, (0) =0, u (0)=0, w(0)=1, in terms of which any solution u(x) 
for the same value of à may be expressed in the form u (s) =¢, t (2) +6 U(x). 
Then E=¢,/e,, and n= [cyu (1) +ceus(1)]/ [ora (1) +0x%(1)]. Eliminating 
the constants, we fnd the relation 

_ u(1)+Eu(1) 
"= a) Finli)’ a 


for which we have the easily derived relation 
w (1) ug (1) —% (1) us (1) =p (0) /p (1) >9. 


This shows that the hyperbola which is the Cartesian representation of the 
equation (11) is an always rising one. ‘ For various values of A, this hyperbola 
varies in position and size, but if for a finite value A of A, its center lies above 
and to the left of the hyperbola (8), also an always rising hyperbola, the 
lemma shows that the solution of the differential equation and the boundary 
conditions (9) subject to (8) will always correspond to a value of A>A, and 
- the theorem will be proved. 

That for some finite à the center of the hyperbola (11) lies above and to 
the left of the upper left-hand ‘branch of the hyperbola (8), will be evident 
from the fact which we shall next prove: given any finite positive quantities 
h and k, a finite A always exists for which the coordinates of the center of the 
hyperbola (11) satisfy the inequalities 


uy (1)/ug(1) >h, us(1)/u(1) >k. (12) 


: „u (1)_ ~~ p(0) ERAR : : 
The identity cd =f OTET dz, the derivation of which gives no 


trouble if the initial values of the fundamental solution set are kept in mind, 
shows that the ratio u,(1)/u.(1) can be made as great a-we wish if u, (x) can 
be made as great as we please at all interior points. But this fact can be 
inferred from the identity 


d (sea) iG, ene . 

da \u (2, m)/ p(w) uk (a, M) , A) Uy (£, Aq) r (x) da. 

da \w(%,a4)/ pp (@) uz (@, Ax) xf 1(&, A) ty (T, Ay) (a) 

This shows that u(x, A)/u (2, %4) increases with w if A<. This ratio 
30 : 





~~ 
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approaches 1 as z=0. Hence always, u (m, 2) >u (z, 21) for 0<g<1, and 
using the law of the mean, a een rata > a > J, r(a)daz> (Aq—-A) X a posi- 
tive function of x independent of à. Hence the ratio, and therefore ty (a, A)” 
can be made as large as we please, and the first inequality (12) is established. 

` To prove the second, we start by noticing that for sufficiently small 4, 
w(%)>0 for 0<a<1. This is seen from the equation p(w) u(x) =p(0) 





+ f (—ar—g) mda, in which the integral is positive if A<—max. g/min. r: 
0 
Multiplying the differential equation for u, by 2p(#)u,(z) and integrating, we 


p 1 —— 
have [puz(2)]? =f Or ee the bar denoting 





a mean value. Hence u;(1)/u,(1)>—, V(—A) min. pr—max. pg, which 


z0 
can be made as- large as we please by sufficiently. diminishing 4. Thus the 


second inequality (12) is proved. Arg 


COLUMBIA, Mo., October 20, 1917. 


Directed Integration. 


By H. B. Pumas. 


In case of an integral along a curve, 
§Pdx+Qdy=Lim LPAz+QAy, 


the increments Av and Ay may be positive or negative according as æ and y 
are increasing or decreasing. In case of a double integral, however, 


SSF (a, y) dady=Lim LEf (a, y) Ardy, 


the element AvAy is usually considéred positive, or at least, invariable in sign. 
This introduces difficulties similar to those which occur when we attempt to 
banish the-minus sign from algebra or analytic geometry. “For instance, in a 
change. of variable,-it is necessary to assume that the Jacobian has an 
invariable sign. . 

Physicists avoid these difficulties by introducing a cosine which is positive 
or negative as required. Mathematicians accomplish the same result by 
making a change of variable, thus obtaining an element of integration which 
need not-change sign. I wish to show in this paper how the algebraic sign 
can be directly attached to the element of integration, multiple integrals being 
treated in this respect like curvilinear integrals. The equations for change of 
variable and those connecting line, surface, and volume integrals, present 
themselves much more naturally in this form. In this discussion I shall not 
enter into questions of existence and convergence. These matters are treated 
in practically the same way whether the integral is directed or not. I shall 
also consider only two and three dimensions, although the extension to higher - 
spaces is immediate. . 

Directed Regions.—A surface is called one-sided if it is possible to pass 
from a point on one side of the surface to a point on the other without passing 
through the surface or across its border. If this is not possible, the surface 
is called two-sided. A simple one-sided surface can be formed by twisting a 
strip of paper through 180° and bringing its ends together. 
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If a surface is two-sided, one side can be considered positive, the other 
‘negative. We shall assign a direction or sense to a region on a two-sided 
surface by assigning a direction around its border. In a right-hand system 
the positive direction is usually chosen such that an observer on the positive 
side of the surface finds the region on his left when he moves in the positive 
direction along the border. It should be noted that this direction does not 
belong to the border, but to the region of which it is the border. Thus a given 
direction around a great circle of a sphere is positive for the hemisphere on 
one side, and negative for that-on the other. 

Surface Integrals—Let x and y be one-valued and continuous functions 
defined at each point of a region T on a plane or two-sided surface. DivideT' ' 
into elementary regions, or cells, by two sets of curves 


z==constant, y=constant. 


Any one of these cells whose boundary is a simple quadrilateral with two 
pairs of opposite sides belonging to the curves a, v+ Az and y, ytAy will be 
called regular, Irregular cells may be bounded by less than four curves, or 
by four curves that are not of this simple type. 

In the definition of the integral only the regular cells will be used. Hence 
it is assumed that the irregular cells can be enclosed in a region or set of 
regions whose total area approaches zero when Ay and Ay approach zero. 
This is certainly true of the curves ordinarily used in integration. It would 
not be true if the two systems of curves v=const. and y=const. were the same. 

Choose a direction around one of the quadrilaterals. Then for that 
quadrilateral we define AvAy as the product obtained by multiplying the 
increments of v and y which are found. by passing around the quadrilateral in 
the chosen direction so as first to traverse a curve y=const., and then a curve 
z=const. The sign of AvAy is fixed for a given quadrilateral and a given 
direction around it. Thus in the quadrilateral ABCD, if AB and DC are por- 
tions of.curves y==const., and AD and BC portions of curves «=const., we 
may take Av from A to B and Ay from B to C, or we may take Aw from C to 
D and Ay from D to A. In the second case the signs of Av and Ay are both 
changed, and so AvAy is not changed. Similarly, the “product AyAsx is 
obtained by traversing the quadrilateral in the same direction, first traversing 
a curve =const. and then a curve y=const. Inspection of a figure will make 
it clear that one of the increments in AyAs differs in sign from the corre- 
sponding increment in AvAy.. Hence 


| AyAg=—Anzdy. (1) 
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Let the same direction be taken around all the quadrilaterals into which 
T is divided. Then, if (x, y)‘is any point in the quadrilateral to which AvAy 
belongs, we define the integral of f(z, y), 


SSF (, y) dady, 
in the chosen direction over T as the limit (if it exists) approached by the sum 

Lf (a, y) gory 
when Az and Ay approach zero, the suameuen a hers for all the regular cells 
within T. Similarly, 

SSf (x, y)dyde=Lim LUf (s, y) AyAs. . 
Therefore, by equation (1), . 
SSF (2, y) dyda=—JS§f (a, y) dady. (2) 

It should be noted that the order in which the differentials are written does 
` not indicate an order of integration. In fact, no order of integration is con- 
sidered. The integrals are multiple, not iterated. 

We have assumed that Ax is determined along the curves y=const., and 
Ay along the curves x=const. It is a very important fact that one of these 
increments could be determined along a third set of curves w=const. Thus, 
if we resolve T into cells by the curves =const. and w=const., and in each 
quadrilateral determine Ay on x=const. as before, but Av on w=const., the 
value of the integral will not be changed, provided the total area of the 
irregular cells formed by the new curves has a zero limit. For T can he 
resolved into strips between consecutive curves 2,2+Az. All the quadrilat- 
erals in a strip have the same Az. Also Ay is taken in both cases along the 
curves z=—const. Hence, in the change assumed, the part of the summation 
belonging to this strip is affected only through the change in the distribution 
of the intervals Ay. This doés not affect the limit. 

Volume Integrals.—Triple integrals are defined in a similar way. Let 
£, y, 2 be one-valued and continuous functions defined at each point of a region 
F of space. Divide T into cells by means of three sets of surfaces x=const., 
y=const., and z=const. We shall call the cells regular which are bounded on 
opposite sides by three pairs of surfaces æ and #-+Aa, y and y+Ay, z and 
ze+Az, We assume that when Ag, Ay, and Az approach zero, the total volume. 
of the irregular cells approaches zero. 

Let AB, BC, CD be consecutive edges of a cell, y and z being constant on 
AB, z and # on. BC, x and y on CD. Let the outer surface of the cell be con- 
sidered positive. The path BCD determines a direction (positive or negative) 
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about the face of the cell in which B, C, D lie. I call this the direction, or 
sense, of the cell ABCD. 

For a given cell taken with an assigned direction, we define AzvAyAz as 
the product obtained by multiplying the increments of a, y, z which are found 
by passing along consecutive edges of the cell in the assigned direction, first 
traversing an edge on which œ alone varies, then one on which y alone 
varies, and finally one on which z alone varies. It is easy to.verify that this 
fixes AvAyAz not only in magnitude, but also in sign when the cell is given 
and a direction assigned to it. Thus let the cell be a rectangular box 
ABCDEFG formed by the parallel rectangles ABCH and FEDG (a varying 
on AB, y on BC, and z on CD). We may take Aw on AB, Ay on BC, and Az 
on CB, or we may take As on EF, Ay on FG, and Az‘on GH. In the second 
case two signs (those of Aw and Az) are changed, and so AvAyAgz is not 
changed. l 

Similarly, the product AyAzAz is obtained by traversing the edges of the ` 
cell in the same direction, first traversing an edge on which y alone varies, 
then one on which z alone varies, and finally, one on which g alone varies. 
The other products of Arx, Ay, Az are defined in a similar way. It is easy to 
verify that each inversion of the order of Az, Ay, Az introduces a negative 
sign in the result. Thus 


AvAyAz=—AarhzAy=AzAcdy. (3) 
Let all the cells in a region T be taken in the same direction. If (a, y, 2) 
is any point within the cell to which AvAyAz refers, the integral in the 
assigned direction over I, l 
SIS, y, 2) dædyde, 


is defined as the limit (if it exists) approached by 
ELLS (a, y, 2) AvcAyAz 
-when Ag, Ay, and Az approach zero, the summation being for all the regular 
cells within T. Similarly, 
. SSS f(a, y, 2) dydede=Lim ZEE; (a, y, 2) AyAZAT, 


ete. Hence, from (3), . 


JII E) dedyde=—S5 fle y, 2) dadedy=SS§f(«,y,2)dedady. (4) 


As in case of. double integration, one of the sets of surfaces #=const., 
y=const., z= const., can be replaced by a third set of surfaces, provided the 
irregular cells thus introduced have a total. volume that Approaches zero in ` 
the limit. 
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Expression of an Integral in Terms of Boundary Values —A simple 
integral is expressed in terms of its limits by the formula 


b b " 
f du=u| Suoi (5) 
Similar formulas apply to multiple integrals. SAR 
Let u be a function of æ and y. In the integral, Š 
Sfduda, 


let du be taken along z=const. We may take dx along u=const. or y=const. 
as we choose.. The integral of du along a curve x=const. from one intersec- 
tion with the border to anather is given by equation (5). Hence, if we 
evaluate the integral by summing first with respect to u and then with respect 


to x, we get 
Sfduda= fuda. (6) 


The double integral is taken over a region T, the simple integral over the 
boundary of T. Since du and dx occur on consecutive sides of a quadrilateral 
in the double integral, the direction of integration around the boundary must 
' be such that if BC belongs to the boundary and ABCD is a quadrilateral 
directed as in the double integral, then the integral along the boundary is in 
the direction BC. 

Similarly, if u is a function of z, y, 2, 

SSfdudady= ffudady. (7) 

The triple integral is taken over a region T, the double integral over its 
boundary. The directions of integration are so related that if ABCD is a cell 
of the triple integral with face BCD in the boundary, then BCD gives in that 
face the direction of the double integral. 

Illustrations of these formulas are furnished by the theorems of Green, 
Stokes, and Gauss. Suppose, for example, P, Q, R are functions of 2, Y, 2 on 


a two-sided surface. Then 
f Pdz= sfdPdz, 


the two integrals being taken over a region of the surface and around its 
boundary, respectively. Since dP is determined on the curves s=const., 


aR oy 0 a; K 


and 
f oP 


[Pdz = S55 dyaa + Gy Teda 
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In these integrals dy and dz are taken along z=const. In the combination 
dydx we may take dx along y=const. and in dzdz along z=const. Similarly, 


sQdy= sp 2 dzdy+ $È dedy, 


oR 
fRdz=ff or dade+ s P iya 


Adding these equations and changing the sign each time we invert the order 
of differentials, we get 


__ OP oR Q oP OR 
pbaa ety chaos 5(2 Sas d AZ — 2) ayde+ (SPS deca, 


which is Stokes’ Theorem. Since 


E oP oP 4 
dP = =— zda += ET dy + -=— zz 4 


the equation 
SfaPda=ff Se dynt S 3z OP Ieda, 
suggests that symbolically 
SS ap deda=0. (8) 


This is in-line with our definition since one set of curves does not give rise to 
any regular quadrilaterals, and so the summation from which the integral 
might be defined is zero. 

Change of Variable—Let x, y be anion of u,v. Then 


dxz= oF du gydo 


along any curve. Hence 
fa! ə 
SSfdady=§ ff 5 dudy +S ff F dvdy. 


In these integrals dy is determined along the curves z=const. Since this is not 
significant we may determine dy in the first integral on the curves v—const., 
and in the second integral on the curves u=const. In the first case 


and in the second 
; oy 
dy= u du, 
whence. 


fsfäzdy= sree § yt dossi Z dvdu= psi] 32 SY — SE 38 | dudo. (9) 
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This result could be obtained by using the values 
dx Ox 


_9Y 5, PY 
dy = u et 3y dv, 


s 
in f ffdxdy, expanding, and assuming that the integrals containing dudu and 
dvdv'are zero. ' 
In a similar way we show l 
Ox Oy Əz 
| ðu ðu ðu 


+ ffffdzdydz=ffff a age Py nee (10) 


Ox Əy dz 
ðw ðw ðw 
Equations (9) and (10) are valid whether the Jacobian has an invariable 
sign or not. Irregular cells will, however, usually occur in the neighborhood 
of a point where the Jacobian is zero. It may therefore be necessary that it 
be possible to enclose such points in an area in case of a double integral and 
in a volume in case of a triple integral which has a limit zero. 
While an integral is represented by a number, the summation’ process 
upon which the integral is.based is as much geometric as arithmetic. Sym- - 
bolically the integral is a function in-which dædy is equivalent to —dydax and 
‘da* to zero. This can be expressed by means of vectors. Yet da, dy, dz are 
not vectors, and integration belongs no more to vector analysis than algebra 
does. They both belong to the larger field of quantities having sign, but not 
direction. 
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P-way Determinants, with an Application to Transvectants. 


By Lerinm Haut Broz. 


u 


In this paper an extended definition of a.determinant is given which 
applies to determinants of more than three dimensions, and enables us to 
remove the restriction in Cayley’s law of multiplication and to set up a new ° 
case in Scott’s law of multiplication. * New formulas are obtained for the . 
known process of decomposition of a determinant into. determinants of fewer 
dimensions, and a new process called crossed decomposition is described. 
Fresh- light is thrown upon the function known as a “ determinant-permanent,” 
a limitation hitherto thought necessary beig done away. Finally a generali- 
-zation to p dimensions is made of Metzler’8 ‘theorem in two dimensions con- 
cerning a determinant, each of whose elements is the product of & factors, 

We lead up to these matters by a brief statement. of the elementary 
theory of 3-way or cubic determinants and permanents. i 


I. THREE-wWaY DETERMINANTS AND PERMANENTS. 


1. Definitions and Fundamental Pr operties —Elements, n? in number, i 

-can be arranged in a 3-way matrix of order n having n? rows, n? columns, and 

` nè? normals; all are called files. The matrix divides up into strata, or layers 
_ that contain rows and columns and are pierced by normals; and into n row- 
“normal layers pierced by columns; and into n column-normal layers pierced 
by rows;. ail dre called layers. In triple-index’ notation, ayy denotes the 
element in the ith stratum, the j-th row-normal layer, and the k-th column- 

normal layer. To represent 3-way matrices of successive orders, we write: - 
oy ie a E Pe AN E TE ae An Ge Mus | Aon Aas Qais | Asn Fas sig . fe 

eee Goer kan || Gioi F122 Gyas | Qoar Goaz Toop | Gess Osag Asog » ote, 
x ve l Aisi Gigs, Tse | Fem Cogo Gass | Gesi Gasa Gess 

a Tio. Or more elements are conjunctive if no two of them lie in the same. 
ger of- any direction; n conjunctive elements are perjunctwe and form a 
s ne transversal. When we Sovak of a determinant of a matrix and use the word. 
Pad Sei ventisyersal, ” we mean the product of these elements. The locant of an 

















a 
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element is the set of indices which locate it in: the matrix. Ifthe locanis of a 
perjunctive set of elements be written in a column, the three subcolumns, of n 
indices. each, are. called ranges, and the whole is called the locant of the set 
(transversal); e. g., Guz Gms Gsi, ranges 132, 213, 231. The sign of a range is 
"+ or — according as there is an even or an odd number of inversions of 
order in the range. 

The determinant of a 3-7 -way matrix is s the algebraic sum of its transver- 
sals, each having the sign wai is 7 product of the signs of its second and 
third ranges. i . 

The permanent of a.3-way matrix i is the sum of its fransversala: 

The determinant and permanent. being’ homogeneous linear functions of 
the elenients of any layer, we have obvious theorems as to factors of layers, 
and as to separation into-a sum. of.3-way determinants or permanents when 
there are polynomial elements, and, conversely, as to addition of determinants 
and of permanents. An interchange of strata in a determinant, or of any 

‘parallel layers in a permanent, does not change its value; but an interchange 
of any two parallel layers other than strata, in a determinant, changes its 
sign. Hence, if two such layers are alike the determinant vanishes. Hence a 
multiple of such a layer may- be’ added to- any parallel layer without changing 
the value of the determinant. 7 . 

A minot is formed by striking out an equal number of layers’ of each 

. direction. It is obvious what we mean by conjunctive minors and by per- 

junctive minors. A perjunctive set of minors, formed into a product, with the 


proper sign, is equal to the sum of a-certain number of terms of the determi- 


nant; the sign is the sign of that term of the determinant whose elements are i 


the elements in the main diagonals of the minors. In the simple case of an l 
element a; and its complementary minor, the sign is (—1)/+*. In consequence, -. 
the Laplacean expansion of a determinant is formed by partitioning the matrix 


into two or more sets of parallel layers and forming all possible perjunctive 
sets of minors occupying the sets of layers, one minor in each set. 


2. Decomposition —(i) A 3- -way determinant A of order n can be decom- 


posed inito the sum of nl! 2-way determinants whose rows are rows of A. aes 


which they lie, we see that the 2. “way determinant \ oe z 


Qin Ging Eo “6 linn E 
Ayry Bynes s. . Ayan: 
? 


COE EE 


Gunn Dimar ++ e Aina 





h e 








va 
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whose matrix they form consists of n! terms of A, and. that the totality of 
such 2-way determinants consists of all the terms of A. . They are called com- 
ponents of A. 4 

_ (ii) If the rows are arranged in the order of the strata in which they lie, 
then each determinant must have prefixed the sign of the J- range (denoted by 
+:,) in the locant of the set of rows. 

(iii) (iv) There will be two ORA forms of decomposition into 
2-way determinants whose columns are columns of A. ' 

(v) We can also decompose A into an algebraic sum of 2-way permanents. 
Arrange n perjunctive normals in any order, and to the permanent- whose 
` matrix they form, prefix the sign of their locant; for, clearly, all of those n! 
terms of A which lie in a perjunctive set of normals have the same sign. l 


Aisa Qiya eee : Qn Qg "Id e>» 
(ii) +, Qop Agpo » ; (Hi) | Gin Gra... |; 
i + +* 
K k Gui Coy yer s.. y Oy j7y! lope 
(iv) +y gr Agog s... >, (v) Ey, Ayyeryer Boze ewes leo 


OE sO 


A 3-way permanent may of course be decomposed by rows, columns, or 
- normals, into a sum of 2-way permanents. 

3. Element-Multiplication.— (i) (Scott’s+ law of multiplication). The 
‘product of two 2-way determinants (or permanents) A and B of order n is 
expressible as a 3-way determinant (or permanent) C of order n where 


patel 
A . 
Ay, Ap Tonta Tanba Guba | anba anba], 
EXAMPLE: | 
Aygo] | Bordo] | tebu Quadra | diabas asbes |’ 























From the prescription ¢,,==a,b,, whatever be the value of n, we see (i) 
noting the index i, that columns of A and columns of B are found in normals © 
of C, (ii) noting the index j, that rows of A are found in columns of C-and 

that elements of B run as factors through columns of C; and (iii) noting the 
index k, that rows of B are fourtd in rows of C, and that elements of A run aè . 
factors through rows of C. l 





E . + o” cone . a 
BRE *«) |” means a determinant or permanent; “| |” means a permanent. 


-7 FRE. Scott, On Cubic Determinants,” ete., Proo. London Math. Soe., Vol. -XI (1879), p. 17, at p. 
_ 23, paragraph 7. In paragraphs 8 and 9, Scott extends the rule so as to give the product of two deter- 
minants of p and g dimensions, respectively, in the form of a determinant of p-+-q—1 dimensions. In 


l _ ; '§T of the as paper this rule is extended to determinants as defined in § 6. 
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This method of. examining a prescription will often give at once a good 
_ idea of.a matrix and may suggest the best way of dealing with it. 
In the present case we use decomposition (ii) of the preceding section 


and find that each: component equals B ices by a term of A, giving l 


AB=C. . 
(ii) The product of a 2-way. E E A and a 2- -way permanent "p of 
order n is expressible as a 3-way determinant C wherein 


Cp jx Pir; 
that is, a normal of C is a column of P with an a- factor; a column of C is a 
column of A with a p-factor; and a row of C is a row of A and a row of P. 
Using decomposition (v), we find that each component equals P multiplied by 
a term of A, and AP=C. ` 


4. File-Multiplication—(Cayley’s* law of multiplication.) The product 


of a 3-way determinant A and a 2-way determinant B of order n is expressible - . 


as a 3-way determinant C of order n, wherein 


`~ 


umd Onda; 


that is, the matrix of each stratum of C is precisely what. would result from. 
using the familiar process of multiplying together two 2-way determinants 
into a 2-way determinant, row into row; one-of the determinants being always 
~ B, and the other being the determinant of the matrix of the stratum of A 
corresponding to that of C. . In brief, we opty B into the strata of A to 
form C. 


Using decomposition (i), ¥ we find that daok component C,=4, B, whence | 


C=AB, 
E: IL. DETERMINANTS ‘AND eee OF p ‘Dincewsiowa. l 
_ 5. Definitions and Fundamental Properties—A p-way matrix (or a 
matrix of class p). of order n is formed of n? elements: 
ji 2 dean lP. l 
The matrix can be separated into n layers, in any one of the p directions; a 
layer is a (p—1)-way matrix of n?” elements. Common to two layers of 








* A. Cayley, “On the Theory of Determinants,” Trans. Cambridge Phil. 800., Vol. VITI (1843), p. 
75; Ooll. Math. Papers, Vol. I, p. 68. See §2 of that paper. Cayley extends the rule so as to give the 
product of two determinants of p and g dimensions, respectively, in the form of a determinant of p-+q—2 


dimensions, but states that the rule is inapplicable when both p and g are odd; a restriction ignored by: 7 `s 


Scott in paragraph 9 of the paper cited in the first note, and by many others (see “Abrégé de la théorie ~: 


des déterminants à n dimensions,” par Maurice Lecat;-Gand, Hoste, 1911, pp. 65 et aeg.). In §8 of the 
present paper this rule is extended to determinants as defined in 85, such determinants perring s to remove 
the restriction. 


pA 
ee 


Ld 
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‘different directions is a (p—2)-way sublayer; common to three, a (p—3)-way 
sublayer; and so on, until we have, common to p—1 layers of different direc- 
tions, a file of n elements, piercing the n parallel layers of the remaining 


direction. Parallel to this file are ?-*—1 other files, together with it con- | = 


taining all the elements of the matrix. Files of the last direction are rows. 
We speak of conjunctive and perjunctive elements, files, eto., of transver- 
sals, and of locants and ranges, as we did in the special case. aa a 3- -way 
matrix. ; j 
‘Hitherto a p-way determinant has been defined as the algebraic sum of 
the transversals of a p-way matrix, the sign of a transversal being determined 
by arranging its elements in such an order that the values of a fixed index 
shall read 1, 2, ^, and then taking the product of the signs of all the 
other ranges. It fae then been shown that for a matrix of even class the same 
determinant will result, whatever be the fixed index, but that for a matrix of 
odd class a different determinant, in general, will result from a different choice ~ 
of the fixed index. It has also been shown that interchange of layers denoted 
by the fixed index in a determinant of odd class leaves the value of the deter- 
minant unchanged, while the interchange of two layers of any other direction 
_ in such a determinant, or the interchange of two layers of any direction in a 
. “determinant of even class, changes the sign of the determinant. 
It follows that without making the supposition that the elements of a 
- transversal are first arranged in any- particular order, we may say that the 
sign is the product (i) of the signs of all the ranges, in a determinant of even 
class, and (ii) of the signs of all but one (a fixed one) of the ranges, in a 
determinant of odd class. 
From this point of view, we now generalize the definition of a determinant. À 
_ We shall call an index (or range, or direction, or file, or set of layers) signant 
or nonsignant according as we do or do not take the order therein into account 
. in fixing the sign of a term. In a 2-way determinant both indices are signant; 
‘in.a 2-way permanent, both indices are nonsignant. In a 3-way determinant, 
-. two indices are signant. Passing to matrices of more dimensions than three, 
we see that it is possible not only to have signant all the indices if the 
class is even, and all but one if the class is odd, but to have signant a less - 
number in éither case, provided only that there be an even number that are 
signant—two indices in a 4-way or 5-way matrix, two or four indices in a 
6-way or 7-way matrix, and so on. - We therefore lay down the following : 
Definition of a Determinant.—A. determinant of a p-way matrix is the 
x-7 .sum of all the terms that can-be formed by taking a set of perjunctive elementis 
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as' factors and prefixing the preion of the signs of an even amti of chosen 
ranges. ! 

A permanent mieh be TE as one eatrom, where the even number is 
zero; but file-multiplication and dependent processes have no application to 
permanents, and so.we prefer to mention them explicitly when a theorem is 
true- with regard to them, and to understand that a determinant has at least 
two signant indices. T i i 

By & full-sign determinant we shall mean a detenninant as heretofore 
defined, with all, or all but one, of the ‘indices signait, according as it is of 
even or odd class. 

If’in any determinant two layers of a Pere dieeclion be interchanged, 
the sign of the determinant is changed. Hence, if two such layers are alike, 
the determinant vanishes. Hence a. multiple of one such layer may be added’ 
to another without changing the value of the determinant: 

. Both a determinant and ‘a permanent are-of course homogeneous linear 
functions of the elements of any layer and have the properties resulting. 


6. Decomposition.—A p-way n- layer determinant A can be decomposed 
into the algebraic sum of n! (p—1)-way determinants or permanents, as the 
case may be. Each of these components has n! components, and so on. Ulti- 
mately we arrive at the expression of A as mie algebraic sum igt (n!)?-? 2- -way 
- determinants or permanents. 

Let the matrix ||aag.... all of A be divided up into its (p— 2)- -way sub- 
layers of directions 1 and 2.. Denote the sublayer common to the +-th layer of 
direction 1, and the s-th layer of direction 2 by a,.... ‘Take n perjunctive 


sublayers Qano.,...0) Ga20....09-+ +++ Gatono....0 tO form a (p—1)-way matrix, 
@art0,...0 
Gare 0 2 
Bainrn0....0 


' ‘This is a component of the matrix of A; there are n! such components, and 
all of the locant. of an element in A except the first index, is the locant of that 
element in each of the. (n—1) ! components in which it occurs. 

Denoting by the superscripts ~ and ~ the signant and nonsignant indices, 
` and inserting a colon to isolate the locant of a component, we have: 


(1) laws lP =E Ea tay.. P 
(2) lasy P=, laap. 
(3) xp (P -F jasa: 


(4) lazy. P= aay 


foe a 
(D,) : 


eee 
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Each index beyond @ is signant or nonsignant on the right according as it is 
signant or nonsignant on the left. In (1) and (2), +, is the ‘sign of the 
o-range in any transversal when the 8-range reads 12... n. 

Briefly, if a is signant (nonsignant) the components are signed (unsigned) 
and the signancy of 8 is reversed (continued). 

We see that the components of a determinant may be determinants or may 
be permanents; but that the components of a permanent must be permanents. 

In verifying the formulas we must recall the fact that there are an even 
number. of signant indices. Consider a term of |a... |E in formula (1). 
Let its elements be arranged so that the values of 8 are in the order 12....n; 
then its sign is the product of the signs of the signant ranges beyond 8. Pre- 
fixing +., we find that we now have the sign proper to this term in |aaqz,..|®. 
And this sign is preserved when the elements are permuted, provided that we’ 
make 8 nonsignant, because there are an even number of signant ranges 
beyond @. 

If the process be repeated is give the (py—2)-way components, we shall 
have (n!)*® matrices of the form 


Qa pt0....0 


> 


Qarip 20...00 


Gains pna0....0 
To condense the corresponding formulas, we use a double superfix = or ©, 
the upper signs to be read together and the lower signs together. in each 
formula: 
(1) les P= E tatg] aapa EP; 
a, B 


2) laal P= uE 


(3) | OzB>.. [P= + g| ag: ae Pie a a 
(4). (a57... [P= | Gap: Sealer ae 


The formulas for complete decomposition, that is, separaton into 2-way 
sonpononia; are: 
(1) |a... P= |a, ele 
la. xrl? == |a. gl 


ade f Pe 


ja Rax P =E |a 


+ 
(4) Ja xxl P= |a 


The “+” is the product of the signs of all the signant ranges before x. 
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- It will be seen that the 2-way determinants in (1) and (2) and the 2-way 
permanents in (3) and (4) have for their rows files of A of the p-th direction 
(index 4) i. e., rows of A; and that we get determinants when à is signant, 
and Pa when A is nonsignant. 

‘As we can put the indices of any determinant in any order before decom- 

` posing it, the formulas are general with respect to such order. This remark 
applies to some of the later formulas. 

In general, if we wish to have r nonsignant indices a,a,....a,, and s 
signant indices 8,8,....8, come before the colon, an index y to come imme- 
diately after it (that is, to be-the index of the range which is the base to which 
+g, Łg,.:--, =g, relate), and wish ¢ nonsignant indices §,3,....6, and u 
signant indices ce,....¢, to follow y, the result is: 


(ax: es ‘Oya. CBT. Sree. 
= b? +, + 
= Eg E 

Gy. Op fyi. By 


> oa (r+s+t+u4+)) 


wae 


fet eta Ep, | Oosa B TTR 


an, } (D) 





“where —" is to mean ~ or ~ according as u is odd or even, demies of 
whether y was originally signant or nonsignant. That is, the signancy of y 
on the right is to be so taken that there will be an even number of pignent 
indices in the components. 

There is an interesting resemblance between the behavior of the signs 
~ and ~ and that of + and —. See (D,) and (D,), where, symbolically, 
AAS, CU ER, VO ET, Ve SY, AO =, ete, And, generally, 
in (D), taking the superfixes of the a’s,-the @’s and y, we find that 
SAL Ome if s is even, and =~ if s is odd. 

7. Element-Multiplication—tlf from the elements of the matrices 


WN esaee ma Ss lO g.p,....6¢ll 4” 


we form a third matrix of class y+q—1 and order n, in whose rows the rows 
of the a-matrix and the rows of the b-matrix are found according to the pre- 
scription l 


Cag.. ap abi vi Beau = a. apat paee Beat ’ 


then it is seen that any transversal of the c-matrix consists of a transversal of 
the a-matrix and a eee of the b-matrix, every possible combination 
occurring just once. . 
Let A be either a determinant or the permanent of the a-matrix, and let 
B be a determinant or the permanent of the b-matrix. Let C be a determinant 
or the permanent of the c-matrix, according to the result when the signaneye of 
32 
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d1». -2p in A, and of b... . B, in B is continued in O, and when u is made 
nonsignant in C if it is signant or is nonsignant in both A and B, but other- 
wise is made signant in C: 


NN Se 5 \ ~~; SSN SS se 


. Then the evident theorem is: 
AB=C. 
The theorem includes as special cases both of the theorems of Section 3. 
In the case ~> =, if either A or B is of odd class, C has more than 
one nonsignant index. Thus determinants that are not full-sign determinants 
not only fit into the cases previously known, but also create a new case. 


8. File-Multiplication.—Given any two determinants with signant rows: 

AS Ogee Ps BS ORD aoa ER | 
let us compound every row of A into every row of B in the way familiar in 
the case of 2-way determinants and used in Section 4, so as to form a deter- 


minant C of class »-+q—2 and order n, according to the prescription 

- A IOAN A A E E T: 

„ that is, combine the locants of the rows of A and B to form the locant of an 
element of C, and continue the signancy of the indices in those locants. Then 


AB=C. 
Proor: Completely decompose A and B into: 


E |) Pe era 
DETERRENT A E 
Qar ....a pa lt Qah naga bg, vee Bgag 11 be, veeBlgg Beene 
or, Uk, Qarni... ar pal Barg.. apa o |) PEF bpn... p"a381 bpn... Braa a 
We aaka ae oara a Gee a n CNG AR eA Ce EO Wa cae TIE 


Multiply rowwise: 


Bau, oe pig lA be, wee Bigg lus Lay, wpa lA TN ET Tai 


AB=% a a +8 Ldan,...ally 2 bp, woe Blgng la Daan... san bar, wee -L T * ¢ 
& : a y 


Cat, apg B'e Biqal Cahn alpa 1 BhP aa ott 


fp sk cE 
Dats Car... at pa? B'i- B' gal Cath... alpa Bhp ga 


The determinants in this sum are not components of C; but the n! transver- 
sals of any one of them are n! of the transversals of C, and the (n!)?**+- n! 
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transversals of all are the (w!)?t*-* transversals of C. As to sign, a trans- 
versal : 


7 7 ws at 
Cha Gy gl Bl’ sec Br Vey esde Bl oe. oats ee 


has the sign +, +,) +, in C, and the sign +, +, +, in this sum; and since 
there are an even number of signant indices.in @,...@,-., the signs +g ‘and 
+, are alike. Therefore AB=C, 


- - feelqvennl|® = |fyannn|@®. 
Examriz: A=|azaq|, B=|bragagli?; 


CORE PRR Fea. O 6,006.1 T Faas O 6,868.2 $ 
(It will be convenient here and elsewhere to insert commas in locants to 
bring out the structure of a matrix; they may be inserted, shifted or removed | 


at pleasure, as they do not change the meaning of a locant.) 


111%, 12 


























Ge, 11 2, 18 bim, u bin, 12 Due, 11 Bus, 12 
a= ei basal” rak "i 
Qa, 21 Be, 22 Qa, 21 By, 22 223, 21 U 292, 22 221, 210221, 22 
AB= Ay O11 + Au, bum, 2 Qai, 102292,1 F Gai, 2 U22222 








Qar, 1b, 1t te, ebum, 2 Be, 1D 2999, 1+ ag, 20 s590, 2 


Qy, D101, i+ âu, 20x01, 2 Gy, 1D s019, it Qu, 2 Doors, 2 


Qas, bus, 1t Ae, ebu, 2 Gop, 1D 2019, 1+ loa, 2bo913, 2 








C31, 1111 Cun, 2222 Cry, 1191 C11, 2212 


—.... =C. 














Cag, 1111 Coa, 2229 Cee, 1121 Cop, 2212 


This proof depends on the rows of A and B being signant. Apart from 
the proof, it is plain that one of the two indices a,@, can not be signant and 
the other nonsignant, for that would give C an odd number of signant indices. 
And we proceed to show that both indices can not be nonsignant; from which | 
it follows that a full-sign determinant will not serve to express the file- 
product of two determinants of odd class—the restriction stated by Cayley 
in announcing his law of multiplication. 

For, take »=2, to simplify the statement, In the transversal 


Coty... alp al Blac Bgl Cathe. cap 2B By... Baa 
we find the monomial 
Oaq),.,..a', 912 bpn... Bly al? Qan... apa2 Dgn... Bie 889 


which does not consist of transversals of A and B, and we also find this 
monomial in the transversal 


Coty... gl Bae. Bg a8 Cally... apa By... Algal} 
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and these two transversals are affected- with the same sign, if a, and 6, be 
assumed to be nonsignant, since there are then an even number of signant 
indices in a....@,., and in 6,....8,,. Under this assumption, therefore, 
AB#C. The reasoning applies to every order of determinant and to every 
such monomial; if a, and 8, in that monomial take one value v, times, and 
another value v, times, and so on, with v,+v,+....=m,-then we shall find 
that monomial in v,!v,!.... transversals having the same sign prefixed. 

It is instructive to compare the matrices resulting from element- and file- 
_ multiplication. If the polynomial elements of the latter matrix be converted ` 
into nonsignant files by deleting the + signs, we have the former matrix, as is 
shown by the prescriptions. 


9. Crossed Decomposition.—Let us oe in form and in substance, 
the development of a determinant which is found in the proof of the law of 
file-multiplication in the previous section. Beginning with the decomposition 
of any determinant or permanent 

As | aa... |P 
into 
Dt [Ga :..apataias les 
in each component alike let us cause any set of indices before the colon, pro- 
vided that among them there are an even number of signant indices or else no 
signant indices, to take their n sets of values not in the n rows but in the n 
‘columns (as in the c-determinants in the above proof). Let us call the new 
determinants or permanents, with the signs of the components from which 
they were formed, crossed components. Example, lasanan >; a component, 


` kae Cat bar-kod bac -1 
: a 
-| 4,114n,12| . the derived crossed component, | 7m. u %2,2 | | 
Agg, 21 A222, 28 Q211, 21 A222, 22 











The sum of these crossed components is equal to A. For, let the trans- 
posed indices be arı. ». .&p—2, and consider any transversal of A: 


ai.. ee Aa... ty s20y °° Aa... a mam, 
Let rrp... .7, be such a permutation of 12.... that 
af =1, af? =2, ... ., GSP =n. 


This transversal will be found once and only once, in and only in that crossed 
component whose main diagonal is 


+ 
dal.. -ARAKA « a11 Bay’... a, a8, .. ++ Ope 22° da... aP af ....afnn, 


i. e, in the crossed component 


Gay... 04 Of)... 8411 Fa, ....0, of... .af912.... 
oy . 
= Gis -an Otro SOG el Bays. ar GSP. 20822... 1 
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and the sign will be right, for if by the symbol 


> Efry 8 
we denote the product of the signs of the signant ranges among Appr ee- Ape 


wan they take their values in the order indicated by the symbols (n), (ts), 
.. <., (7,), then we have the equation : 


Coes 1 cb Ql) E Rfi Td + Ln) 
Faye ay nti pa Op 


Genaediining in m let us decompose any determinant or Sporna 
nent A into components of class q: 


ERY + afia 


A= | lan, i lin Oar... Uen se Ag... Agha POOR Og P, 


ac 


the indices before the colon being separated into g groups.with an even.number 
of signant indices (0 even) in each group other than the first. Alter each 
component by causing. each group other than the first to take its n sets of 
- values not in the n 1st-way layers, but in the n s-th-way layers for the s-th 
group. By this alteration the main diagonal is unchanged. Retain the signs 
‘of the-original components for these crossed components; in other words; give 
each crossed component the sign of its main diagonal term as a term of A. 
The sum of these crossed components is- equal to A, 


Examere: The determinant [Oe ee ee eae > has 3- -way components, 


a ne ae E an E ay + E an| Gost tentesas” 8050 | 8” 


. a : 
G11, 13, 11,, 111 411, 11, 11,, 112 | Gee, 23, 22,, 911 Fea, 22, 28, 219 
G41, 11, 11,, 121 411, 11, 11,, 122 | Gee, 22, 22,, 221 Pee, 22, 22, 222 
ing crossed component: : 


A component: + 





; the correspond- 


Gea, 11, 11,, 211 Ĝ22, 11, 22, 212 


Qu, 11, 11, 101 Qu, 11, 28,, 118 
Gog, 22,11, 221 Tee, 22, 28,, 208 


Q13, 22, 11,, 121 Q1, 2%, 22,, 123 








2 , n . - 
k . c $ t t -Ct t D o t 
Proor: Let I Aag? adhah.. Aih... D a tas? aP be any transversal 


of A. Take q—1 permutations of 12... n, Viz, Tafa... -fms s=2, een ae 
such that ; 
af =], are =2, Luah afn, 


The transversal will be found once and only once, in and only in that crossed 
component whose main diagonal is: l ay ay 


n La (a. OP afte age. ae? age tt ot t). l 2 
And the sign will i right, since, for Sabb value òf s, x 


= +a Š 
x Egee ; th, CAGA is . 
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Thus, in the example above, the transversal 
Quen Gerne 


must be found, if at all, in the position 








Qog 11, 29, 212 | 
Qyy, 92, 11,, 121 


in a crossed component; and there i is evidently one and only one orosned com- 
ponent in which it is found. 
The development in crossed components may be written: 


Gye + e «Ay, Ay 
= > Asi Sen, | % (io 
i Dea, a) !4 so aeaa ea G 
Aq “Aahe hg 





10. Raising and Lowering the Class: The “ Determinant-Permanent.”— 
One may arbitrarily raise the class of a given determinant or permanent by 
introducing one or more new indices whose values are determined by the 
values of one or more of the original indices, suitably adjusting their signancy. 


For example, using Kronecker’s symbol ò, ,,=1 if ij=....=%,, otherwise 
=0, we have: 
2 , Ay | _ 
[aay P= | Ssazarl?; 4. €., Tuts | —.| 91,1 h3 . 
Qolo Gog, 1 Ace, 3 

















And in general we may introduce as many nonsignant indices as we like, each 
having any one-to-one correspondence that we like with one of the original 
indices; and may then arbitrarily render signant any two of the entire set of 
indices which happen to haye a one-to-one correspondence with each other 
such that both have the same sign. 

In particular, if a determinant of even class have two nonsignant indices, 
there may be introduced a signant index which shall everywhere take the same 
values as one of the nonsignant indices, the latter being also made signant, 
and thus being doubled, the result being a determinant of odd class with one 
nonsignant index. I. Bs, 

; P, : lage... . ed) — | Sap By sales 


It is by this kind of a determinant of odd class that the, product of two full- 
sign determinants AP and B® by file-multiplication has heretofore been 
expressed, when p and q were odd, as a determinant C of class p+q—1 (not 
p+q—2); the “fixed index” (nonsignant index) of A has been doubled in C, 
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and the “fixed index” of B has Rect made the “fixed index” of C. Of course 
C would consist largely of zeros.* 

On the other hand, let us start with a full-sign determinant A, of odd 
class, of a type of which C in the last paragraph is a particular case; wherein 
a group-of indices take the same values, another group take the same values, 
and so on, there being r groups with an even number of indices in each, 
s groups with an odd number in each, and ¢ single indices, among the latter 
being the nonsignant index t,.t Give to the elements new locants by striking 
out all but one of each group of indices, put them into a matrix 


I EE EAEN | 


and consider the determinant 


A' = | WA PEPA ETT v EHD, 


eGR Piati 
noting that s+t is necessarily odd. Bvidently, 
l A'=A., 
Now A’ is not a full-sign determinant, but from x there could be formed 
a function not involving anything but full-sign determinants and permanents, 
viz., the function invented by Gegenbauer t and called by him a “ determinant-: 
permanent.” Decompose 4’, using (D) of Section 6, into 





A ~w CHD, 
DBEa ce EnEn. sae =e ee + Teeat Tipas. Dr 
There are (n!)**'1 of these permanents, and in them the oo vo OT ye oe T- 


‘ranges are differently written before the t,-range, and prefixed to each of them 
is the sign which is the product of the signs of these ranges. Such being 
the case, we can arbitrarily construct a determinant B with purely formal 
elements: Bos |bosgec3,y,| ee? 


which will have the property that if for each transversal in its expansion in 
terms we substitute the corresponding permanent, the resulting function will 
be equal to A. This function is a “determinant-permanent” of class s+¢ and 
genus r+1. 

If A be made of even class by deleting t,, A’ will be of class eg 


its components will be of class r, the indices after the golon, will be Pi: Prs and 
B will become loose xg; do 


eTa Tae... Ti-ai 


ba KM. Lecat, .“ Sur la multiplication des déterminants,” Ann. Soo. Sct, de Bruwelles, Vol. XXXVII, 
Part 2, p. 285. 

t Abrégé, p. 32. 

t L. Gegenbauer, “ Einige Sitze über Determinanten höheren Ranges,” Denkschr. Akad. Wien, Vol. 
LVII (1890), p. 735. Abrégé (see Note 3), p. 32. 
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that is, the ‘ determinant-permanent” will be of class s+¢ and genus r.. 

In either case the “ determinant- permanent” is simply a ceoomporiiian 
of A’. 
l It has been said that a “determinant-permanent” is necessarily of odd 
class.* But the decomposition formula (D) shows us that there are two 
possible decompositions of a determinant |a¢.--2¥,,"7y,|@ into a sum of per- 


-Qfare Oy 
manents, such as to leave only signant indices before the colon, namely: 


ek SER G-p 
Da. Ee Ea (ianua Laft Op ,. 
+ + w oo @-140, 
Bes ora ne a | eo ay. 1 ap 


Let A’, therefore, be decomposed into 


? 
TA +4 Aa Ne Ney (r-+1¢41)) 
ee ee Le, anne See sl Osseo Ttg: Fia dA. Pp n 3 


then 
X i (+t- D 
Bes | b7, Cais: Ti Ag 


and the “ determinant-permanent ” is of even class. 
EXAMPLE: 


= | ae: a PaPa BY Teer Eglo ore ee E | go. 
pia ees P= (i Etat p| aap: y= Gas a| aa: yl P. 
- B = (i) |beay| - B= (ii) |baz| P. 


(i) Replace byb + bibo —DyssDeie — bib 


























F a t e + aera. E E 
by Qnam Gyre Tey — | atas = 2122101292 
t 
Q329102222 Asari A019 212102322 Goiz 
x Ja 
that is, by 1, 111, 11, 1111 1, 111, 11, 2222 ee 
: Ap, 292, 92,1111 Va, 222, 22, 2222 
- (ii) Replace . babaa — bibu 
+ 
r Ei 
by [atta sarga — | fanani Aiea iors | 
i121 A128 | Ag22102222 Aaga | A291 01908 














and translate into a’s asin (i). - 
In the particular case of the determinant C described in this section, we 
have, first: l 
EAE D EA E E AA area? 
l oe. at en eee eo ee ae Mee Ory fe are E D) 
which gives the pogua of A and B in the form of a “ determinant-permanent ” 
of class p+g—3 and genus 2, a form previously known. We attach the prime 





* Abrégé, p. 32. 
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to c to give notice that one index of the group a,a, has been dropped, just as 
a’ was used above when all but one index in each group had been deleted. . 

And secondly we have the new form, obtained by writing after the colon 
any one of the indices that are before it in (1): 


Y (8) 
Sess a E ap E Eg: Bas SAAE «Bani : Baria n? (2) 
a “determinant-permanent” of even class p-+-q—4 and genus 3. 


11. A Product Determinant.—A certain example given by Muir was 
generalized by Metzler in a paper “Ona Determinant Each of Whose Elements 
is the Product of k Factors.”* E. H. Moore contributed to the subject+ and 
mentioned that a particular case of the theorem was ascribed to Kronecker. 
All this work was in two dimensions. Then von Sterneck extended Kronecker’s 
result to p dimensions.{ We-shall extend Metzler’s theorem to p dimensions, 
including von Sterneck’s generalization as a special case. 

First let us deal with two sets of determinants, A, A®,...., A®; 
BY, B®, sees, B®; 


AO ze aP ie |; BO ze [bO 


ajay. ar ; 


` (9) 
a eee | fs 


Form a p-way determinant A=APA®, ...A®%, of order kl, by placing 


AY, A®,...., A® along the main diagonal, all other elements being zeros. 
Using the bipartite signs of order 
Wi Dep wine ki; 1222ra ores hoe vine) TD, «ees kh 


such as Moore employs, we shall have the prescription 


ee eee ee (6) 
Qcab) (ag 8)... . (78) (7.18) «++ (G98) = Fay. 


In the same way, form a g-way determinant of order kl, with B®, 
B®, ...., B®; then alter its form by a rearrangement of layers, placing the l 
bres of the Brst direction containing B® in the positions 11, 12, ...., 17, 
those containing B® in the positions 21, 22,...., 2l, and so on, and do this 
for each direction. The resulting determinant B=BYB®....B® and the 
prescription is: O 

b GSB) a Bod GR) =E eba 








* Am. Hath. Monthly, Vol. VII (1800), p. 151. 

+A Fundamental Remark Concerning Determinantal Notations with the Evaluation of an Impor- 
tant Determinant of Special Form,” Annals of Math., Vol. (2)I, p. 177. 

tR. D. von Sterneck, “ Ausdehnung eines Kronecker’echen Satzes auf Determinanten höheren 
Ranges,” Rend. Palermo, Vol. XXX (1910), p. 58. Lecat points out the fact that von Sterneck’s theorem 
does:not hold when the classes are both odd; Abrégé, p. 63. The present extension is not subject to that 
restriction. i 
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Multiply together A and B by rows into a determinant U of class p-+q—2 
and order kl. The elements of U which are not zeros are monomials, since a 
row of A that is not blank contains nonzero elements only in the 8-th set of k 
places, while a row of B that is not blank contains only one nonzero element 
in each set of k places. The a-element and b-element whose product is a 
u-element will be the a-element in whose locant a,—a and the b-element in 
whose locant B =; we therefore change a to a, and 6 to 8, to form the 
resulting prescription: 


rd 


_ eek t.. m wo on’ w ~ eee my == plo Gp) 
Ub aq). AB (aB a G.. E r (Spiga) == Fae sy OR 9 
where at least (a, ,8,) and (apb) are signant. 
This gives the theorem 
UAW AP BY . B®, 


For 2-way determinants the prescription becomes 


U iB) GB) =k, OSB, 5 
which agrees with the theorem designated T, by Moore. 
TP AM SAMS iy SAW =HA, say, and BV HBOS... = BM =B, we 
have: 
U=A'B', 


which is an extension of von Sterneck’s theorem to less than full-sign deter- 
minants. 

Examere: p=3, g=3, k=2, I=2. A'=|d' ial, A”=la’ van |P, 
B= |b'xaa|", B’=|b'xan|". For A and B we have: 


(11) (21) i (12) (22) 

(11) (21) (12) (22) (11) (21) (12) (22) (11) (21) (12) (22) (11) (21) (12) (22) 
(11) | ainan © > | amane * 
(21) | Gina © ` | am ' : 
(12) US indie |© © amay | 
Bapa ee) a oe aae 4. a 
(11) bin ‘Die * OS en * bine ae 
(21)| ees A bia tbi OP ae oe oe fe b ae 
(12) | bin * Biss ° ss tt | Dyer + Boog * ye 
(22) at - war” Se. * 9% - fee . KA Gwe. g s wi è a 


The prescription is: 
; ~ = m BY 
U (a) (Bad (Sbd Aaka) = Ahitsa OP BBs + 
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We shall condense the representation of U by writing the b-factor of each 
element under the a-factor. It is convenient to have the four values of the 
first index of u appear in the four large horizontal subdivisions; those of the 
second in the large vertical subdivisions; and those of the third and fourth in 
the horizontal and vertical lines in each square common to two intersecting 
subdivisions. Thus one of the sixteen rows of A is associated with each of 
the sixteen squares, while one of the sixteen rows of B is associated with each 
of the sixteen places in each square (the same place in every square): 


(11) (21) (12) (22) 
(11) (21) (12) (22) (11) (21) (12) (22) (11) (21) (12) (22) (11) (21) (12) (22) 


m, bin 
21 ane aig 
(11) (a1) : bin ; bisi 
(12) Ain yy 
Dew” Diy 
Boy ge aye 
ey pe be 
11 an azu 
(i bm, 121 
(28) | 49 a 
(21) , 111 , 0m 
12 an Gen 
(12) ban, Deo 
g2)|. ou. om 
CoA es pee Be 
(11) 
(21) 
(12) 
(12) 
(22) 
(11) 
(21) 
22) , 
(12) 
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We deal next with three sets of determinants: 
A™, AY, Lee hey ASS, Ae, er ae, epee Ae, ere Am, 


B®; B® N BED., Bo. eases Be, wees B, alg pem 
ce, Ce. ne OUD. C% eaii Ge, Lay gee. eee Gas 
where 
(a8) “p ETE (r) 
C |c Yar.. le 
Forming now CPs AMPA .... AP BPR .... B, and so on up to 


U™= A., B®, construct V=U....U™ (as we did A) so that 


rd Gaa So oa’ ~ n Nee (Beg) aY) 
UcasByy)... (a Bg) a aa Y) Op aBy'Y) Cri)... (apb Y) (4yB gar?) «0 (Op B qn) == Fay caty bgy Be 
and construct C (as we did B) so that 


Cc bt TT inal ~ a= B) 
(aby)... (@BYa) (OB Yas). Ce Cay 


Multiply together U and C by rows into a determinant V of class 
p+q+tr—4 and order klm. The elements of V which are not zeros are 
monomials, and 4,=4, 6,1=8, y,=y- Detaching the suffixes of a, 8 and y in 
the locant of an element of V, we have the prescription: 


a: IF ffliwp—l p.p pp D.p D.p 
V) B: qaq qog 1...g9 g+1...q4—2 q—1....q—1 q—1....q—1 
Vo Git TT a a Teal Ashe A+1...7—1 


© ap Het, PA. 
Here at least the indices (a, 48,y,) and (a,8,-17,.1) are signant. The super- 
fixes on the right are the sets of two consecutive indices in the sequence 


e a Yr by Boa s 
The prescription applicable to four sets of determinants is obtainable by: 
(i) changing v to w; (ii) subjoining to the locant the line l 


TEE TETE E E E E a R e 


the last s falling under y,_,, the 1 under y,1, and the values p,q—1, and r—1 
being continued over 6,....3, 1; (ili) annexing on the right 


cferFagr-1) i 
and (iv) inserting ô, after y, and before a, in the first three superfixes, so that 
the superfixes are now the sets of three consecutive indices in the sequence 


Ba Yr Ô, Qp Boa Yma- 


Each prescription is obtained in like manner from the prescription that 
precedes, and we have the following general theorem: 


` 
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The product of r sets of determinants 


AO wz | ahy whee Ge. ASA (pr) 


Gri Tas e Ohf TAr tietee Gap ENA O? 


where h=1, 2, ...., r, and where g, is the h-th set of r—1 consecutive indices 
in the sequence s 
Ap, ABps + + Arp, Aip He, p148, p1" -$ rt, pral) 


is expressible as a determinant A of class p,+....+p,—2(r—1) and order 
NN... A,, n Which all elements are zeros excepting those given by the pre- 
scription 


(angi) “(ay 91) TRTA Aat) 


=a n, 
£ (aig). (ay) CNO A (np, 29) k=l < 


(4. 9p) (a tn, Ie) CARTAN mC arp 19 5) 
where k=2,3,....,r—1. 


Remark that at least the indices (a,,19,) and (o,,19,) are signant. 
If all the determinants are of two dimensions, the prescription takes the 


form 


(hax) 
A lanana... Gra) (maama + Ary ar) =i 1 mtaa , 


the sequence to which g, applies being 


Agogo». + By A319 Zor He} « eye Opt, 16 
This agrees with the theorem of Metzler designated T, by Moore. 


12. An Application to Transvectants.* 


Turorem: If the n?! k-th transvectants of all possible pairs of binary 
forms taken from two sets 


eer IP, lls... elle’ nZ2k +2, 
ž ? 


be made the elements of a determinant 


REET, —g odd 
C= | c% Gapa A KA Pile) AE odd, 
with Sa Ca,....a, Bici ba = Pacas eba) E 
then. C=0. 














* Special cases of this theorem have been given by L. Gegenbauer (loo. oit.); see Abrégé, p. 94, 
where an important restriction on Gegenbauer’s results, not mentioned by him, is brought out. 
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Proor: We can form two null determinants A and B, whose elements are 
k-th derivatives of the fs and @¢’s respectively, with suitable numerical fac- 
tors, such that 4-B=C. Letting Ma....a,s Mg,....6, be the degrees of fa....a,s 
g,....8,, Tespectively, set up: j 
(Ma, ayk)! Fag ay 


. 
== eee eena | PH) SEN 
A= a KR Ral , Qa... ap T 








ma al a, x=) 
af k \ (usak)! d9 
Se | E A | ED a ee By... -Bg B;....By 
B= | bx ose Bi Bast Ag A Di ? bss.. Ba ™= ( 1) a) Uppa! i re es: aaa 


These prescriptions fill only the first k+1 places in each row (file of the last 
direction), and we shall fill the remaining places in each row with zeros, the 
result being that one or more layers in A and in B will consist of zeros, 
whence A=0 and B=0. Obviously A+ B=C, the multiplication being of row 
into row. . 


Corotuary 1. If the n* k-th transvectants of all possible pairs of binary 
forms taken from two sets 


Figo Tig Pi ++ Diy 


fattest Pair: +++ Pan 

be made the elements of a 4-way determinant with two signant indices: 
C= | Ohashi | o Carmi b = (Fasas Pae) r 

then C=0. 


Corotuary 2. If the n” k-th transvectants of all possible pairs of binary 
forms taken from two sets 


TRIS seai Tas Pis Por ee. Pay n2k+2, 


be made the elements of a 2-way determinant 


(fry Qi)" +--+ (fis Da)” 
Gm enni Gea err em ae eee a ; 


(Fas $i)*. ares (fro a)” n 
then . C=0. 
This corollary includes as a special case Gordan’s result: 


(fis G1)?» «+ (fry 4)? 


(ey eee 
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On a Certain General Class of Functional Equations." 


By W. Haroip Wison. 


$1. Introduction and General Considerations. 


Addition formulae of the general type 
G(f(a+y), f(z), f(y)]1=9, 


where G is a polynomial in its three arguments, play a prominent rôle in the 
theory of elliptic functions. A natural generalization of such formulae is 


Pla, y, F(x), f(y), Fast by), «+1 f(ae+8,y)1=0, (I) 


where 

(i) P denotes a polynomial in its n+4 arguments such that every argu- 
ment involving f is explicitly present; 

(ii) æ and y are independent variables; 

(iii) a, and @;, i=1, 2,...., n, are given constants;+ and, 

(iv) f(x) is an unknown single-valued function to be determined so that 
equation (I) shall be identically satisfied. ¢ 


Equation (I) is said to be of order n. The degree m of P in the function 
f is said to be the degree of equation (I). 





* Read before the American Mathematical Society (at Chicago), April 6, 1917. 

t For the purposes of this paper it is convenient to carry certain hypotheses in regard to the a’s 
and p’s. A statement of these hypotheses is to be found below. 

fA theorem of some interest in the general theory of these functional equations is that every solu- 
tion f (œ) of equation (I) is a solution of a similar equation in which œ and y-occur only in the arguments 
of the funotion f. To prove this arrange P as a polynomial in œ and y. The substitutions o=s-+k,t, 
yit, where k,==0 and 

kikit & ’ ki Elat aa -A , 

A=0,1,....,4—1, h, j=l, 2,...., n, transform (I) into equations similar to (I) such that the highest 
degree in s and t is the same for all of them. It is easily seen that a finite number of non-zero k’s may 
be employed such that the variables s and t may be eliminated from these equations, in so far as they occur 
as coefficients, by Sylvester’sa dialytic method of elimination. The result of this elimination is an equa- 
tion (IT) which states that a polynomial Q in the function f has the value zero. The arguments of f are 
linear combinations of two independent variables s and + Hence (II) is similar to (I), although in 
general its order and degree will differ from those of (I). Furthermore, if no two arguments of f in (I) 
are proportional, then no two arguments of f in (II) are proportional. 
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Cauchy * discussed two special cases of (I) arid two related equations, 


ee fety)=f(a)+iy); fet) =f@)ty): 

fizy) =f (£) +f ly), Fey) =f (#) f(y). 
One or the other of the first two of these equations has since been treated t by 
Darboyx, E. B. Wilson, Vallée Poussin, Schimmack and Hamel. Carmichael } 
has given a generalization of the Cauchy equations while Jensen$ has dis- 
cussed several applications of them. Cauchy || has treated the equation 


(sty) +o (e—y) =20 (x) (y). 
Carmichael {| has considered the equations 
h(x+y)h(x—y) =k (a) +hi(y)—c, gl(æ+y)g(s—y) =g ee (y). 
Van Vleck and H’Doubler ** have discussed the equation 


v(a+y)(c—y) = [4 (s)4(y)]*. 

Other related equations have been considered by several writers, and systems 
of functional equations have also been treated. i 

It seems that no systematic account of a genera] theory for equations of 
the form (1) has ever been undertaken. This paper is designed to contribute 
to such an account. The equations considered in the principal part ($$ 2 to 8) 
of the paper are linear homogeneous equations with constant coefficients, 
They may be written in the form ` 


Sytae+By) tyta) Hynaf) =. (1) 


It will be shown that if some a’s and 6’s having different subscripts are zero 
and no ratio a,/6; of non-zero a’s and ĝ’s is distinct from all the remaining 
ratios, the equation is exceptional. The exceptional case receives mention 
only in $$6 and 11. There is no loss of generality in assuming that no a is 
zero in the non-exceptional case. For convenience in exposition the hypothesis 
will be carried in the text that in addition to no a being zero, no ĝ is zero, and 
no two ratios a;/6; are equal. The additional argumentation for the remaining 
non-exceptional cases is supplied in footnotes. 








* Cours d'Analyse (1821), Chapter 6. Cauchy treated the last two equations by transforming them . 

into the first two equations. It is obvious that similar transformations may be applied to reduce more 
general equations to the form of those considered in this paper. 

` t Darboux, Mathematische Annalen, Vol. XVII (1880), p. 66. E.B. Wilson, Annals of Mathematics, 
Vol. i Ber. 2 (1899), p. 47. Vallée Poussin, Cours d'Analyse infinitésimale (1903), p. 30. Schimmack, 
Nova Aota, Vol. XC, p. 5. Hamel, Mathematische Annalen, Vol. LX (1905), p. 459. 

t American Mathematical Monthly, Vol. XVIL (1911), p. 198. 

§ Tidsskrift for Mathematik, Vol. IT, Ser. 4 (1878), p. 149. 

ij Cours d'Analyse (1821), p. bid. 

American Mathematical Monthly, Vol. XVI (1909), p. 180. 

** Transactions of the American Mathematical Sooiety, Vol. XVII (1916), p. 8. 
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A normal equation of order n is derived (in $2) which is satisfied by 
every solution of any non-exceptional equation (1) of order ». This normal 
equation forms a foundation upon which the entire development of the theory 
of equation (1) is based. Any normal solution may be uniquely determined 
at each point of a dense set covering the complex plane if it is given at the 
vertices of a certain triangular network ($§3,4). It is shown in §5 that the 
normal solution analytic m the neighborhood of the point zero of the complex 

2 plane is an arbitrary polynomial in x of degree n. It is also shown that the 
normal solution continuous in the neighborhood of the point zero of the com- 
plex plane is an arbitrary polynomial in u and v of degree n where u and v are 
real and x=u-+vV—Il. The normal solution analytic along any line in the 
finite complex plane is also an arbitrary polynomial in v of degree n and the 
normal solution continuous along any line in the finite complex plane is an 
arbitrary polynomial in u of degree n if the line is not parallel to the axis of 
imaginaries and an arbitrary polynomial in v of degree n if the line is not 
parallel to the axis of reals, The analytic and continuous solutions of (1) are 
found ($6) from the normal solution. Examples are exhibited in §6 which 
show that equations of type (1) may have non-trivial continuous solutions, but 
no non-trivial analytic solutions, while other examples show that equations of 
type (1) may have analytic solutions which are also the most general continu- 
ous solutions. A converse theorem is briefly considered in §7. It is shown 
(in §8) that if a function f(x) satisfying an equation of type (1) has a point 
of discontinuity in the finite complex plane [or on any line in the finite complex 
plane] it has a point of discontinuity in every region Eanerea of the plane 
[line], however small. 

Equation (1) is employed ($9) to solve certain equations of the type 


È o(a, 9) fae+ By) + Pasa lE YF (2) + ara VEY) + Pas0(% Y) =0, 


where the @’s are known functions. Equation (1) is also employed (§ 10) to 
find all analytic solutions, and in some cases, the continuous solutions of 
binomial] a of the type 


ù [flawt b; gy) =e. T [Cos a+b: y) Uf ty), 


where no a is zero, C is a constant a the y’s are constants of which the real 
parts are positive. Pexider“ used the first Cauchy equation to solve 

f (2) +y) =4(8 +y). 
In §11 the method of obtaining the solutions of (1) is used to solve the 


equation R 
Dyf: (ac+B6,y) + nth nga (2) +Yntefaie ly) = 0, 





* Monatshefte für Mathematik und Physik, Vol. XIV (1903), p. 293. 
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of which the equation considered by Pexider is a special case. It is proved 
that when no two arguments of f in the foregoing equation are proportional, 
each continuous solution f is a polynomial of degree not greater than n. 


$2. Reduction to a Normal Form. 
The solution f(z) of the general n-th order equation 


DyF (ae@+By) tnt (E) Hynaf (y) =0, (1) - 
is contained in that of an equation of the same form and same order [equation 
(6) below] in which each a, 8, y is a given integer. The derivation of (6) 
from (1) is accomplished by elimination. 

_ If (1) is subtracted from the equation derived from (1) by replacing y 
by y+#,41, the result is 


Èli lamt Byt Biter) —j laatb) l] +ynelf lytta) —f(y)]=0. (2) 


If (2) is subtracted from the equation derived from (2) by replacing 2 by 
- e—Byt, and-y by y+a,t,, the result is l 


Èf (awt Bey + Auh + Bita) —F (a+ Bay + At) 


—f (amt piy t Et) +f(aet+By)] 
Hynt (y Haitit taga) —f (yt at) —f (y+ ta) +f(y)]=9, (3) 


- A= abab 
It is easily seen that this is true because the given substitutions leave ax + By 
unchanged, but replace aw+,y, 11, by 
. a+ By Habit abih = awt By + Aye. 

In general, if an equation (a) results after such eliminations, then each 
argument of f in (a) is a linear expression in 2, y and certain ts, the sub- 
scripts of the #’s corresponding to those in the terms eliminated. The substi- 
tution of 


where 


x—Bi,for% and y+a,t, for y (4) 


gives rise to an equation (b) which differs from (a) by having each a#+6,y 
of (a) replaced by aa+8,y+A,t,. Since A,=0 and since (4) does not affect 
the ts that are found in (a), it follows that the difference formed by sub- 
tracting (a) from (b) contains no term for which i ‘is equal to the fixed 
integer 7. Since n is finite these eliminations may be continued until only 
terms having the coefficients +yp42 remain. Moreover, the order of elimina- 
tion of the terms for which i=-1, 2,...., n, is immaterial. 
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It is obvious that the equation resulting from these eliminations is linear 


and homogeneous. Since Ya FO by the assumption that (1) is of order n, ` l 


the equation may be simplified by dividing -by y,,,. It is easily seen that 
there are (n+1)!/k!(n+1—k) ! distinct terms in which the coefficient of f is 
(—1)*, and in which the argument of f is obtained by omitting k terms after 
the first from y+ artı + ate+....+a,¢,+8,4:. Moreover, no other such ferms 
are possible. This is true for k=0,1,....,n+1. The substitutions t for 
ati, ty for agty,...., t, for a,t,, tai, for y, serve to completely determine an 
equation independent of the original a’s, 6’s and y’s. If X, denotes the sum 


of the (n+1)!/k1(n+1—k)! terms in which the arguments are formed by i 


omitting k t’s from Xttit,, then the equation which is satisfied by f(x) is 


Lp— Lay thy. T e —1)"%,+ (> 1)" £ 4 =0. (5) 
Equation (5) involves »+2 independent variables. In order to obtain a nor- 
malized equation having the same form and order as (1), let h =t=... . = tp41 


=g and t,,e=y, whence.(5) becomes * 
Fmt ety t...+ areca | 
“e+ (—1)"f(@+y) + (—1)""F(y) =0. (6) 
From the topai considerations we see- that every solution f(a) of ae 
(1) is a solution of equation (5) and of the normal equation (6): 
- While the solutions f(#) of (1) are included among those of (6), it is not 
necessarily true that the solutions of (6) are included in- those of (1). The 
following example suffices to prove this statement. oa (6) for n==2 is 


f(3a-+y)—8f (2æ+y) +3f(2+y) fly) = l (7) 
As will be shown in $5, the most general continuous solution of ik ) over the 
finite complex x-plane is 


Piao EE E TE TEE (8) 


where v=u-+vV—1 (u and v real) and a, b, c; d, é and f are arbitrary con- 
` stants. From the above considerations we see that the solution of any second 
order equation of form (1) is included among those of (8). However, substi- 
tution shows that for the equation 


f(2e+y) —2f(e+y) —2f(%)+f(y)= 


* The results in (5) and (8) ean be rendered more precise in special cases. If 6;/a;—=fxr/ar, Ajya=0 
and the substitution of e—f,t; for w and y+ a;t; for y leaves axt + puy, as well as ajo + By, unchanged. 
Hence the elimination of ters for which i= j also eliminates all terms for which th where h is any 
value for which A,;,==0. But when Aj,—0, 8;/a; = B:/ax, and therefore this proportionality is a neces- 
sary and sufficient condition for the simultaneous elimination of terms for. more than one value of i. 
Hence the solution of any m-th order equation (1) in which no a is sero, is contained in tho solution of 
equation (3) or of equation (8) where n is the number of distinot ratios B,/a; in (1). i 
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we have d=e=f=0. In fact, such an equation need have no other than the 
trivial solution f(z) ==0 as is shown by the equation 


f(2a+y)—f(@t+y) —2f(#) +f(y) =0. 


§3. Determination of the Normal Solution at the Vertices of a Network. 


The function f(x) to be considered in this section and in §§4, 5 is the 
solution of the normal equation developed in $2. It is to be observed that if 
f is given for the arguments kyo, m+ky,, 220+ kyo, ...., Nta t kyo, then f is 
known. for the argument (n+1)a,+ky, by (6). By putting y=72,+ky, for 
successive values 1, 2,...., of 7, f is determined by (6) for any argument 
ma,+ky,, where m is any positive integer. Similarly, by successively giving 
to j the values —1, —2,...., f is determined by (6) for any argument 
mtt kyo, where m is a negative integer. By interchanging x and y in (6) it 
is easily seen that f is known for all arguments mz,+ky,, where k is any 
integer or zero, if it is given for the arguments mæ, mTot Yo, MX+2y9,..-+5 
ma+ny,. Hence, if f is given for the arguments ma+ky, m,k=0,1,....,7, 
then it is known by (6) for all arguments ma,+ky), where m is any integer 
whatever and k=0, 1, ...., n, and finally, it is known by (6) for all arguments 
mzy + kyo, where m and k are any integers whatever. 

It will now be proved that if f is known for the arguments ma,+ky, 
where m and k are zero or positive integers.and m+k<n+l1, then it is also 
known for the arguments ma+ky,, where m, k=0, 1, ...., n. The figure 

. illustrates the case for which n=4. The points designated by the small circles 





represent the arguments for which f is supposed known. The parallelogram 
formed by the lines joining the points 0, na, nz+ny,, and ny, will be denoted 
by x. The parallelogram x contains, on and within its boundary, all the points 
mx,+ky,, m, k=0, 1, ...., n, and no other points as vertices. It is required, 
therefore, to find f at the vertices of a not designated by small circles. 


$ 
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Equation (5) furnishes a simple means of solution of the present problem. 
Let h==....=t,=%, toi ----=teyr=Y and t,;,=0. By these substi- 
tutions every argument in (5) is of the form matky, where m and k are 
zero or positive integers and m+k<n-+l1, except in the first term in which 
m+k=n+1. Moreover, m< q and k<n+1—gq; hence f is determined for the 
argument qzo+ (n+1—q)y, in terms of linear combinations of its values for 
arguments represented by vertices within or on the boundary of the parallelo- 
gram bounded by lines joining the four points 0, qa, ga+(n+1—q)y, 
(n-+1—q)y, (represented in the figure by dotted lines for gq=2). By giving 
q the values 1, 2, ...., n, in succession, f is determined at each vertex of x 
which lies on the line joining the points a+ny, and na+yo (the dot-and-dash 
line in the figure). It is to be noticed that each determination is made from a 
linear equation in one unknown with unit coefficient. Hence, the functional 
values so found are unique. 

Having determined f for the arguments ma+éy, in n for which m+k 
=n+ 1, it is easy to determine f at the vertices for which.m+k=n+2. In 
(5) let h$=t=....=t,=m and t= cee She = Yo Thus f is determined 
for the argument ga,+(n+2—q)y im terms of arguments represented by 
vertices within and on the boundary of the parallelogram formed by the four 
lines joining the points 0, ga, q%+(n+2—q)y, (n+2—q@)y. This deter- 
mination is also made by means of a linear equation involving but one 
unknown’ with the coefficient +1. Hence, no indetermination can be intro; 
- duced. By giving q the successive values 2,.3, ...., n, f is determined for all’ 
arguments in æ which lie on the line joining the points 2a,+ny, and na+2y. 

Proceeding in this manner f is determined for all the remaining argu- ` 


ments of x by giving t,,,. the values 240, 3Yo, +--+» (n—1) yo successively. 
For each value hy, of ¢,,2, f must be determined for all arguments 
Qt + (n+h+1—q)yo, g=ħh+1, h+2, ...., m 


before giving #,,, the value (h+-1)y,. As before, each determination is made 
by a linear equation in one unknown with coefficient +1. Hence, f is uniquely 
determined at all the vertices of n, and we have the following result: 

Every solution f(x) of the normal. equation (6) is known for the “points 
myt kys where m and k are any integers of zero if it is given at the points 
Mit ky for which m and k are positive integers or zero and m+k<n+l1. 


$4. Determinatiort of the Normal Solution at a Dense Set of Points. 


It will-now be shown that if the solution of the normal equation is known 
at all points maz,+ky,, where m and k are integers, then it may be found for 
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meit tky, and finally for 2-*may+2—*ky, for all integers m, k and s. If fis, 
found for certain appropriate linear combinations of 2~*a and 2~*y,, then it 
is evident that 2-*a, and 2y, may be regarded as were 2, and yoin§3. Hence, 
if it is most convenient to determine f at 2-'ma,+2~‘ky,, m;k=0,1,...., 2n, 
it is also sufficient, in view of the argument of § 3, for f will then be known at 
these-points for all integers m and k. Furthermore, if it is shown that f is 
known at 2~'ma)+2-*ky for all integers m and k when it is known at ma+ky, 
then by regarding 2’~‘z, and 2'*y, as a and y, for the successive values 
s=2, 3, ...., it is seen that f is. known at 2-*ma,+2 ky, for all integers m; k 
and s., Therefore, since the points 2~*ma,+-2~‘hy), m, k and s any integers 
whatever,. form a dense set, it is sufficient to show that f is known at ` 
gma,ttky, m, k=0,1, ...., 2n, to show that f is known at all points of a 
dense set. - f ‘ 
. Supposing f known at toast Hes, m, k=0, 2, ., 2n, it is only required 
to learn f at 4ma,+dtky,, m, k=1, 3, re eoe by 42 and 
y by tha+ky, in (6), n equations are ined by giving h’.the values 
m—I,....,1,0. The equations are linear in f. Alternate terms involve the | 
arguments $ma+ky,, m=1, 3, ...., 2n—1, for which f is unknown. The n 
equations may be considered as linear equations in n unknowns. It is easily 
seen that the determinant of the coefficients of the unknowns is (—1)’A,,. 
where v is n/2 or (n+1)/2 according as n is even or odd, and A, is a deter- 
minant of binomial’ coefficients such that the element in the i-th row and j-th 


SONI Ie (+1) 1/(2j—i) I (n—2j+i+1) l; 
unless 2j<i or’ 2j>n+i+1, in which case it is zero. Subtracting the 
(i+1)-th row from the i-th row, ¿i having the values 1, 2, ...., »-1, in order, 
the element in the i-th row and j-th column, tn, becomes _ 

© (n—4j+2i+ 2). (n+1)1/(2j—i) I (n—2j+i+2)!, 
unless 2j<i or 2j>n+i+2, in which case it is zero. Adding -to the j-th 
column the sum of the preceding columns, giving j the values n, n—1, ede: 


in order, A, assumes å form in which the. element in the i-th row ang ie 


column, in, i is E 
s= É; (n—4h+2i+2) (1+1) 1/(2h—i) Un —2h+i+2) 1. 


If for any given value of j this sum is n!/(2j—i) Kajti) 1, unless oj<i 
or 2j >n-+i, in which case it is zero, it is easily shown that for j+1 it is 
nl /(27—41+2) | (m—2j +i—2) |, unless 27 <i—2 or, 27 >n+i—2, in which case 
it is zero. For 27—i=0 or 2j—i=1 the value of S is merely the first non- 
vanishing term, that is, 1 or n, respectively. Since n!/(2j—1) !(w—2j+17) | is 
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equal to 1 for 2j—i=0, and equal to n for 2j—i=1, it follows by induction - 
that S has the value G=(n)1/(24—4) \(n—25-+4) L, 

unless 27<i or 27 >n+i, in which case it is zero. For the n-th column the 
value of S is always zero for iztn since 2j>n+i. For i==n, it is clear that 
the elements are affected only by the process of addition, and since every 
alternate term of (1+1)** is involved, the last term in the n-th column is 2*. 
Hence, A, has been so transformed that the principal (n—1)-rowed minor 
found by deleting the last row and last column of A, is A, 4, and the last 
column consists exclusively of zeros with the single exception of the element 
2" in the m-th row. Therefore A,=2"A,_,. Itis evident that A,—2'* (A, is 
trivially 2). Therefore A, 21 t8— Qi) which is distinct from zero for 
all finite values of n. Since (—1)’A,=£0, it follows immediately that f is 
uniquely determined at the points $ma,+ky,, m=1, 3, ...., 2n—-1, and hence 
-for m=1, 2, , 2n. 

Having determini f at the ER mtot ky, m=1, 2, ., 2n, it is only 
necessary to let x=3y) and y=thy+4m2, in (6), letting h jane the values 
n—1,...., 1, 0, to detérmine f at the points 4ma,+4hky,, m, k=0,1,...., 2n, 
for (—1)’A, is again the determinant of the coefficients of the unknown terms. 

Combining the results of §§3 and 4, it may be stated that f is determined 
at each point of the dense set 2-*ma,+2-‘ky, if it is known at the points 
m+ ky for which m and k are positive integers or zero and m+k<n-+l. 


§5. Solutions of the Normal Equation. 


Equation (6) may be written in the form 


Hom (mat pa) O > 
oF) Flap t fl Gut+s) +V—1Ge+t)1=0, 


where s=u+vV—1, y=s+itV—l, and u, s, v, t are vaca! Let us seek a solu- 
- tion f(s) of this equation in the form 


f(a) =. È Be uty, ' (9) 


in which the coefficients Cin 8 are Pa Putting this value o Iæ) i in (6) 
we have 


(n+1)! > 
g!(n—J+1) 1 a= 
The terms involving ut Psy it are 


n41 (n+1)! "i ] = (h—q)! pa R 
seo eh a = yI PoP. q 
BGT ie ear si era a ee Me 


È (1) È È oalju+s)! (jv +t) 1=0. 
J= 
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Since no term outside of the brackets involves j, it is evident that the given 
expression vanishes, for non-zero Co, 4, 8, v and t, when and only when 
nl MPT ira 
Bye | ooe] 
vanishes. Except for sign the quantity Ba is the (n+1)-th difference of 
a’? for #=0. The degree of each difference is one less than that of the 
preceding difference. Therefore B,, is zero when h—p—r<n. The particular 
value h obtained from h—p—r by putting p=r=0 must be included in the 
discussion of B,,. Since N was taken as the largest value of h, it follows that 
f(z), as given by (9), satisfies (6) if N=. Moreover, the value of c, is 
arbitrary. ` 
Equation (9) shows that there are Br o(h+1)=4(n+1)(n+2) arbitrary 
constants C which may be assigned at will. By §§3 and 4 it has been shown 
that when f is known at the 14+2+....+(n+1)=4$(n+1) (n+2) points 
mrt ky, m and k positive integers or zero and m+k<n-+1, then it is known 
over a dense set of points covering the. entire finite plane provided 2 and ‘y, 
are not collinear with the point zero. Since f(z), as given by (9), is continu- 
ous, it is only necessary to prove that each c,, is uniquely determined by 
assigning f at the given points ma,-+ky, to know that f(x) is the most general 
continuous solution of (6) over the finite complex plane. This can be done by 
direct substitution,* but inasmuch as the determinant so formed is unwieldy, 
it is more easily accomplished by observing that the properties sought for any 
desired oblique network are readily deduced by a projective transformation 
from similar properties of a square array, on the axes of reals and imaginaries 
with the units 1 and i, provided only that a and y do not lie on,the same 
straight line through the zero-point. Confining attention to the rectangular 
array mentioned, write a i 
. - f(x) =% BA glove? 


where D 
u® —=u(u—1)....(u—g+1). 


For any integral value of u less than q, u®=0. Beginning with w=0 and 
proceeding outward through a triangular network similar to that employed in 
§3, it is possible to determine an Á, with each point of the net. Having 
determined the A,,’s, it is only necessary to expand and collect the terms of 
the expression for f(x) and compare with the expression involving the.c,,’s to 
completely determine each ¢,,. 





*The value of the determinant of the coefficients may be shown to be 


n—1 
(Uoso toto) MOTD (+2) Tr [(n—a) 1]2G@40, 
a=0 
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Thus we see that the most general solution f(x) =f (ut+iv) of equation 
(6) continuous over the finite complesz x-plane is an arbitrary polynomial in u 
and v of degree n. 

The analytic solution of (6) over the finite complex plane is that special 
case of the general continuous solution for which - 

f(v)=aqtae+....+a,a'+..... 

Replacing v by u+iv, it is seen at once that a,u* must be zero for k>n, and 
hence a4,=0,k>n. Moreover, a,=Cy,k<n. Hence the most general analytic 
solution of (6) is an arbitrary polynomial in x of degree n.* 

_ To obtain the most general continuous solution of (6) along any line in 
the finite complex plane, it is only necessary to observe that by the argument 
of $§3 and 4 it was proved that f is known at a dense set of points on the line 
if it is known at n+1 points of the line which are separated by some con- 
venient unit. The argument at-the beginning of this section shows that along 
any line not parallel to the axis of imaginaries, 


f(a) = Daw, 
f=0 


where each a is arbitrary, satisfies (6). Since f(z) is continuous, it remains 
only to show that the a’s are determined by the functional values at the n+1 
points on the line to know that f(z) is the most general continuous solution of 
(6) along the line. Substitution shows immediately that the a’s are uniquely 
determined by the n+1 values of f-on the line. Hence the most general solu- 
tion of (6) continuous along any line not parallel to the axis of imaginaries is 
an arbitrary polynomial in u of degree n. 

Similarly, the most general solution of (6) continuous along any line not 
parallel to the amis of reals is an arbitrary polynomial in v of degree n. 


§6. Solutions of the Original Equation. 


The determination of the existence of any solution f(x) of the equation 
Daal (at Bey) + naif (@) +Yas2f (y) =0, D 


and the determination of f (æ) if it exists, is accomplished by substituting the 
corresponding solution of the normal equation (6) in (1). It has been shown 
in §5 that the general solution of (6) analytic over the finite complex z-plane . 








* That the analytic solution f(a), if it exists, is a polynomial of degree not greater than n, is readily 
seen by direct differentiation of (1). If differentiation is made with respect to each of the variables y, 
ajo +BY, j= 1, 2,...+., n it results that f()(y)==-0 whenever k >n, because the arguments are inde- 
pendent in pairs which are not proportional. 
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or along any line in the finite complex x-plane is an arbitrary polynomial in œ 
of degree n. Hence, the determination of the general solution of (1) analytic 
over the finite complex z-plane or along a line in the finite complex z-plane, if’ 
it exists, is accomplished by substituting 

. f(#)=aq+eqe+....+0¢,0" 


in (1). Since the result of this substitution is an identity, the coefficient of 
any power of the variables must vanish. 

It is convenient to consider the terms of degree n independently of the 
remaining terms. These terms are given by 


eal Èy lamt Big) "+ yet + Yau") =0. 
Now c, is necessarily zero unless 
[Dy (a+ By)" H Ynt" Yay] =0. 
Placing the coefficients of this idaniney edial to zero, we have 
Latytyan=0, Dal Bty=0, EBryetyea=0, k=1,2,....,n—1. (10) 


Since only the ratios of the y’s are significant, it implies no loss of generality 
to assume y,,,=-—1. Under this assumption equations (10) may be employed 
to express the remaining y’s in terms of the a’s and £’s, provided f(a) con- 
tains a non-vanishing term of degree n. If we write r,=a,;/8,, then for 
t<n+1 


fn 
Yi Be 1, / Ber: WW’ (Tari) 


where the prime indicates that k does not take, the value i. Solution also gives 
Vat (—1) "rire. oe Tre 

Therefore, if ¢,x", CFO, is a term of the analytic solution f(x) of (1), it is 

necessary and sufficient that (1) may be written in the form i 


X Ta (aot Bry) + (—1) "rate... -rf (@) f(y) =0, 


n 
Bir I (rari) 


where r; = u/b. 
If the solution of (1) includes the term c2”, m<n and Cm 0, then 


Pifu 


ZYH Yaa =O, Xap piy=0, DOP Yas=0, k=1, 2,....,m—l. 


Since there are but m-+1 linear equations in the y’s, they may be used to 
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express m+1 y’s in terms of the a’s, 6’s and remaining y's. For the first 
m-+1 y’s in terms of the remaining quantities, solution gives 
m+1 


— 2 B} yl (tT) —Ynga+ (— —1)*" ry... Tealigpe e e + Tma1Yn+2 
y= j=m+2 ; (11) 


BP itd (r—r,) 4 
A=1 


where the prime indicates that h does not take the value 1. Hence, if c,,2”, 
m<n and c,=0, is a term of the analytic solution f(x) of (L), it is necessary 
and sufficient that each of the first m+1 y’s has the value given in (11). 

The computation involved in finding the most general solution of (1) con- 
` tinuous over the entire finite plane is so tedious as to make it expedient to give 
results only for the general second order equation. The problem for any 
equation is merely a matter of substitution and algebraic computation. For 
the second order equation 


“1 (AQyy+ Gygt) + (by +1) y] 
+y2f[ (antai) B+ (Dar + Beet) y] +ysf (2) +m f(y) =0, 
where u, Gye, Dus Die, Gory Ga, On, Dog are real and i= V —1, the normal solu- 
tion with which substitution must be made is 


Coo F Crott Cort + Cott? + CUY + Cot”. 
This substitution shows that ¢, may be assigned different from zero when and 
and only when yı +ys+yst+yı=0. It also shows that if we write 


Ay=YidutYeIatys, Bi =y +720 5 Ci=yibu t yban ty, Diı=y1b1 + be 
then for C and Cy to be independently arbitrary 4, =B, =C, =D, =0. How- 
ever, C= Cy, if A,=B,k,, f= Es B, or D,#0, and ki=—1. Further- 
more, if we write, 


A=yGityantys, B= Ay d+ Yoo 5 C =y +72 » 

D=y,bitybaty; B= bybietYabadber , F=ybi t ybu, 

G =y10nbie +7 20005, H =70ybu +72Auber ; J = 10r2Dig HY 20b 

$ K=y:4yby +9 2Aede ’ 
Cop == hey, and Cy=mcy,” then it is easy to show that 
(i) k=—1 and m=+21 if 

(a) A+C, D+F, K—G, or H+J £0, 
(b) B, E, or J—H £0, 
(e) A—C=Bm, D—F=Em, and 2(K+G@) =(J—H)m. 








* The results desired here allow 0n to be difforent from zero, and no attempt is made to discuss the 
possibilities in case 0g==0. 
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(ii) k=—1 and m=0 if 
“+ (a) A; D, H, or G0, 
(b) Bor EÆ0, | 
` (c) C=A, F=D, J=H, and G+K=0. 
(iii) k=—1 and m is arbitrary if 
(a) A, D, H, or G0, 
(b) B=E=—0, C=A, F=D, J=H, and G+K=0. 
(iv) k=1 and m=0 if 
(a) A?+B*, D?+E", or G@+H'+0, 
(b) C=—A, F=—D, K=G,and J=—H. 
The following equations, constructed on the basis of this information, 
answer interesting questions. The equation 
3f[ (1+2t) a+ (3-+4)y] —f[ (1431) 2+ (6+31)y] —5f(#) +15f(y) =0 
has the general continuous solution f(x) =c (u+) showing that an equation 
may have a continuous solution, but no non-trivial analytic solution. 
The general solution of 
(1+) f[8"+ (1—t) y] —3f[#+2y] — (6+91) f(x) + (10+ 2%) f(y) =0, 
continuous over the finite complex #-plane is ¢,)(u*-+ 2iuv—v*) = cxx, showing . 
that an equation may have its analytic solution as the most general continuous 
solution. l 
The elimination outlined in the footnote of §2 shows that every solution 
of an equation of form (1) having no a equal to zero is included in the corre- 
sponding solution of the normal equation whose order is equal to the number 
of distinct ratios 8;/a,, i=1, 2,...., n, in the equation of form (1). One 
case remains, namely, that in which each ratio 6,/a,;, a; and 8; different from 
zero, is equal to at least one other such ratio and at least one a and one ĝ, of 
different subscripts, are zero. That there are equations of this exceptional 
type which have infinite series solutions is proved by the equation 


flot+y) —-f (ia+iy) —f (ie) —f (—iy) +f (@) + f(y) =0, i= V1, 
which is satisfied by a series in positive integral powers of 2 having arbitrary 


coefficients. l 
$7. The Converse Theorem. 


It was shown in §5 that any polynomial in æ of degree m, satisfies the 
normal equation of order m,. It will now be proved that any polynomial p (æ) 
in a, of degree m, , satisfies an equation (1) whose order n is not greater than 
the number of non-vanishing terms of p(x), plus the sum of the degrees of 
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such terms, and whose a’s, 6’s and .y,,, and y,,, may be assigned at will, pro- 
vided a certain determinant A of. the a's and 8’s is not zero as a consequence. ` 
Suppose that 

p (x) =a,0™-+ aw wees baw, ee 


The substitution of p(x) for f(z) in (1) gives an identity from which ° 
Lary — Yaris Bar By =0, LBM =— Yun b=1,2,....,m—I, (12) 


for the values k=1, 2,...., j. The total number of independent equations is 
not greater than j7+Zi_ym,. Setting n equal to the number of independent 
equations, we have a system of non-homogeneous linear equations in n un- 
knowns 71, ¥2)--+-; Yny provided y,,, and y,,, are not both assigned equal to 
zero, A necessary and sufficient condition that the unknown y’s are uniquely 
‘determined in terms of the a’s, 6’s and two assigned y’s is that the determinant 
A of the coefficients be different from zero. It is obvious that A is a poly- 
nomial in the «’s and 8’s. Furthermore, it is at once evident that the term 
formed by the product of the elements in the principal diagonal is unique. 
Hence the polynomial in the a’s and 6’s does not vanish identically. There- 
fore the a’s and 6’s may be assigned in any way such that the polynomial A 
has.a value different from zero. 

If y,4: and y,,. are both assigned equal to zero, equations (12) form a sys- 
tem of n linear homogeneous equations in n unknowns, and the non-vanishing 
of A is a necessary and sufficient condition that each of the unknown y’s 18 
zero. In this case the equation is trivially satisfied by p(s). In general, 
then, any polynomial p(x) satisfies an infinity of equations (1) whose orders 
do not exceed the number of non-vanishing terms of p(x) plus the sum of the 
degrees of such terms and whose a’s, B’s, Ynys and Ypg’ S may be assigned at 
will, provided only that a polynomial A of the a’s and B’s does not vanish for 
the assigned values. 


§8. Discontinuous Solutions. 


Any solution f(z) of an equation (1) satisfies the normal equation whose 
order n is determined by (1). Suppose that the domain of f(z) is any line in 
the finite complex z-plane, and that f(x) is continuous in some interval of 
length 6>0 of the line. It is readily seen from the normal equation satisfied 
by f-that if the first n+1 arguments are so chosen that they represent points 
in the interval while the remaining argument represents a point outside the 
interval, f(z) is determined at the last-named point as the sum of continuous 
functions. Therefore f is continuous at the outside point. In this way f 
may be shown to be continuous at all points in the two intervals of length 
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$/n which lie at the ends of the given interval. Therefore f is continuous 
in an interval of length [(m+2)é]/n. Any finite interval of length c may 
be reached in this manner by a finite number of extensions of the interval of 
length 6.- We may therefore state that if f(x) has a finite point of discon- 
tinuity on any line in the complex x-plane, it has a point df ‘discontinuity in 
every interval of the line, however small. 

Suppose f(z) is continuous in a region of the finite complex s-plane. A 
circle may be inscribed in the region such that f(z) is continuous in the closed 
region of which the circle is the boundary. Suppose the radius of this circle 
is 8 arid consider a concentric circle of radius [(n+1)8]/n. By means of the 

‘normal equation f may be determined at any point in the area between the 
~ circles as the sum of +1 continuous functions, namely, f at n+1 points in 
the circle of radius ô. Therefore f at the point between the circles is con- 
‘tinuous, This is true for every point of the area between the circles, and 
hence f is continuous in the circle of radius [(n-+1)é]/n. This process may 
obviously be repeated to prove that f is continuous in any finite region of the 
plane. Hence, if f(x) has a point of discontinuity in the finite complex ax-plane, 
it has a point of discontinuity in every finite region of the plane. 

G. Hamel (loc. cit.) has exhibited a discontinuous solution* f(#)-of the 


A aa f(æ+y) =f a) +1(y). 
From the treatment in § 2 it is clear that f also satisfies 


f(2a+y)—2f(a+y)+f(y)=0. | 

Replacing y by ha+-y, multiplying the equation by (—1)*(m—1)!/h!(n—h—1)! 
for successive values h=0,1,....,2—1, and adding the n equations so formed, — 
it is easily seen that ` 
f l (n+1)! 
kl(n+i—k)! 
- We therefore have a discontinuous solution of the normal equation for each 
order n. 


È (1) f (kæ+y)=0. (6) 


$9. Certain Types of Equations having Variable Coefficients. 


The functional equations that have been discussed may be employed to 
- solve certain equations of the form, 


Xo, (x, yf laat By) +On41(% YF (©) +On40(% YF (Y) Henle, y) =0, (13) 


where the $’s are known functions. A general statement and a few examples 
suffice to indicate some of the equations that may be solved. -Suppose there 
are k transformations g ; , ; 
aay a +hy', Y= +u", 





* This solution is obtained on the assumption of the validity of the Zermelo axiom. 
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which may be applied to (13) to obtain new equations such that if each equa- 
tion is multiplied by a non-zero constant, the sum of them is of form (1). A 

solution of (13), if it exists, is included in the corresponding solution of the 
| auxiliary equation of form (1) deduced from (13). In order to find-a solution 
of (13) it is sufficient to substitute the solution of the auxiliary equation and 
compute the coefficients of the variables. 

Equation (13) includes the non-homogeneous equation in which ¢,(2, y), 
i=], 2,...., +2, is further restricted to be a constant. In this case it is 
obvious from equation (13) that $,,3(2, y) i8 a polynomial in æ and y if an 
analytic solution exists, and a polynomial in u, v, s and t if a continuous solu- 
tion exists. Such a non-homogeneous equation is * : 

f(a@+y) =f (s) +f (y) +2ay. (14) 
Transformations which may be used to solve this equation are aie om 
s=, y=a'—y’ and w=2’, y=y'—a’ 

whence, after dropping the primes, 


f(2a—y) —f (2x—y) —f(—2+y) —2f (s) +f (y) =0. 
The arguments —y and —xz+y are proportional and the normal equation is. 
therefore of order 2, Hence the general solution of (14), analytic over the” 
finite complex w-plane is readily seen to be f (x) =a,v7-+-2*, where a, is arbitrary. 
The general solution of (14) continuous over the finite complex w-plane is 
f(@) =ou t+ auv +a, where a, and ay, are arbitrary. 

Suppose all the $’s are constant and as #0. If Lt?,>60, then f(0) is 
finite and uniquely determined, and the transformation f(x) =g(#)+/(0) may 
be employed to obtain an equation (1) of order n in g(s). Hence f(x) is a 
polynomial (in v, in u and v, in u or in v, as the case may be) of degree not 
greater than ». The transformation used in this case has the advantage of 
furnishing an auxiliary equation (1) whose order is not greater than that of 
the original equation (13). 

An equation which illustrates reduction by interchanging arguments of f is 

(cos’a) f (x+y) + (sin’ x) f(a—y) —f (x) —f(y) —2 (cos 2”) zy=0. 
If y is replaced by —y the equation becomes _ 
(sin’ x) f(a+-y) + (cos’x) f(a—y) —f (©) —f(—y) +2 (cos 2x) xy=0. 
The sum of these equations is of form (1). The solution analytic over the 
finite complex -plan of the equation having variable coefficients is f(z) =a’. 
It is easily seen that this is the most general continuous solution. . 
The equation. j 


2f (2æ+y) + (+y) f (xz—y) +8f (#) —3f (y) =0 


* American Mathematical Monthly, Vol. XXIV (1917), p. 178. 
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may be reduced by replacing a by 2æ+y and y by 2+2y, whence 
2f(Sa+4y) +3(e@+y)f(a—y) +38f (2a +y) —3f(a+2y) =0, 
and subtracting 3 times the original equation from the transformed equation. 
The reduced equation is 
* Qf (Sa-+4y) —3f (2e+y) —3f (a+ 2y) —9f (x) +9f (y) =0. 
It is readily seen that the equation with worlable coefficient has no continuous 
solution. 

If one of the first n+ 2’s of (13) is variable while the remaining ¢’s are 
constant the product of that @ and the corresponding f(aa+.y) is a poly- 
nomial. The variable $ is therefore a rational function whose denominator is 
a factor of f(ae#+@y). An equation illustrating this ina is 


2 [ZE freu) (e+ 29) ta +2f(y) = 
The equation obtained by replacing æ by 2a+y and y by w+ oy i is 
18[ S22] (@—y)—F(4n+ 59) —F (20+) +2f (42y) =0. 


The equation obtained by subtracting the transformed equation from 9 times 
the original one gives an equation (1) of order 3. The analytic solution f(a) 
of the equation with a variable coefficient is then easily seen to be az’, where a 
is arbitrary. . 
§10. Application to Binomial Equations. © 

An application of linear functional equations hgving constant coefficients 
may also be made to certain equations of the form, 


k n+l . f 
I (f(ae+By)I"=C E [f(ae+By) li) (18) 
where (.is a constant, the real part of each y is positive and no « is zero. 
Let us first consider the solution f(a) of (15) analytic at all points in the 
finite complex plane. Suppose that f(x) has a zero at some point =a. Let 


y=a in (15). Then ` k 
TL [f (aæ+ 8a) ]”=0 


for all values of a Hence there is a finite region in which f(x) has an infinity 
of zeros. But this is impossible since /(z) is analytic throughout the finite 
plane. Therefore, when f(x) is analytic throughout the finite complex plane, 
and not identically zero, it is never zero. The case of a continuous ‘solution 
f(x) of (15) presents more difficulty. It is evident that if one member of (15) 
has either no factor or only one factor involving f, then f(a) is never zero 
unless tt 1s identically so. 
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The function (x) =log f(x), where it is understood that the principal 
determination of the logarithm is employed, is analytic or continuous with f 
when the latter has no zeros. Therefore, in each of the cases considered 
above, @(x) satisfies the equation 


k . n+l 
aye (aæ+b:y) -2 re (awt biy) —V nao (y) —K +2smi=0, 


where K is the principal determination of log C and s is any integer. For 
any given s ¢(x) is a polynomial of degree not greater than n.. Furthermore, 
the argumentation of §9 shows that a variation in s affects only the constant 
term of @(x). Therefore, ın each of the cases considered above, f(x) is an 
exponential function of the form ` p 

f(s) =P tre). (16) 
where P is a polynomial of degree not greater than n, and k(s) ts a constant 
depending on s. Thus we see that in general the solutions of (15) are given 
by (16) for the various possible values of k(s). 

The same result may be stated for ‘the continuous solution f(x) of (15), 
when each member involves at least two factors containing f, provided . 
f(0)Æ0. For (x) as defined, is continuous in some region about the point. . 
æ=0 since f(s) is different from zero in some such region. For a given s, 
therefore, p(x) must be everywhere continuous in the finite complex plane 
because it satisfies a non-exceptional equation of type (1). 

The equation, 

v(et+y)d(a—y) =[4(2)v(y) 1’, 
mentioned in § 1, is included in the last case considered. For suppose there is 
at least one point x=b at which d(x) is not zero. Letz=y=b. Then 


p(2b)b(0) =[¥(b) }*F0, 
and (0) 0. It is easily seen that the solutions (xz) analytic over the 


finite complex plane are 
Pojmem, 


and the solutions ẹ4(x) continuous over the finite complex plane are 


4} (x) = ela + 03180 Hoot —ari __ + glm tonun Con? 
where a and the c’s are arbitrary constants. 
$11. Equations Involving More than One Function. 


Consider the equation : 


È ydio By) +Y ntfs (2) + nth ass (y) =0, (17) 
36 l 
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where no y is zero and the f’s are unknown, continuous, single-valued functions 
to be determined if possible so that (17) shall be identically satisfied by them. 
The functions f; may or may not all be distinct. The method of elimination 
employed in §2 is applicable to (17). If no a is zero it is evident then that 
faze Batisfies the normal equation of order n. Therefore f,,, is a polynomial 
of degree not greater than n. Under the assumption that no a, and no ĝ; are 
zero, and no two of the ratios 8;/a; are equal, any term may be given the 
argument y by a linear transformation which makes no a and no 6 zero. In 
. this case, therefore, every function f; of (17) is a polynomial of degree not 
greater than n. To find any necessary restrictions on the coefficients of these 
polynomials, it is sufficient to substitute the n-th degree polynomials having 
general coefficients in (17), and to equate to zero the resulting coefficients 
of the variables. It is obvious that equation (1) is a special case of (17). 

If some of the ratios B;/ a; are equal it may be assumed without loss of 
generality that equation (17) is so arranged that functions having arguments 
of a common ratio are placed consecutively. If all the functions havitig argu- 
ments of a common ratio have subscripts i, such that gcich, then we may 

write h 
s F laret Bry) = Dyfi (awt By). 
Equation (17) may now be written 


DF laret Bry) + Pays (2) +Faye(y) =0, (18) 
where no a and no ĝ are zero, and no two ratios 8,/a, are equal. We denote 
by q+2 the number of terms in the first member of (18). Each F is a poly- 
nomial of degree not greater than q. Each F therefore determines a non- 
homogeneous equation in certain /’s having arguments differing by constant 
factors. If the f’s of any F are identical, that is, if the j’s of F are the. same 
function, F' determines a non-homogeneous mixed q-difference equation satis- 
fied by f. The equations of type (1), which have no a equal to zero, but have 
some ratios 6;/a,; equal, or some §’s zero, are special cases of (18) given by 
F43(Y) =Ynsef(y). The equations of the exceptional case noted in the last 
paragraph of $6 are equations of form (18) which have no F a constant 
multiple of a single f. In this connection it is interesting to note that the 
function f of the example in the paragraph cited satisfies the equations 


f(a) —f(—tw) =f (x) —f (tx) =0, 
f(—t#) =f (iz) =f(—2) =f (2). 


whence 


Contributions to the Study of Oscillation Properties of- the 
Solutions of Linear Differential Equations 
of the Second Order." 


By R. Q. D. Ricsarpson. 


Introduction. 


The study of boundary problems for linear differential equations of the 
second order dates back to the time of Euler and D’Alembert, with whom it 
arose in connection with problems of mathematical physics. Beginning with 
the fundamental paper of Sturm in 1836, there have been extensive investiga- 
tions ł in this field in recent years, notably by Klein, Bôcher, Stekeloff, Kneser, 
Hilbert and Birkhoff. Since the differential equation of the second order is 
of such fundamental importance in so many fields, and since similar general 
problems for equations of higher order can not be handled by processes so far 
devised, the invention of new methods and further investigation of the nature 
of solutions find ready justification. 

The equation to be studied will be taken in the form 


p(o) TE) +alle ayla) =l) +G ay, OSeS1, (1) 


where a 2) is a function depending on a parameter à. The solution y(x) 
of this self-adjoint equation shall be subject to the self-adjoint boundary con- 


aeons ay (0) Hay (0) +ay (1) +a4g4(1) =0, 
Bry (0) +829: (0) +8sy (1) +8.y.(1) =0, (2) 
p (1) (aba — ab) =p (0) (ab — tbs), l 
where the two sets of real coefficients a, ae, az, a, and Bi, B2, Bs; Bi are 
linearly independent. The most important special cases of these boundary 
conditions are given by 


y(0)=y(1)=0; y)=y.)=0; Eg E yy (2°) 


* Read before the American Mathematical Society, September 4, 1917. 

- t For existing methods and literature of the subject see Bôcher, Encyklopädis Mathematisohen 
Wissenschaften, II ATa, Proceedings International Congress of Mathematicians, Vol. I (1912), p. 163, and 
“ Leçons sur les Methodes de Sturm” (1917); Lichtenstein, Rendiconti del Circolo Matematico dt Palermo, 
Vol. XXXVIII, p. 113. 
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There are many interesting questions in regard to this linear problem. Do 
there exist parameter values à such-that there are solutions of (1) satisfying 
relations (2)? If so, how many are there, and how are they distributed? What 
is the nature of the corresponding solutions? How do the solutions vary with 
change of the coefficients of the equation and of the boundary conditions? 
When does the totality of solutions form a fundamental set in terms of which 
functions may be expanded? 

Among the methods which have heen used in studying the problem are: 
(1) Differential equations including the use of comparison, approximation and 
asymptotic expressions; (2) the minimum principle in the calculus of varia- 
tions; (3) integral equations; (4) the theory of linear algebraic equations 
in an infinite number of variables;* (5) a limiting process with linear 
algebraic approximating difference equations (cf. §1, IV). The methods 
developed in this memoir would fall under (1) and (2) and may be character- 
_ ized as a free use of the differentiation of fundamental formulae with regard 
to the parameters involved in the equations and in the boundary conditions, 
together with the proof that under the conditions imposed certain integrals 
are positive. 

. Exact oscillation theorems for solutions under the poandaay conditions 
(2) have been developed by Birkhoff + for the case of the special equation 


tert G(r, 2)y=0, 2450, lim G=—o, lim G= +o. : 


On awo À= -+o 


Another important special case of RE (1) in which G(s, 4) contains the 


parameter linearly 
(PY2) st (q-+Ak)y=0, (3) 


has been studied very extensively. When k(Œ)>0 this equation may. be 
reduced to a form included in that investigated by Birkhoff. 
The definite case of (3), viz., when one of the integrals 


1 1 
Skyde, È (pyt—ay*) de 
0 0 


has one sign for all functions y(z). considered, has been discussed in many 
phases by mathematicians since the time of Sturm. By means of his theory 
of integral equations Hilbertt established the eaistence of characteristic 





* Lichtenstein, loo. cit. . 

} Transactions of the American Mathematical Sooiety, Vol. X (1908), p. 259. It should be remarked 
„that both in the second and third lines from the end of the statement of the principal. theorem (p. 260) 
instead of p-+ 1 we should read p— 1. 

+“ Grundzüge einer allgemeinen Theorie der linearen Integralgleichungen” (Teubner, 1912). 
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parameter values and characteristic solutions of equation (3) for this definite 
case, As will be shown in §5 the boundary conditions which be used are nor- 
mal forms of (2). Oscillation theorems for equation (3), under some of the 
simple boundary conditions (2’), have been established by various means; 
among others by setting up the corresponding calculus of variations problem, 
and interpreting the Jacobi criterion.* 

When k has both signs and q is positive in at least à part of the interval 
and sufficiently large there, it is not necessary that either of the integrals in 
question be definite: This case, which we shall call the non-definite, was first 
discussed incidentally by the author in a paper t in which he was treating the 
problem of oscillation theorems for two equations with two parameters. He 
showed that when the boundary conditions are y(0) =y(1)=0, there exists an 
integer n, such that for n<n, there are no real solutions which have n zeros, 
while for n>n, there are at least two.{ At that time all the principal results 
of §§ 2-4 were obtained, but were not published. PR 

For the special equation (3) and k>0 the theorems proved by Birkhoff 
were rediscovered by Haupt§ in his dissertation. The oscillation theorem 
stated in this dissertation for the case that k changes sign is corrected in a . 
later article,|| and by using the methods which I had developed, various oscil- 
lation theorems for the general equation (1) are derived. It is also shown by 
means of expansion theorems that if the non-definite equation (3) be taken in 
a certain normal form there exists an integer n, such that for n>n there are 
precisely two solutions with » zeros and satisfying the boundary conditions (2). 

The object of the present memoir is to investigate the conditions to be 
imposed on G@(a,-A) regarded as a function of A, so that definite oscillation 
theorems for solution of (1) may be determined. In §2 an attempt is made 
to bring as close together as possible necessary conditions and sufficient condi- 
tions for a limited or unlimited number of oscillations. A criterion for the 
behavior of the zeros with change of the parameter is obtained in $3. This 
permits the development of very general theorems for the unique existence of 
solutions vanishing at the end points and possessing a prescribed number of 
zeros, and also for the existence of two, and only two solutions of this nature. 








* Mathematische Annalen, Vol. LXVIII (1910), p. 279. 

+ Transactions of the American Mathematical Society, Vol. XIII (1912), p. 22. 

$ That there were ewactly two when n>n, was stated by the author in a paper in the Mathematische 
Annalen, Vol. LX XII, p. 289, in which he was discussing oscillation theorems for three linear equations 
with three parameters. The subsequent results of the memoir were not affected by this error which was 
corrected by a note in Vol. LXXIV (1913), p. 312, of the same journal. 

§ “ Untersuchungen über Oszillationstheoreme ” (Teubner, 1911). 

|| Haupt, Mathematisohe Annalen, Vol. LXXVI, p. 67. 
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These theorems contain as special cases all known results in this field, and 
some new special.cases are set forth in detail. 

The non-definite case of (3) and (1) is discussed in §4. The question of 
whether there may be for a given oscillation number more than two parameter 
values for which there are solutions of (3) (2) is settled by giving an example 
in which for any n in an interval m, n, there are four values of à corre- 
sponding. That there exists an integer n, such that for n>n,, there are 
exactly two solutions is proved by a method entirely different from that of 
Haupt, and in some particulars it would seem that the resulting theorem is 
less satisfactory, in others more satisfactory than his. The theory is also 
extended to cover some corresponding cases of (1). Concerning the complex 
solutions which correspond to values of n<n, some theorems are derived. 

In the latter half of the memoir a method is developed for obtaining the 
facts in regard to the solutions of the general equation (1) under the general 
boundary conditions (2). With this end in view $5 is devoted to a reduction 
of the boundary conditions to normal forms by means of the usual transfor- ` 
mation of the dependent variable y, which leaves the number of zeros 
unchanged. Hach of these three normal forms, 


I. oy(0)+y.(0)=0, = ty(1)+y.(1) =0; - 


II. y (0) =hy (1), hp(0)ys(0) =p (1)y.(1); 
HI. - ¥(0)=lp(1)y.(0), Ip (0)y:(0)=y(1) 


‘contains one or two parameters c, T, h, l. When special values 0 or œ are 
assigned to these parameters, the forms reduce to the simple cases (2’) for 
which the facts are readily obtainable from the developments of the earlier 
sections. The first form is of essentially different character from the others. 
In the latter the parameter h or l is a double-valued funetion of A, which 
in general is real in sub-intervals only, while in the former each of the 
parameters o, t is a single-valued function of the other and of à, and is real 
throughout. By letting à vary, and calculating the rates of change of these 
parameters and of G(x, à), theorems of oscillation are derived (§§ 6-8) for 
boundary conditions in each of the normal forms. While detailed results are 
not given in all cases, these are immediate developments of the fundamental 
facts ascertained. . 
Any linear differential equation of the second order 


Pert WystOy=0 or OYcet+by,+(A+h)y=0, o>, 
may be thrown into the corresponding self-adjoint form (1) or (3) on multi- 


>£ as : sit 
plying by the function p(z) za oe" ; the corresponding self-adjoint boundary 


of the Solutions of Linear Pilerential Equations of the Second Order. 287 


conditions (2) are changed in form only by -the substitution p(0)=1, 
ha 
p(1) aed, , 
The oscillation theorems remain unchanged if the variables are subjected 
to the usual transformations of the dependent and independent variables 


y=ny, s= (T) (n (x) 0, E #0). The resulting equation is of the form 


| PT + Vet O9=0 or Piast Vast (A8,+6)9=0, 
the new boundary conditions for the new interval zo, % being of the form 
ay (To) + 2H 3 (Zo) +y (21) Haga (T) z 
BLY (Eo) +B: (Z0) +80 (51) +85) = 
f ipa [ab— Ubi] = a3,—a48s , 


as may be shown by computation.* The invariantive property of self-adjoint- 
ness gives to the results obtained for (1) or (3) a very general character. 





$1. Some Properties of Solutions of the Differential Equation. 
In his original memoir Sturm studied the differential equation in the form 


+ (Ema Wta, 2)y=0, 


where K>0 and G mi depend on a parameter à. But by a change of 
variables this may be reduced to the form 


(PY) +G (2, A)y=0, (4) 
where p(x) is a positive function independent of à. We lose nothing in 
generality by considering this latter equation. Regarded as functions of œ 
the coefficients p, G will be postulated as continuous together with as many 
derivatives as is desired, while G will be considered as analytic with respect 
to à. The usual modifications of the results derived can be written down im- 
mediately if less stringent hypotheses are imposed. The trivial solution y=0 
will be excluded from the discussion. Some theorems concerning solutions of 
(4) will now be reviewed. 

I. If one zero of a solution of (4) is held fixed, all others are moved 
nearer to it by a decrease of p or an increase of G. If, for example, p(x) is 
less than a constant P, and G(x, 4) is greater than a constant y>0, the zeros 
of (4) are closer together than those of the equation 


Yeotgy=0, g= $, 








* For the special case of a transformation of the dependent variable only, this computation is 
given in §5. 
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which has a solution y=sin Vg (a+c) with zeros at intervals of ae By 


VI 


o, fixing p, and taking G large enough i in any interval of a, the zeros of (4) may 


then be made as close together as desired. 
II. The special equation where G (æ, 4) contains the parameter ee 


(PY): + (Q+Aak)y=0, (5) 
has been much discussed. The boundary conditions 
y (0) =y(1) =0 (6) 


` are of the greatest interest and three cases may be distinguished. 
(A) Orthogonal Case, when k(x)20. There is then an infinite number 
of parameter values 4,,(A,<A,<....) with a limiting point at positive infinity 
only, for each of which a solution Y, satisfying (6) exists. The number of 
zeros of the solution Y„ (including those at z=0 and g=1) is m+1. 
(B) Polar PORS when ia takes on both signs and the integral 
Hr (pyi—ay") de (7) 
is positive-definite,* that is, for the given boundary condition (6) D(y) can 
not take on negative values. There are two sets each of an infinite number of 
parameter values 0<SA4<”%...., 024.,24_4...., with limiting points at 
positive and negative infinity respectively, corresponding to which solutions 
Yn, Y_,, exist. For both Y„ and Y_, the number of zeros is m+1. 
(C) Non-definte Case, when both of the integrals 


1 1 
J kdo, f (pys—ay*) de 
may take on negative values. This will be discussed in $4. 

Il. For the equation (5) and the special boundary conditions (6) cer- 
tain minimum properties may be stated. In the orthogonal case the minimum 
of the integral D(y) for those values of y which satisfy (6), and the normal- 
izing and orthogonalizing conditions l l 


1 1 ‘ 3 
f kyds=1, Í kY.ydx=0, i=1, 2,....,m—1, (8) 
it) 9 


is 2,,, and is furnished by the normalized solution Y, of (5). In the: polar 
case the minimum of D(y) for those values which satisfy conditions (6) and 
(8) is Am and is furnished by Y„; the minimum subject to the conditions (6) 


and L 1 £ * 
f kytde=—1, f kY¥_ydx=0, i=1,2,....,m—1, 
0 o ; : 








* Bôcher has pointed out (Proceedings International Congress of Mathematics, loa. cit., p. 173) that 
the special case of the polar problem where g <0 can be treated by the method of Sturm. This remark, 
however, does not apply to the polar case in its most general form. 


` 
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is —A_, and is furnished by Y_,,. In the non-definite case, D (y) can be nega- 
tive and the minimum (even in the simplest problem (m=1)) may not exist. 
However, in view of the developments of § 4, it would seem probable that by a 
modification of the discussion, the solution Y,, for m large enough, may be 
regarded as furnishing a minimum of a caleulus of variations problem. , 

IV. While the notion of regarding a differential equation directly as the 
limit of a set of difference equations has been used heuristically since the time 
of Euler, it was, so far as the author is aware, first made definite and rigorous 
in a recent paper.* In that paper the problem actually discussed is that of 
existence theorems for partial differential equations with given boundary con- 
ditions. But the same method applies, for example, to equation (1), and the 
discussion is essentially simpler for the equation in one dimension than for 
that in two or more. For the sake of simplicity let us confine ourselves to the 
case (5) (6) and consider the unit interval to be divided into m equal parts, 


the values -of y, p, q, k at the point + (i=0, 1,....,m) to be denoted by y;, Pi, 
di, ki, and difference equations 


M| Diss (Yii — y) P: (Yi Yea) | +qyitAky;=0 (i=1, 2, ...., m—1), (9) 


to be set up. In order that there be solutions of these equations 2 must be 
one of the m—1 roots of the determinant formed from the coefficients. With 
increase of m the number of points at which y is defined increases, but we can 
pick out corfesponding parameter values and solutions of the various sets of 
difference equations, and if proper continuity conditions are imposed on the 
coefficients of the differential equations, it may be shown that the correspond- 
ing sets of parameter values approach as a limit a parameter value of (5), and 
_ corresponding solutions approach a solution of (5). In this way the infinite 
set of solutions of the differential equation is obtained. If k has both signs 
and q is positive and sufficiently large, at least in some part of the interval, 
some of the A’s and the corresponding y’s will be complex.t But in all those 
eases of equation (5) heretofore treated (the orthogonal and polar), the 
method of passing to the limit in (9) suffices and gives a simple proof of the 
fundamental facts. This method can be extended to a treatment of existence 
theorems for solutions.of the equation (4) with more general boundary con- 
ditions. 


* Transactions of the American Mathematical Society, Vol. XVIII (1917), p. 489. 
+ One method of proving this would be by noting that the parameter values and solutions are 
approximations to those of the differential equation which are shown in §4 to be complex. 
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$2. Sufficient Conditions for the Existence of Solutions with an Unlimited 
Number of Zeros. 
In the consideration of the equation 
(PY) +G (T, A)y=0 (10) 
let us impose the restriction that for finite values of à the function G (a, A). is 
limited, and in particular that G(a#,0) is limited. The interesting cases will 
be covered by one of two hypotheses, which will be justified by the later devel- 
opments of this section. l 
Hyrorszsis A. For at least one point of the interval, the upper limit of 
G(a,%) becomes infinite with a (lim G(xv2,2)=+0), and in such a manner 


that the number of zeros of the solutions increases without limit with 2. 


The problem treated by Birkhoff * where >0 and G(z, +0)=+0 is 


a special case, and the orthogonal problem (§1, IT) is still more special. 
Hyvoruesis B. For at least one point of the interval lim G(a,4)=+0; 
f IERRA - Am4 
for at least one other, lim G(x, 2) =+%; and in both cases G(x, 2) increases 
Amn 5 


in such a manner that the number of zeros of the solutions increases without 
limit with à. 


The polar case ($1, II) is included in this hypothesis. 

Tueornm I. In order that there be a set of parameter values A such that 
the number of oscillations of the corresponding solutions of (10) be unlimited, 
it is necessary that in the neighborhood of at least one point lim G(x, 2) =+% 

Sass A=+o0 ` 
or lim G(x, 2) =+. 


Am — o 

For, as the number of zeros increases, the length of the smallest interval 

decreases without limit. The zeros of the equation 
Py,,+G(a#,2)y=0, P=maximum p (g) = (11) 
are farther apart than those of (10) ($1, I). To establish the theorem for 
(10) it is then only necessary to prove it for (11). Let us denote by a, @ that 
pair of consecutive zeros of (11) whose distance is a minimum. In such an 
interval a, 8 [y(a) =y(8)=0], y may be taken positive, and since the equa- 
tion is homogeneous, its solution for all values of A may be multiplied by a 
constant so that the maximum is 1. The maximum of y, must be at least as 





- which is the slope of the line joining (a,0), (8,1). To investi- 


reat as 1 
g B—a 





* Loo. ott. 
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Y 


gate the maximum of — =” we note that y, is zero at some point of the inter- 


val and at least as great as site at another. Hence —y,, must be at least as 


Ba 
great as aaa eae at some point, and further max (— =) 2 ER Since 
i (8—a)? / y / 7 (oa) ae 
for at least one sub-interval the length approaches zero, and since 
; Py 
‘ G (2,2) =— E, 
(x, A) 7 


it follows that for the interval 0, 1 lim max G(x, à) =+%. Since by hypothesis 
G can become infinite only for A= =œ the theorem may be readily deduced 
from these results by the usual processes of reasoning. 

To show that the necessary condition of Theorem I is not sufficient, let us 
consider the following example: In the interval 0, $—e« we set up the function 
y= a sin F, and in the interval +e, 1 the function y= = sin ka (1—2); 
both of these arcs satisfy the equation Yast y=0. If continued, they 


would meet at the point z=4 with an angle arc tan 2\/2. If in the interval 
4—e, $+¢ an analytic curve is introduced which is tangent to these two ares 
(on one of which y,> a and on the other y,< — zz) it must have at some 
point —y,, > Tp and if e is taken small enough, max (— vs) is great at 


pleasure, Hence denoting by y,,+G(z,4)y=0 the differentia] equation which 
has for solution the function defined for the interval 0,1 by this method, and 
setting A= L, we know that lim max G(x,à) in the neighborhood of r=4 
e=0 . 

increases without limit. On the other hand none of the suite of functions y 
has any zeros in the interval. 

Having shown by this example that the necessary condition of Theorem Lis 
not sufficient, let us now deduce a sufficient criterion that when lim G (x,à)= œ, 

Amo 


the number of zeros of solutions of (10) be unlimited. A similar discussion 
can be given for the case lim G(2,4)—=0o. Denoting as before by P the maxi- 
A=—oO : 


mum of p(x), and by M an arbitrarily large constant, it is possible to find a à 
and an z-interval such that G (z, à) >MP in this interval, whose length will be 
denoted by sy. The number of zeros of the solution sin VM (@æ+c) of the 
equation y..+My=0 in an interval of length ey is not less than the integral 
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part of yee . It follows immediately from $1, I that the number of zeros of 
solutions of (10) is not less than that of sin VM (+c). Hence the 


’ Tarorzm II. In order that there be N zeros in a solution of (10) it is — 


sufficient that one can find an M such that ya >N, where ey is the length of 


a sub-interval where G (z, 2) > MP. 


Cornotuary I. In order that the number of zeros. be unlimited it is 
suficient that lim ey ~M=o0., 


E I. “If throughout any sub-interval of fixed length the value 
of G(a,%) increases without limit, the number of geros increases indefinitely. 


However, the sum of the sub-intervals in which G>M may remain above 
a positive constant without compelling the number of zeros to increase with M. ` 
For example, one can set up a function which has no zeros except at x=0 and 
a=1 and which, except in the neighborhood of these points, oscillates between 
y= and y=#, the number of oscillations increasing indefinitely with à. More- 
over, by taking the oscillations frequent enough one can have G(x, 2) >MP in 
portions which total at least one-quarter (or any other proper fraction) of the 
interval, the great curvature downward in these sub-intervals being counter- 
balanced by curvature upward in those where G (w, à) has the opposite sign. 

On the other hand, we have seen that the number of zeros of the solution 
sin VM (æ+c) of the equation y,,+My=0 is not less than the integral part of 


yiti ‘where ey is the length of the interval. If this interval is divided into 


eh parts e,, e, for which there are solutions sin VM (æ+c:), sin VM (x@+ c) 
' respectively, the number of zeros can not be reduced by more than one. For, 


the sum of the integral parts of vs and vie cannot differ by more than 


one from the integral part of aos It follows in the same way that if 


the interval is divided into n, parts the number of zeros of the solutions can 
not be decreased by more than 7,—1. But in the intervals where G (z, à) > MP 
the zeros of the solutions of (10) must be at least as many as the minimum 
number for y,,+My=0. 


Turorpm II. In order that the solution of (10) have N geros it is 


VM Na 
n 





suficient that one can find an M such that —n +1 >N, where ny denotes 


the sum of the lengths of the n, intervals in which oa see >M. 
l max p(s) 
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$3. Behavior of the Zeros with Monotone Change of à. 


Let us fix the zero at the left-hand end of the interval 0, 1, denote such a 
solution by Y [¥(0)=0], and investigate what happens to the other zeros as 
A increases. It is convenient to think of G(s, 2) as being defined for values 
x>1. Since the coefficients of (10) are continuous, the zeros move eontinu- 
ously, and since we can not have both y(z)=0 and y’(z)=0 without having 
y=0, the zeros can not coalesce and then disappear. By differentiating (10) 
with Tegard to A we have 


O(PYs) s | 
ea +a% y y= 0, (12) 


and on multiplication of this equation by —y and of (10) by u. addition and 


integration from a to a, we get the fundamental formula * 


|ou% Al -| pv wT =S S vada (13) 
ay (0) 
OA 





For the particular solution Y (xv) we have ¥(0)=0, , and if a is another 


zero of FY the formula becomes 


: pla) Y, (a) 2 (a) = °F Praa, (13) 


on 
; z : ane ; OY (a) 
If the integral on the right is positive, the signs of Y,(a) and za are the 





same. Hence when Y,(a) is negative, Y (a) is decreasing with increase of å, 
and this zero-of Y is moving to the left; when Y,(a) is positive, Y (a«a) is 
increasing and the zero is again moving to the left. In the same way it may 
it may be shown that all zeros for which the integral on the right of (13’) is 
negative, move to the right. When the integral is zero, further investigation 
is needed. We have now proved 








*If p is also a function of à this formula becomes 
ie y OY: ate | “fOr J= ts OG z: Op 
> da— dx. 

PY Dy DII eI, On s Js ve 
In terms of this hypothesis ie analogous to all the succeeding theorems of this paper may be written 
down. Since, however, by a transformation of variables p can be made independent of A we shall, for 

the sake of simplicity, confine ourselves to the problem proposed. 
If at @==0 the condition y, (0) + oy (0)=0 is imposed where e is a constant, then ——-— 


and this formula (13) can be written 
* a (Oy = Oy Dys a Oey 
— yp a(èr)= Y5 at | =h a 
Hence, in order that the roots of a solution y and the roots of oy alternate it is suficient that 


Oa 
s OG : 
0 OA 





Oye) oy) =, 


+o 











ydo have one sign. 
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Turorem IV. If ¥(0)=0 and if à is a parameter value for which there 
are subsequent zeros of Y at a,,...., a, then with increase of A a zero, a,, 
moves to the left or right according as 2 


“ IA (x, A) 


is positive or negative. 
The argument used in deducing Theorem IV is still valid if in place of a 
zero of y we introduce a zero of y,. 


Turorem IV A. If y(0)=0 or y,(0)=0 and if à is a parameter value 
such that y(a)=0 or y,(a) =0, then with increase of 2 the zero a moves to the 


left or right according as 
Ges oot) y (x ,A)da 
0 
is positive or negatwe. 


Conottany. In order that à be a multiple characteristic number iia 
Y(a,4) a multiple solution of the problem (10) (6) it ts necessary * that 


i oo, SD ya 2) de=20. 


G can be so chosen as a function of à that with increasing à the integral 
1 0G 
OA 
nok à may be small at pleasure, we see that a zero may pass back and ` 
forth through =1 an infinite number of times. - There may then be an infinite 
number of Xs for which exist solutions of (10) (6) with a fixed number of 
Zeros. l a 
As à runs through its interval there will be at least one value for which 
the number of zeros of Y(s,à) is a minimum. For both the orthogonal and 
polar cases this minimum number of oscillations is zero, but in general this 
will not be the case. If for a=A’ there isa minimum number n, of oscilla- 
tions, then from the principle of continuity we can argue that for n>m, there 
is under Hypothesis A (§ 2) at least one value of à for which exists a solution 
of (10) vanishing at z=0 and w=1, and oscillating n times (having n zeros) . 
in the interval, while under Hypothesis B there are at least two. 
One fundamental problem for- investigation is the determination of 
sufficient conditions that in a given interval of à (which niay include infinity) 
there is only one solution of (10) (6) oscillating a given number of times; in 


= Fda is alternately positive and negative, and since the corresponding 





* This condition may be shown to be sufficient also. 
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other words, sufficient conditions that the zeros of Y (æ) pass through the point 
æ=] in one direction only as à increases (or decreases). Another problem is 
that of determining when there exist precisely two solutions oscillating a given 
number of times. ‘ 


Turorem V. If for values of Xin an interval (which may include infinity) 
there are solutions of (10) (6) for which the minimum and maximum number 
of oscillations are n, and n, (n, may be infinite), respectively, and if the value 


of oe is equal to or greater than $(A)G(a, A), where > is a positive function 
of A, then there ts one and only one solution oscillating n times (mSnS m) in 
the interval 0<a@<1. 
For, we have on multiplying (10) by F, and integrating under the boun- 
dary conditions (6), - 
f ors f 'QF’da. (14) 


From the hypothesis we may then write 
1 eG 1 1 
fee > = 
J a Yrdaw2 (2) f GY*dax o(a) f pY2da>0 


and since this holds for all A, Theorem IV gives the desired result. 

The theorem just proved fits the case where with unlimited increase of à 
the maximum of G increases without limit. For the case where 4 approaches 
—oo, we observe from Theorem IV that a sufficient condition for a similar 


theorem is that f Say *da be negative. To insure this, it is sufficient to take 
0 


oe <—4G, where (4) is a positive function. Then 


f oo Vide <—¥(2) f G¥%de=—(a) f p¥ide <0. 


Combining this result with Theorem V we may state the following: 


Tueorrem VI. If for two values 4’, A” (X Z2") of A there are m zeros of 


the solution Y within the interval 0,1, and if for >N OG 55 ANG (we: 2), 


7 OA 
G na : 
and for a<", a <S —$2(4) G(x, A) where Qı, Q, are positive functions defined 
in the intervals X, +œ and —w, A”, respectively, then under Hypothesis B 
($2) for n>m there are two and only two values of à for which there is a 


solution Y (2,2) of (10) (6) with n zeros. 
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In the polar problem we have the special case of the hypothesis of this 


theorem where. X =" =0, 1, =0, G=q+Ak, = =k, FN : >0, —ġ= 7 <0. 


A more general special case of Theorem VI is discussed in i 
Since formula (14) is valid also when 
` -y(0)=y,(1) =0, or y,(0) =y(1) =0, or y,(0) =y,(1) =0, 
theorems analogous to VI can be written down for any of these boundary 
conditions. 


$4. The Non-Definite Case. 
With regard to applications, the differential equation 


(PY) + (q+ak)y=0, (15) 


y (0) =y (1) =0, (16) 
is the most important special type of (10). The problem where one of the 
integrals 


with boundary conditions 


1 1 
D(y,0,1)= f (pyt—ay*) da, f ky’da 


is definite, has been studied in great detail. Let us first investigate some 
properties of the remaining non-definite case where both these integrals may 
take on negative values and later deduce some analogous results for the more 
general equation (10). In §§ 6-8 these results will be extended to cover the 
more general boundary condition (2). 

For q<0 the integral D (y, 0, 1) can not be E If q is positive in 
at least a part of the interval 0, 1, the minimum of the integral S pyidx under 
the conditions (16) and S qy’do=1 is (§1, IIT) the smallest parameter value 





a of the equation (py,),+Aqy=0, and when t pam this in turn is (§1, I) 
at least as great as the smallest of the equation y,,+A0vy=—0 under the same 
boundary conditions (16). Since for the latter equation A,=1 and Y,=c sin ng, 
it follows that à is greater than unity. Hence SPY: dz= is greater than 
S-qy'de=1 and D(y, 0,1) is positive. 


In the non-definite case one must therefore have -4 





z >X in at least a 


part of the interval, and this assumption we shall now make. But we note 


here that in a sub-interval a,, a such that y (a1) =y (a) —0, any value of q for 
: q GA ; PRSE ae : . 
which =n P < laaj makes the integral fZ(pyi—qy*)dx definite, ii is 
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readily shown by a comparison argument like that above. Hence, for given p 
and q, if throughout the interval 0,1 the zeros can be taken close enough 
together (as e. g. may certainly be done where à has the same sign as k(x) and 
is taken large enough in absolute value, cf. $1, I), the integral for each sub- 
interval is definite, and hence D (y, 0,1) is positive. This is also true under 
the more general boundary conditions (2). ° 

On the other hand from the formula 


az a ay 
D(y, a, 2) == f (pyt—ay')dz=a f ky'da, (17) 
A a 
which is obtained by multiplying (15) by y and integrating under the condi- 
tions y(a,)=y(a,)=0, we see that if A is positive and k negative in the 
interval, then D(y, a,, a) is negative; it is, however, still possible that for 
the larger interval 0, 1 the integral D(y,0,1) be positive. Were this the case 
(as will later be established provided 4 is large enough) we could deduce from 
Theorem IV and the formula 


D(y,0,1)= f (pyi—ay*)de=a f hyde, y(0)=y(1)=0, (18) 


certain facts in regard to the movement of the subsequent zeros of particular 
solutions Y of (15) which vanish at w=0. Before proceeding to a detailed 
discussion of this matter let us compare some possibilities for the orthogonal, 
polar and non-definite cases. . 

In the orthogonal case let us consider all A greater than some finite num- 

ber chosen less than the smallest characteristic (which may be positive or 
negative). As à increases, the subsequent zeros of any solution Y of (15) 
[Y(0)=0] move to the left, new ones being added to the interval 0,1. For 
the smallest value of à there are no zeros within the interval and when à 
passes through a parameter value 4, the n-th zero enters. In the polar case 
there are two ranges of values of 4; for the range which extends from zero to 
+o, a result precisely like that of the orthogonal case may be stated; for the 
range which extends from — œ to zero, a decrease of à causes subsequent zeros 
to move to the left, there being no zero of Y (a, 0) present in the interval while 
the n-th enters for A=A_,. In the non-definite case we know that the results 
‘must be quite different and we may expect that the march of the zeros will not 
be monotone with à. In fact, there may be a range of values of A (Li <> < L) 
such that as à increases the number of zeros first decreases, then increases, 
then decreases and finally increases, the minimum ‘number being a positive 
integer.” 





* A reference to the proof of this last fact is given in the Introduction. 
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As an example let us consider the equation 
Yat [(1007)*+-Ax)y=0, y(0)=y(1)=0, 

where x is equal —-1 in the sub-interval 0, 4 and equal 1 in the remainder of 
the interval. Such a function x(x) may be approximated by an analytic func- 
tion k(x) for which the corresponding equation has solutions with similar . 
properties. When 2=0 the solution y=sin 1007z has 100 zeros in the interval. 
When A= (1002)’, we have the equation y,,=0 in 0, 4 and y,,+2(1007)*y=0 
elsewhere, the solutions being respectively y=cg (c=const.), y =sin 100/272. 
There are are then approximately 50\/2 zeros. For à=— (100x)? there are 
evidently the same number of zeros. More generally, when 2 is in the interval 
— (1002)?, (100x)? the number of zeros is approximately 


= [V (100x) + 2+ V (1002)*—Al, 





a function which has its maximum for 2=0 and decreases with increase of |2|. 
On the other hand when |A| is greater than (100x)? the number of zeros is 


approximately oe V (100%)*+ |4|, which increases with |4|. The minimum 


number of zeros is then approximately 50\/2 and occurs for A=(1007)* and 
— (1007)?.* For values of n between 50\/2 and 100 there are four parameters 
corresponding, to which exist solutions oscillating n times. 

Returning now to the discussion of the sign of D (y, 0, 1) we can prove 


 Lemmal. If in an interval a, b, the function k ts positive, except perhaps 
. at the end points, then 2 can be taken so large that for solutions of (15), 


b 
D (y, a, b) == J. (py2—aqy*) da >0. 


For, by taking à large enough, q+åk can be made as large as desired, 
except perhaps at the end points. Hence the zeros are as thickly strewn 
throughout the interval a, b as desired ($1, I). We note that in any sub- 
interval 8, 8, of a, b, in which there is a zero of y and for which the maximum 
of |y| is M, the minimum value of f$ ry Yoder ii is taken on wher a is a straight line 


joining (@,,0) and (8, +M). This minimum value is Since on the 


Bo By" 
other hand fẸqy'deæ< (8,—8,) M? max q, the value of D(y, Bı, Be) is greater 


than mt eee ( (8.—1) max a|: hence when (8,—8,)* is made less than 
2 


* By referonce to Theorem IV it follows from this discussion that in the two intervals which are 
approximately —(100r)+, 0; (1007)?, + «© the value of Sf. æy da must be positive or Sis yde<fiyde, while 
in the intervals which are_approximately —«,—(100x)*; 0, (1007)’, fiyde> f yda. 
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aaa this integral is definite. It follows that since the first and last zeros of 
y(xz) are as close to the ends ‘of the interval a, b as is desired, those portions 
of the integral arising from these two end sub-intervals can be made positive. 
For any interval æ, a, of oscillation [y(a,)=y(a)=0] it follows at once 
from (17) that when k and a are positive D(y, a,,,) >0. Combining these 
results we have the lemma. l i ; 
It follows in the same way that if k <0 and kÆ0 in an interval a, b, then 
à can be taken so large negatively that for solutions of X15) the integral 
D (y, a, b) is positive. : 
Coming now to an interval c, din which k is negative, except ‘perhaps at 
c and d, it is possible in an interval c+y, d—n (n>0. arbitrarily small) to 
take M’ arbitrarily large and then choose 4 so large that.— (qg+Ak) >M' or 


| (pys)al=|—(a+4k)y| >M |y], (Py) >Wy if y>0]. (19) 
The are y (æ) may be shown to be sharply concave away from the a-axis.* It 
is possible to prove the following: i 


Lemma IL.. If in an interval c, d the function k is negative,. ontant per- 
haps at the end points, then a can be taken so large that fora solution of (15) 


Diy, ¢, d)= S (py:—ay’)de>0. 


This vill be proved by- showing that on taking à great enough it is 
Yo « 


possible to insure that %4 F is great at pleasure ie perhaps | in gub-intervals 


T length decreases indefinitely with as ‘ Since i in the sitergal c-+n, d—n 


the curve is concave upward for positive y and « concave downward for negative 
y, there can not be more than one zero. The -discussion, may be separated 
into two parts according as y(x) has a zero or not. _ 

Tf y(y) =0, then without loss of generality it may be assumed that within 
the interval y, d—y, y is positive and hence, since y,,>0, that y, is positive. 
l Multiplying the inequality (19) by 2py, and integrating we ger K 


BE PP PU.) da >i! J: Dupuy, a 
and hence 


HOOPS mier sh) ZM [min pl f 2yyde 
. : =W y (a) min P, (20) 








* This is at once evident if the equation is taken in the form peck (g +y=0 to which it may be 
reduced by a trarisformation. 


300 RicoHarpson: Contributions to the Study of Oscillation Properties 


for all x in the interval y, d—y». Similar reasoning establishes the same 
result in the interval c+7, y. Hence, for the case that y vanishes, we have 
throughout the interval e+y, d—n the inequality S> Laan, which as 


noted above, is sufficient to establish the theorem. 

If on the other hand y has no zero in the interval, let us take the function 
positive and denote by y the point at which it takes on its minimum. It may 
be assumed that y is not at the right-hand end of the interval; that special 
case could. be treated in an analogous fashion. By multiplying y by a con- 
stant, y (y) can be made equal 1, while the sign of the integral D (y, c, d) is ` 
not altered. Since y,(y)20, we have y>1 in the neighborhood of y; in fact, 
for any arbitrarily small but fixed y we can, by taking M’ large enough, have 
y(y-+n)>2. For, since y21 it follows from the inequality (19) that 


PYZ PY2—PYa(Y) af (py,) de> M f ydo =M" (a—y). 
y Y 


Integrating again, l 
z z z M (a—y)?* 
a = > r E = 
(y—1) max p=max pf wel see (w2—y)da= TH 


'” 


2max p 
this it follows that on multiplying be inequality (19) by 2py, and integrating 
we get by a process similar to that used in (20) the formula 





By taking æ—y =n and choosing ; >1 we have y—1>l or y>2. From 


p (a)y (a) >È f 2ypyde > Mt iy" (2)—1] min p> SE (a) min p. 
: “wy g 


Hence in the“interval y+7, d—n we have% > = zng, And since in the 
interval c+7, y—y a similar inequality may be obtained, this completes the 
proof of the lemma. : 

It follows in the same way that if k>0, except perhaps at the end points 
of the interval c, d, then A can be taken so large negatively that for solutions 
of (15) the integra] D(y, c, d) is positive. 

We have then proved by these lemmas that in any sub-interval in which k 
has One sign, D(y) can be made positive by taking 4 large enough positively 
and also by taking à large enough negatively. It follows that D(y, 0,1) 
-would be positive, and from the formula ` 


g 


1 1 
AS kytde = f (pyt—qy*)da==D (y, 0, 1) >0 
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and Theorem IV, that for |A| large enough the zeros of Y move to the left 
with increase of |A|. We can then enunciate 


Tueorem VU, There exists an integer n, such that for n2n, there are 
precisely two solutions of (15) (16) oscillating n times. 


If proper restrictions are imposed on G(az,A), a theorem similar-to the 

preceding may be proved for the general equation 
(PY) +G (z, A)y=0. (10) 

The proof used in Theorems VI and VII, and Lemmas I and II is valid also 
* under the following hypotheses on a function G’(#, 4) obtained by subtracting 
from G(a,%) a function g(x) - [Œ (x, 4) =G (2, 4)—q(a)]. l 

(a) In one or more sub-intervals of 0, 1, @ (x, 4) is a monotone increasing 
function of à such that lim G' (a, 2)>0 and for at least a part of each sub- 
interval lim G(x, à) = aes 


(8) lh the remaining sub-interval or sub-intervals of 0, 1, G" (x, À) is a 
decreasing function of à such that lim G’(z,%)<0, and for at least a part of 
A=—o0 


each sub-interval lim G (x, 2) =— œ. 


A=—o 
(y) For values 4’, X” of à there are n, zeros of the solution Y within the 
interval 0,1 and fora>a’, 
a Ba, = Pla) G (a, 2), and for ~<A”, oes < 
where $,, @, are positive functions defined in the intervals. A’, +o and — oœ, A” 
respectively. 


—92 (A) G (z, 2), 


Tarorem VIII. Under the conditions (a) (B) (y) there exists an integer 
n, such that for n>n, there are precisely two solutions of (10) (16) oscillating 
n times. 

When the parameter value and corresponding solution of (15) (16) are 
complex, let us set A=o+it, y=u+iv. The differential equation resolves 
itself into the two following: 

(Pus) + qu +Hoku—tkv=0, u(0)=u(1)=0, (21) 

(pv,).+qu-tokv+chu=0, v(0)=v(1)=0. (22) 
Corresponding to A=s—ir there is then a solution y=u—iv, On multiplying 
(21) and (22) in the first place by u and v, and in the second by v and —u 
respectively, adding and integrating, one obtains the two formulae 


S Ip (u+) a (u+) 1da =0, f k(t +0%)do=0. (23) 


"+ 
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More generally one obtains i this process the formula 


[p (u, v—v at= fi kk (u?+v*) da. f - (24) 


The orthogonality of two solutions (F kY, Y,dxz=0, mE n) holds as well 
for complex as. for real characteristic numbers An An» Hence by separation 


_into real and i imaginary parts we get the 


Turorem IX. If ¥ (2, Am) Un tH Wn, Y=, +, are two solutions of 
(15) (16), then a 
| fi U,—UmU,)dz=0, J ttis V, Hu Vajda = 0. 


Theorems of other types may be. derived of which the Poonia is an 


example: 


THeorem X. If in the interval 0,1, the function k(x) changes sign once 


_only, then the roots of the real and imaginary parts Uny Va of the solution 


Y,=u,+iv, of (15) (16) separate one another. ` 
For, formula (24) may be written Sa 
a 


From. ike hypothesis that k changes sign but once it follows that ie on 





` plun —v a= f u areia or p L fie +4") 





can not vanish within the interval, and since >0 except at the end 


ax 
points, 5 is & monotone function and the theorem follows at once. We may . 


note further that under the hypotheses of the theorem neither u nor v can 


. - gain or lose a zero at a point within the interval. For, were there a zero lost `- 


or gained at ġ=a, both y(a) and y,(a) would vanish, and formula Gare could . 
be written fi k(u i 0, which would give a contradiction. 


85. Reduction of the General- Boundary Conditions to ‘Normal Forms. 


In the preceding sections the discussion has dealt mainly with the simple 
boundary conditions y(0)y,(0)=y(1)y,(1)=0. To facilitate the discussion 


“of the most general boundary conditions it is desirable to obtain normal 
- forms.*. The Tinear self-adjoint equation of the second order will be taken in 


 (a(2)m(2)); EELA S =0, AIEN; (25) ` 


the form 





- * The classification used i in this section follows that of Hilbert and Haupt, loc. oit. The geometrical 


_ form into which the transformation is thrown was suggested by my colleague, Prof. H. P. Manning. 
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and if the linearly independent boundary conditions 


aru (0) + au, (0) + asu (1) + a,u, (1) =0, (26) 
Biu (0) + Bou,(0) + Bsu (1) + Bite (1) =0, : 
are to be self-adjoint, the condition 
u(0) ü,(0) a) a(t) ae 
mO zo go |=") | way Ha) ee 











must be imposed, where %, % are any functions with continuous derivatives 
which satisfy (26). We have the relation 




















a | 1800) @(0)] a a | {way @(2) P 
By. By | 0) 0) ge al aaa SF ® 


as may be seen by applying the usual rule for multiplying determinants and 
noting from (26) that each of the four elements of one product determinant 
is the negative of the corresponding element of the other. Let us denote by 
B; the determinant formed by. taking the i-th and j-th columns of the matrix 


GZ QA, Ag Ay 


Br Ba Bs Bs 


Considering the two determinants of the w’s as the variables, we have from 
the theory of linear equations that a necessary and sufficient condition for the 
solution of (27) and (28) is that 


“ ¢(1)By—2(0) By, =0. (29) 














Hence By and By, are simultaneously zero or different from zero. 
Let us subject the dependent variable to the transformation 


- u(æ) =n (@)y (x), n(x) #0, i (30) | 


by which the number of zeros of the solution remains unaltered. The equation 
(25) takes on the self-adjoint form 


(PY) t G(x, A)y=0, p=n>0, G(x, A) SANN HNN, (81) 


and the conditions (26) are replaced by a similar set 





yy (0) +7240) +Hysy (1) +yiy: (1) =0, (32) 
dy (0) + 4y,(0) +y (1) +y: (1) =0 7 

We have at once from (31) the important formula 
OP daa (2 yao, (33) 


ray ae Par. Vids 
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Writing Ui, te, Us, uy, for w(0), u,(0), w(1), u,(1), and using a similar 
notation for the 7’s and y’s we can interpret our problem in relation to the 
tetraedron of reference as the investigation of the line(26) subject to the 
condition (27) or (29). If By=0, the us and u, can be eliminated from (26) 
at the same time, giving 

Bitat Bott, =0 or Byty—Bgt,=0, : (34) 


either of these equations representing the plane determined by the given line 
and the edge 12(u,=0, u,=0). Hence the line (26) intersects this edge of the 
tetraedron. But if Bą=0 we have from (29) B,=0, and the straight line 
intersects also the edge 34. The equation of the plane determined by the 
given line and the edge 34 can be written 

Bigg + Bry, =0 or Baus—B t =0. (35) 
From (34) and (35) we see that under the hypothesis B,,=—B,,=0 the boun- 
dary conditions may be written , 


Case I. ou, +u,=0, Tug +u =0, (36) 
where a oa E 
Bos By’ By By” 


The parameters c and t may have zero or infinite values when the line (26) 
lies in a face of the tetraedron. 

In general, when any two B’s with complementary indices are zero, the 
line intersects two opposite edges of the tetraedron and the conditions (26) 
may be reduced to a normal form similar to (36). 

The transformation (30) takes the form 


Uy= M1915 Me= Mm EMY, Us=MYs, Us= Yates, m0, mF 0, (37) 
and corresponds to a rotation of the face 2 of the tetraedron about the edge 
12, and of the face 4 about the edge 34, leaving the faces 1 and 2 and the 
edges 12, 13 and 34 unchanged. If we denote by Ay the determinants of the 
matrix of the coefficients y,, 6; of (32) we can read their values from the 
identity 
Yı Ye Ya Y4 NAFNA Naz NgAg FNA, Ngaa . 

b, by bs OA mli t nbs mBs MBs HNB: nb: i 

thus dy»=7?By,, As,=73P3,, etc. As may be seen from these formulae and 

(81), we have corresponding to (27) or (29), the relation 
p(1)Ap—p(0)Ay=0 (38) 

which, when added to (32), makes these boundary conditions self-adjoint. 
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The discussion of the boundary conditions under the transformation may 
be sub-divided as follows: 

I. If the given line intersects the edges 12 and 34 (By,=B,=0), the 
same-will be true after the transformation since Ay4—A,==0. To reduce the 
condition to the normal form (36) (which we shall in general use) the trans- 
formation is superfluous. This case is called the sturmian. ‘ 

From the formulae (37) it follows at once that the conditions (36) can by 
proper choice of 7, 72, ns, 4, be reduced to one of the simpler forms 

(a) y=ys=0; (b) y=y=0; (e) y=ys=0; (d) w=YH%=0, (39) 
these corresponding geometrically to the cases where the given line coincides 
respectively with the edge 13, the new edge 14, the new edge 23 or the new 
edge 24. 

II. If the line does not intersect the edges 12, 34, but does intersect 13, 
the transformation may be so determined that it will also intersect 24; e. g., ` 
by making the plane 2 pass through the intersection of the given line with the 
plane 4. In this case since u, is unaltered we have y7,=1, 7,=0, and hence to 

Bys 


equate A,=73 (7B p+72B.,) to zero we need only to choose -s =— zB After 
1 28 


- the transformation we have A,s=A,,—0, and by elimination in (32) we get b 

aid of (38) ; 
Case TI. V=hys, hp(0)y=p(1)y, 

where 





p40 Au PCL) A p(l)As 
Ay Ax P(O)dy = (0) Ag” 


It. If the line does not intersect any of the three edges 12, 34, 13, 
(By #0, By =O, By 0) we can determine the transformation so that the 
face 2 of the tetraedron shall pass through the intersection of the line and the 
face 3, while the face 4 passes through the intersection of the line and the 
face 1. Thus, in the new tetraedron, the line intersects the edges 23 and 14, 
and, we have the relations Au==n, (n But n:Bu) =0, As= (nB t+mBa) =0, 








which determine the ratios = F desired in this case. The equations of the 
line can now be written 
Case IL . . Mm=lp(1)m, lp(0)y=—ys, 
where a 
fg he A As 


~~ pda p(l)4y p(O)Ae (0) An” 
39 pi 
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THeorem XI. By a change of dependent variable the self-adjoint equation 
(25) with self-adjoint boundary conditions (26) (27) may be reduced to an 
equation (81) which is again self-adjoint, and for which the self-adjoint boun- 
dary condition may be written in one of three forms characterized respectively 
by Ay=Ay,=0; Asg=Ay=0; Ay=Ay=0: 

Case I. ay(0)+y,(0)=0, ty(1)+y,(1) =0, o, t constants (including œ), 
Case II. y(0)=hy(1), hp(0)y,(0) =p(1)y,(1), h=constant, 
Case III. y(0)=lp(1)y,(1), lp (0) y,(0) =—y (1), l =constant, 
The number of zeros of the solutions of the equation remains unaltered under 
this transformation. ; 
‘or 


The value of the integral ay aats the same as that of the corre- 
; 


1 
sponding integral { n yan. 


Corotuary I. In Case I the transformation may be so chosen that the 
boundary conditions can be written in one of the special forms 


(a) y(0) =y(1)=0; (b) y(0) =y,(1) =0; 
(¢) ye(0)=y(1)=0; (4) y,(0) =y4(1) =0. ae 


§6. Oscillation Theorems for the Sturmian Boundary Conditions. 


We propose now to study oscillation theorems for solutions of the differ- 
ential equation under the first or sturmian case of the general boundary 
conditions (26) (27). As was shown in the preceding section this case, char- 
acterized by the relations B,,=B,,=0 (4;,=A,=0), may be reduced to a 
study of the equation , 


. (PYs)a +G (2, A)y=0, (41) 
ynder the boundary conditions f 
ay (0) +y(0)=0, ty(1) +y.(1) =0, (42) 


where c and t are constants, the important special forms 


(a) y (0)=y(1)=0; (b) y (0) =y:(1)=0; } 
~ ` (6) Y(0)=y(1)=0; (d) y,(0)=y,(1) =0; 
being considered as included for the values 0 and œ. It was further shown 
that the boundary conditions may always be reduced to one of these special 
forms. i i 
We proceed now to a study of the nature of the dependence of Aon sand. 
If 7 and J are defined as the following fundamental solutions of (41), 


G(0, 4) =0, 7-(0,2)=1; F(0, A) =1, 9, (0, 2) =0, (44) 


(43) 
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any solution y(x) can be written y=c,y+c, . For determination of c and c 
we have on substitution in (42), 
oa +a=0, tloy(1, A) +e (1,2)] +67:14, 4) +ey,(1, 4) =0. 
A necessary and sufficient condition that there be values of C1; G satisfying the 
equations is that ; 
1 a” a 
eH(1,A)+9.(1,2) 2H(1, 2) +9. (1, à) 


Hence each of the parameters c, t is a one-valued function of the other and 
of à. If we assume that a zero of the solution moves continnously to the 
right or left, and note what happens as two consecutive zeros pass through 
the point =0, we see geometrically that for any given c the condition 
cy (0) +y,(0)=0 must be satisfied at some stage of the process. It is possible 
.by analysis to ascertain precisely what happens when o or t passes over the 
range —o, +o. Corresponding to ¢=—, 0, +o one has respectively 
y(0)=0, y,(0) =0, y(0) =0, and we shall show that under proper conditions 
- one and only one zero of y(x) is lost or gained by the process. A similar 
change in t has a corresponding result. 
If in formula (13) we substitute from (42) and the formulae , 


a A 4 By (0) + YO) <0, YO) 4 Mya 4 SD) 0, 


eptaiaed from (42) n differentiation with regard to à, we obtain the relation 


o an s ie=—pl0) % AO +a) Fea). (45) 








Either of the parameters c, ¢ may be held fixed. If 7 is fixed T =0, and in 


order that 4 and o be one-valued functions of one another over the range —, 
£ 1 

+o of o it is then necessary and sufficient that the integral S 5 og y’dx have 

one sign. From such considerations one may deduce | a variety aa of 


which the following are examples. 


Turorem XII. If An, Ampi denote two successive characteristic numbers ` 
of a solution of (41) for the boundary conditions 43(a), then in order that 
there be for all o an intermediate value of à corresponding to which there is 
precisely one PENON of (41) for the boundary conditions a oa 


y(1) =0, it ts necessary and sufficient that tme integra f 29 Da yaa have one 


sign for all solutions y(x) concerned, 
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Tueorem XIV. If Ra, Anis denote two successive characteristic numbers 
of a solution of (41) for the boundary conditions 


oy(0)+y.(0)=0, y(1)=0, o=constant, 
then in order that there be for all z an intermediate value of % corresponding 
to which there is precisely one solution of (41) (42), it is necessary and 
sufficient that the integra f 2E OG pan have one sign for all solutions y(x) 
concerned. 
` Tuzonzm XV. If corresponding to X’, oe there are solutions of (#1) (48a) 
with ny and n zeros respectively, and if ee =—y'dx has one sign, then in the 
interval 4’, 2” there is one and only o one a of A for which (41) (42) has a 
solution y(x) with n zeros (m<n <n). 


We have seen in $5 that by a transformation of the dependon variable 
the equation (41) may be thrown into the form 


—-, mH, (3h, r ,, - 

(By.).+G9=0, J SF ra=] gie, Pe) >, 
where the boundary conditions (42) assume one of the special forms 
y (a1) =7 (a) =0; F(a) =7s(02)=0; Fela) =Y (4) =0; Ysl) =F: (as) =0 
As an extension of Theorems IV and IVA we have then the following: 

Turossm XVI. If a zero of one of the functions cyt+y,, ty+y, is held 

peed, then with increasing à the zeros me the other move closer to the fixed 
zero or further away according as f $6 y da is positive or a the inte- 


gration extending over the interval om the zeros. 


From the preceding theorems we can deduce still further results. ' 


THrorem XVII. nf y "dx has one sign, then between any two con- 


secutive A’s corresponding to solutions of (41) (43a) or of (41) (48d) there 
will be one each corresponding to solutions of (41) (43b) and.(41) (43c), and. 
between two consecutive X’s for (41) (43b) or (41) (43c) there will be one 
each for (41) (43a) and (41) (43d). 
Corotuany: Denoting by A, and A, two adjacent char gcteristic values for 
solutions of the problem (41) (48a), (41) (43d) respectively, and by Èy, A, 
and Aj, à, the next greater and next smaller sets for solutions of the problem 
(41) (486), (41) (43c) respectively, then if the number of zeros of the solution 


t 
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corresponding to A, ts m, the number corresponding to A, 1s m—1. When the 
integral is positive the number of zeros corresponding to A, and A, 1s m, and 
to A, and à, is m—1, while if it is negative, the reverse is true. 


If we consider the special form* of (41) where o> > 0 and Hypothesis A 


ð 
of § 2 is satisfied while G (£, —œ) <0 and =—o% in at least some portion of 
the interval, we can trace the various values of 4 corresponding to successive 
suites of c and t, and state 


Turorem XVII. There exists under these hypotheses an infinite set of 


characteristic numbers Ay <Ag<Ag...., with limit point at +œ only, for 
which exist solutions of (41) (42), the solution y, (æ) corresponding to 
A, (w=1, 2,3, ....) having n—1 zeros within the interval. 


The results for the orthogonal case (§1, II) of the special equation 


(DY2)2+ (+k) y=), (46) 
are contained in the foregoing theorem. In the other cases it is preferable to 
investigate the zeros through a discussion of those of the equation obtained by 
the transformation used-in proving Theorem XVI. We have 


(BY.)e+ (G+AR)¥=0, B(w)>0, ¥(0)¥.(0) =I (1)I.(1) =0, 
J. (7—0) da= [hytda= f hytda. 


If the new equation is of the polar form we see at once that there are 
precisely two solutions of (46) (42) with n zeros in the interval. If the equa- 
tion is of the non-definite form there are two integers m, May such that for 
n<m, there are no solutions of (46) (42), for n>m there are at least two, 
while for n>n, there are precisely two (Theorems VII, VII A). 


§7. Oscillation Theorems for Case II of the Boundary Conditions. 
We shall next consider the exceptional case By=a,3,—a,8,=0 for which, 
as has been seen in $5, the boundary conditions may be written 
y(0)=hy(1), Ap(0)y.(0)=p(1)y,(1), h=constant #0. (47) 
Defining the particular solutions 7 (a, A); F(x, 2) by (44), and substituting the 
solution y=c,y+cy in (47), we obtain equations for c and cg, 
C=hleg(1,a)+e9(1,4)], hp (0)a=p(1) lay. (1, 4) +9, (1, 2) 1. (48) 
A necessary condition for a solution is the equation 
hy (1, A) hy (1, a) —1 
p(1)¥.(1,4)—hp(0) p(1)y¥.(1, 4) 


r 


* This is a slightly more general condition than that imposed by Birkhoff. Loe. cit. 


=0, (49) 
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Since for the two solutions we have the well-known formula 
p (x) [7 (2, A)Y (a, x) =o (x, 2) y (a, A) ]=constant= —?p (0), (50) 
this condition reduces to , l 
h®p (0)9(1, A) —2hp (0) +p (1)7: (1, a) =0, 


from which we get by again using (50) 


pet 4. Ve) V9. (1 49, 4) (51) 
gA, Tia - Vo (07 (1, A) 
So long as 9, (1, 2) and y(1,2) have opposite signs there will be two values of 
h for each value of 4; when they have the same sign there will be none. We 
may distinguish three critical cases for which the solutions pass from real to 
‘complex: l 
(a) If y(1,2)=0 ree 2) 0, the equation (49) can by means of (50) 








be written [hy (1, 4) —1]*p(1)¥,(1, 4) =0, and since y and ¥, can not vanish | 


together, it follows that hy(1,4)—1=0. Hence every element of the deter- 
minant D vanishes except that in the lower right-hand corner; it follows then 
_ that c,=0. The solution y(x)=cy(1,4) vanishes at w=0, and since k= 0, 
we have from (47) that it vanishes also at g=1. The function y(x) is there- 
fore a solution of (41) (48a). 

(6) Tf y(1,4) 0, 9, (1, 4) =0, we have in the same way TE) and the 
- solution y==cy also a solution of (41) (43d). 

(y) If ¥(1, 4) =0, ¥,(1, 4) =0 it follows immediately by the same reason- 
ing that all elements of D vanish. Hence c and c, may take on any values 
and 4 is a double characteristic number. l 

On multiplying equation (41) by y and integrating under the boundary 
conditions (47) we obtain the relation 


? 2 i 2 i 
J pysda = f Gyda. (52) 


By substitution in (13) from formulae (47) and the further formulae, 
2 Oy L) _ 3y (0) dh 








ya, 2p (0)y.(0) +h (0) 283) pa, (59) 


dA OA dà 
obtained from (47) by differentiation with regard to à, we obtain the funda- 
mental formula . 
"OG , Í LOG: gp 
dh Si av ee bo fe 20 sri 





dx 2p(0)y(0)y.(0)  2p(A)y(O)yz(1)  2p0)y (y0) 


4 


(54) 


A 
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Let us denote by A, a saadant number of our problem for h= 0; this 
is a solution of the sturmian case (41) (43b). Near it, as we- know fois 
Theorem XVII and its corollary, there is another characteristic number 4, 
corresponding to hoo and to (41) (48c), the two solutions for 2, and 2, 
having the same number of zeros. The parameter value 4, may be equal to, 
greater than, or less than 2,. Of the aggregate of characteristic numbers for 
-the two problems (41) (48a), (41) (48d) let us denote by 4,, the greatest of 
those smaller than 4, (or A,) and by ala the smallest. of those greater. Within 
the interval 2,3, Acq it follows from Theorem XVII that there is but one zero 
and one infinity of h; in other words, but one solution ae each of the prob- 


lems (41) (43b), (41) (43e). On the hypothesis that f 2E SZ yde has one sign 


we are now in a position to prove that in this interval of : ma function h(A) 
defined by (51) is monotone on both of its branches (the one including h=0 
.and the other h=o). 

To prove this let us in the first place note that for h= 0 or h=o we hate 
a sturmian case for which existence theorems have already been established, 


and then show that as h passes through either of these values, ak does not 


change sign. We see at once from (47) that y,(1,4(0)) =0; hence y(1,2(0)) £0, 
and it follows from (47) that y(0,à(h)) changes sign with h. A reference to 


the first part of (54) shows that 2 


way y(1,4())=0, ye(1, 4(c0))0; y.(0,Aà(h)) changes sign as h goes 


will then retain its sign. In the same 


through infinity and - retains its sign. This establishes the result since it 
3 ; 
follows from (54) that while f S de retains one sign the only possibility 
0 - n 
of m changing sign is when h or y(0) or y,(0) changes sign. 
By definition y(0,2(0)) =0, y,(1, 2.(0)) = =0, and without loss of generality 


it may be assumed that y,(0,.4(0))>0. The discussion then ‘divides itself 
into two parts according to 


Hrrormesis I. y(1, 2(0)) >0. Hypornesis Il. y(1,4(0)) <0. 


Under the first hypothesis the number of zeros of y (including that at 
a=0) is even, while under the other it is odd. Roughly. speaking, we shall see 
that a gain or loss of a zero comes when h-goes through 0 or o. Concerning 
the function 4(h) there is now sufficient data to sketch the graph. - We shall 
19G 


OL yida>0 and Hypothesis I, . 


first discuss the problem’. for the gecumuen 
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It has een proved above that => a can not change sign on either branch of 


dn 
the function. On the branch containing h=0, A=4, we see from (54) that 


7 <0, since for that particular point y(1)>0, y,(0)>0. For h=w,a=2,, 
the number of zeros is the same as that for h=0 (Corollary, Theorem XVII) 
and hence under Hypothesis I, y,(1) and y(0) have opposite signs. From the 


second part of (54) we see then that A >0 on this other branch. Since at the 


ends of the interval A is not 0, we know qar in cases (a) and (B) either y (0) 
or Y, (0) will vanish according as A«a, Asa belong to the PESME (41) (43a) or 
(41) (43d); it follows then from (54) that A =o. 

Under Hypothesis IT it is readily shown by the same processes that in an. 
interval which we shall call Aa, 24, to distinguish it from the other, the branch 
of the function à (A), which contains h=0, is monotone increasing and the branch 
containing h=oo is monotone decreasing. As à increases this form of curve will 
rey da <0, 
the second form of curve occurs under Higporhests J, and si first under 
Hypothesis II. : 

Since by definition the fnbervals can not overlap, the curves can not 
overlap. If the upper bound of one interval is the lower bound of the next, 
we have a double point for à [ef. (y) above], and one branch of one curve 
unites with one of the other to form a function monotone throughout. This is 
what takes place, for example, in the case of the solutions of the equation t+ 


Yoo tay=0. 


always alternate with that obtained under Hypothesis I. When 





* In case (y), y(0) and y.(0) may be chosen arbitrarily; cf. next succeeding foot-note. 


1 as z 
} For this special equation y = Ve sin Vio, y=cos Vio, and equation (49) becomes 


2h— (W41) cos Vi==0, 


from which we obtain the formula h==sec Viz tan Vi. For every positive à the function h is double- 
valued. The interval Aaa A'ea 18 (2m) *x*, (2m + 1)*2", while at (2m + 1/2)°x*, A becomes zero on one branch 
and infinite on the other. The monotone decreasing branch h,=sec Vx—tan V may be considered as 
joined at both ends to monotone decreasing branches in the next intervals. These intervals (2m—1)?x°, 
(2m)°x? and (2m + 1)*x", (2m +. 2)¢n* are of the type Aca Aaa. The function R decreases from +o to—o 
in the interval (Q2m—1/2)*s?, (2m + 3/2)*s?. The function hys=sec VA -tan VA increases monotonely 
from —o to +œ in the interval (m + 1/2)°r", (m + 5/2)*x*, the branches of adjacent intervals uniting 
ag in the other case.. Each of the curves h, and fy cuts two of the other set orthogonally, the points of 
intersection occurring at the end points m?x* of the interval Msa, Mado 
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It is now easy to write down oscillation theorems for this case. We note 
in the first place that under Hypothesis I the number of zeros is increased by 
unity as h goes through zero, and under Hypothesis TI it is decreased by unity - 
so that for h>0 the number of zeros is always even, and for h<0 it is odd. 
There are then two solutions with an even number of zeros in the one case and 
two with an odd number in the other. 


THrorem XIX. If in an interval of à there exist two integers my, Mg 
positive or zero such that there are solutions of 


(PY) e+ E (a, A)y=0 - (55) 
and (48a) with m, and m, zeros respectively within the interval 0,1, then 


1 Ae 
under the hypothesis that f SG pda has one sign throughout, there are for . 
0 


h>O two solutions of (55) (47) when m is even, and none when m is odd 
(mS m<m,): for h<0 there are two solutions when m is odd aud none when 
m is even. 


The special case where es >0 and G becomes negative for A=—o, and 


a 

moreover negatively infinite in at least a part of the interval and G becomes 

positively infinite for A=-+oo in at least a part of the interval, includes the 

case discussed by Birkhoff and the detailed theorems derived by bim hold alag 

here.* i 
The orthogonal problem (§ 1, II) of the equation 


(PY) + (G+Aak)y=0- i (56) 


is contained in the special case just discussed. - In discussing the polar case | 
we note that it solos from the special case of the formula (52), 


0< f (pyi—af)da=n f kyd, (57) 
that Te -— y dr= f ky*dx has the same sign as à. Hence 4=0 is not included 


in the range of values (unless one ‘includes the solution y=0). 


THEorEM XX. In the polar case of equation (56) there are precisely two 
solutions satisfying the boundary conditions (47 ) and oscillating n. times 
.(n=0, 1, 2,....). 


In the non-definite case we have RoR Theorem VII that for sufficiently 
large values of |A| the integral on the left of eo is positive and hence we 
can state , ’ 








* Case II corresponds to IH, p. 269 in Birkhoff’s article, loo. cit. 
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Turorem XXI. For the non-definite case of equation (56) there exist 
two integers m, na (nazm Z0) such that for n< there is no solution of 
(56) (47) with n zeros in the interval; for n>m there are at least two, while 
for n= m there are precisely two. : 


§8. Oscillation Theorems for Case III of the Boundary Conditions. 


There remains the most general of the three normal forms obtained for 
the boundary. conditions, viz.: : 


y(0) =Ip (1) ys(1), Ip (0)¥e(0) =—y (1), I=constant sf 0. 68) 


ae ‘Since the discussion follows the same lines as that of the preceding. section it ` 


‘willbe abbreviated. If we define the two particular solutions Ro x), 7 (2, 2) 
~as in (44), we get in place of formulae (49), (SL), >: 


Ip(1)7:(1,2) Wp(1)9.(1, 2) —1 


P= 50, 4) +0) 5052) m a 
(59) 
1 = Va(l, aya, a) N 


S207, ao V20) pL) 9.(1, ay. 


The critical values are when Jə(1, a) =0 and y (1, a) =0 and thé cases may be 
classified as before. 
(a) If 7(1, 4) =0, ¥, (1, a) £0, équation (59) can be written: 


H(1, à) Up (1)Ja(1, 2) =—1]°=0 or Ip(1)F,(1, A) =1. 


It follows that c,—0 and the solution y(a, A} = ory (2, 4) is a solution of the 
equation with the sturmian boundary PETA (43c). : 
(6) E (1, a) #0, ¥,(1,4) =0 -we ‘have’ a and y==cj, which ig a 


solution of (41) (48b). 


(y) If ¥(1, 4) =0, ENI 2)=0, it follows as before that D’ vanishes ` 
identically arid à is a double parameter value. 
To replace formula (53) and (54) we have 











wo- Z pdu) +p) 2 ZAAN l 
o wÒ) 2 «Bron = | 
Be ptt rae 18d, 

car aes If, So yas aie oF tae -f By ee. 








I~ Beha O S) = Bp Oy.O)pty.d)- ©) 
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It i is readily shown as in §7 that 5 does not change sign as l goes through 


the values 0 or œ. Let us denote by A,, Ag two adjacent characteristic num- 

bers for the cases J=0 and l= œ, respectively (in other words for (41) (43a), 
(41) (43a)), by às, the greatest of the aggregate of characteristic numbers for 
(41) (43b) and (41).(48c) which are smaller than 4,, and by 24, the smallest 
of the aggregate larger. It is readily shown as in the previous section that 
within the interval 4,,, Abe, Lis a monotone function on the branch containing 
l=0 and on the branch-containing h=o. Let us consider first the case 1=0; 

then y(0,4(0)) =0, y(1,2(0)) =0 and we can assume y,(0,2(0)) >0. There 
will be two cases to distinguish according as we make 


Hyrpotussis I, y,(1,4(0)) >0; Hypornzsts I y(i, a(0)) <i; 


Under Hypothesis I the number of zeros is always odd, and when / goes 
through zero from negative to ‘positive it may be seen from (58) that two 
zeros of the solution y(x) are lost- Under Hypothesis IT the number of zeros 
is even, and, as } increases through zero, two zeros of a are gained. It fol- 


lows from the last part of (60) that the integral sf oy Y y*dx ana 20) have ` 


opposite signs. This fixes the sign of — d on one branch. To fix the sign of 


da 
Ps on the other branch let us consider A(w)=A,. Under Hypothesis I we can 
argue from the corollary to Theorem XVII that y(0, à (%)) and y(1, 4(o)) have 
ai(wo) 


da 
is positive. Under Hypothiss II we can easily prove that the situation is 


the same sign, and from the third part of (60) that when f SE ae x>0, 


reversed, Z being o on the branch through h=0, and negative on the 


other. When f 22 EN ytdn<0 the two types of curves are interchanged. With 


increasing à we see then that in both cases curves of much the same form as 
the two varieties in the preceding section alternate with one another. If 
adjacent intervals have the same end-point, a branch from the one will unite ` 
with a branch of the other.* . 

From these data various theorems may be mectioeds of which the following 
is typical. . 


* For the special equation Ys» + Ay—0 one can set up the formule for L(A) as in foot-note, p. 312. 
It is found that 1=— ese VA + cot V“ Vx and that these monotone functions extend from — œ to+o, 
each of the one set cutting two of the other set in double points à = (n + 1/2)" of LA). 
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TuHEorEM XXII. ` If in an interval of à there exist two integers u< ts, i 


positive or zero, such that there are solutions of (55) (43a) with u and us ` 


zeros respectively within the interval 0, 7 then 
© Under the hypothesis that Sz a yde be pose, there are, when l 


as positive, two solutions of (55) (58) pee have 2m or 2m—1 zeros in the 
f interval (u, <2m—1<2m<u) and there are, when lis negative, two solutions 
which have 2m or 2m-+1 zeros ae 


(2) Under the pothesis that f So =~ y dx be negative, oe are, when l 


48 positive, two solutions of (55) (58) which have 2m or 2m-+1 zeros in the 
interval (u,<2m<2m+1<p.) and there are, when lis negative, two solutions 
which have 2m or 2m—1 geros (u, <2m—1<2m< u). 


One can make the results of this, theorem more specific by giving the con- 
ditions necessary to characterize the branch of the function L(A) which is 
involved. Birkhoff has done this for the special case treated by him (loc. cit., 
p. 269, I, IT), but we shall content ourselves with stating that the same classi- 
` fication may be made in the general case treated here. 

Theorems for the special equation (56) analogous to Theorems XX, XXI, l 
can be at once written down. 


Brown University, January, 1918. ` 
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Theta Modular Groups Determined by Point Sets. =E 


By ArTtHOR B. Cosu.” 


Introduction. 


In a series of articles already published + by the writer, the study of the” 


properties of a set P* of n discrete points in S, has been initiated. In these 
articles particular attention has“been paid to certain discontinuous groups 
defined by the Pè, to the invariants of these groups, and to applications to the 
theory of equations. During the course of the work there appeared, in a 


special case, a connection between the point set and theta modular functions. - 


It is the purpose of this article to Show that this connection must exist in the 
general case. 

An especially interesting type of point set is the self-associated Pf,,,.t 
This set of 2p+2 points in S, has the characteristic geometric property that 
all the quadrics on 2p+1 points of the set pass through the remaining point. 
It has the characteristic algebraic property that complémentary determinants 
formed from the matrix of the coordinates of the points differ by a fixed factor 
of proportionality. If p+2 ofthe points be chosen as a base in S,, the 
remaining p points lie on an Spt a, in S,, and quadrics on the base cut a in 
quadric sections, all of which are apolar to a quadric Q,ina. The p points 
on a are any self-polar p-edron of Qa. After choosing the base in Sy, P 
absolute constants are required to fix a, and $p(p—1) absolute constants are 
required to fix the self-polar p-edron. of Qa, whence the number of absolute 
constants in the self-associated P#,,. is 4 p(p +1). 

Thus the number of absolute constants of this self-associated point set 
and the number of moduli of the general theta function of p variables are the 
same. This might be dismissed as a mere coincidence were it not for the fact 
that the point set and the moduli are known to be related in a number of 








* This investigation has been carried on under the auspices of thg Carnegie Institution of Wash- 
ington, D. 0. 

t“ Point Sets and Cremona Groups,” Parts I, IL, III, Transactions of the American Mathematical 
Society, 1915-16-17. These are referred to hereafter as P. S. I, II, ITI respectively. 

į P. S. 1(12). 
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special cases. A general class of such cases is the set of 2p-+2 points on the 
rational norm curve R? in S,. Obviously all the quadrics on 2p+1 of these 
points will pass through the remaining one, and the set is self-associated. Let 
us call it a hyperelliptic self-associated set. It is well known that such a set 
defines the hyperelliptic theta functions with 2p—1 independent moduli. Nor 
is the relation here existing peculiar to the hyperelliptic case. For when p is 
3, the smallest value of p for which the theta functions are not necessarily 
hyperelliptic, it is well known that the self-associated set of eight points in S, 
will define a quartic curve of genus 3, and thereby also the moduli of the theta 
functions of genus 3. In all of these cases the properties of the point set and 
of the modular functions have been developed sufficiently to make the connec- 
tion quite clear.* i 

In P.-S. I §6, projectively equivalent ordered sets P? were mapped upon 
a point P of a space L,,, 4-2) and by permutation of the points of Pf a group 
G, in ÈX was derived. A conjugate set of points P in X under G,, represents. 
all sets PE projective in some order to each other. ‘In P. S. II 43, the con- 
gruence of sets P} was defined. Two point sets P? and P are congruent if 
the one arises from the other by means of a sequence of operations which are 
either projectivities or those particular Cremona transformations which occur 
when the variables are inverted. . In applying an operation of the latter type 
it is understood that the +1 F-points of the Cremona transformation belong 
to both congruent sets P* and P’*, and that the remaining n»—(k-+1) points of 
each set form corresponding pairs of the Cremona transformation. It then 
appeared that all point sets congruent in some order to a given set P} were 
mapped in È by, points P which formed a conjugate set under a group G, + in 
Zrc- This infinite, discontinuous Cremona group .G,, is thereby pro- 
jectively defined by the point set P}. In the main this article is concerned 
with the structure of this group. 

Though generating elements of G,, have been given (P. S. II(15)), it is 
more convenient to handle certain isomorphic groups of linear transformations, 
particularly the group g,,. The operation which transforms a point set P? 
into a congruent set P} will transform an algebraic spread in ©, of order ap, 


and multiplicities 2,,°....,%, at the points of P} into an algebraic spread of 
order x, with M £i, ---., Zh at the points of P. Then a’ is the 


linear transform of æ under an element of g,,. The’ group g, s is simply 





* For the case p==3, however, explicit formulae for the invariants of the point set in terms of the 


modular functions are still lacking. 
. 
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isomorphic with G, , except in a few particular cases with which we are not 
concerned here. The elements of g,, have determinants +1 and integer 
coefficients, Hence the group g,, admits of a modular theory precisely 
similar to that of the groups of transformations of the periods of the multiply 
periodic functions. For example, it is clear that £ 


(1) The elements of g,, whose coefficients reduce modulo m to those of 
the asics form an infinite invariant subgroup of Jaz whose factor 
group gi} is finite. 

We shall determine in this article the order and the structure of all the groups 

g®,. Since g, , has a quadratic invariant we should expect these groups to 

be subgroups of the group of a null system in the finite geometry mod. 2. 

In $1 the generators and invariants of g,, are given, and these are 
reduced mod. 2, to generators and invariants respectively of g®,. Certain 
new invariants are derived and the sets of linear forms conjugate under g®, 
-are tabulated. These linear forms are permuted under g®, just as certain 
geometric objects in the finite geometry of the null system are permuted under 
certain subgroups of the group of the null system. The identification of the 
forms and the corresponding geometric objects is made in § 3, there being six- 
teen cases according as 


(2) Sey, BSNS Gey oy. 


The finite geometry is exhibited in terms of the basis notation. This notation 
is recapitulated in 42, and is there used to determine the structure of the 
groups which appear in §3.* 

In order to impose conveniently the conditions for a self-associated set, 
we use the wltra-elliptic point set P}, i.e., n-points on the normal] elliptic curve 
E**' in ©, with elliptic parameters u, veces U> Thus in S, the 2p-+2-points 
cut out on E+ by a quadric evidently constitute an ultra-elliptic self-associated 
set, and the condition for self-association is merely 


(3) > Uy Ua t .... + Usp p2=0. 

For. p=2 and p=3 every self-associated set is ultra-elliptic, and`it can be 
shown that this is true for p=4 also. For further values of p the ultra- 
elliptic self-associated set must be special since it contains only 2p +2 absolute 
constants—one for the E**" and 2p+1 for the parameters of all but one of the 
points. oe 








*The statements are drawn from two earlier papers of the writer: “An Application of Finite 
Geometry to the Characteristic Theory of the Odd and Even Theta Functions,” Trans. Amer. Math. Roo., 
Vol. XIV (1913), and “An Isomorphism between Theta Characteristics and the (2p-+2)-point,” Annals 
of Math., Vol. XVII, Ser. 2 (1916). These are referred to respectively as F. G. I and F. G. If. 


320 Coste: Theta Modular Groups Determined by Point Sets. 


If an ultra-elliptic set P: on H**! be transformed into a congruent ultra- 
elliptic set Pi? on E’*+', the two elliptic curves are projective. If E,,, be pro- 
jected upon H*+! the set Pi? is projected upon a set on E**+! with parameters 
Uy, ...+,U,.- Then the w’s and ws are linearly related under an element of 
the group es, Which is simply isomorphic with g,» (P. S. II (33)). Thus, 
though the ultra-elliptie set is special, it can be used to determine the structure 
of the groups determined by the general set. 

In $4 the relation of g®, to modular groups determined by e, , is discussed, 
' and the restriction to self-associated sets P§,,. is made by the use of (3). 

* Woe shall assume throughout that n> k+3. 


§1. The Generators, Invariants and Conjugate Linear Forms of g®,. 


The group g, is generated (P.S.I §5) by. transpositions such as T}, of 
the variables %1, ...., #, and the involutory element 


A =H [(k—1) tot T... My] (4= 0, 1, 2, ...., B41), 
Baas PH =w (g=k+1, ...., n). 


These generators belong in a conjugate set. ‘The group has an invariant 
quadric form M, and an invariant point O and linear form L which are pole 
and polar as to M. These are 

M=(k—1)ai—(a+al+....+2%), 

L = (k+1)a— (+a +... +24), 

O=k+1, k—1, k—1,...., k—1. 


If these generators be reduced mod. 2, and thereafter combined mod. 2, they 
become the generators of g®,. The above invariants similarly reduced become 
invariants of g®,. l ' 
Thus g®, is generated by transpositions such as T,, and A, ... 44, where 
k even. k odd. 
l 4 = LH (SoH a. HEr) ; D= H+ (M+... Era) 
D=, G=, 


G20 E E E E EE E 


(4) Ayes 


Writing M above in polarized form before reducing we have as invariants of 


2), 
gs : 


k even. k odd. 
(5) {M(t y)=Aeyottyrt..--+2Yn, M(%,y) =F. oe EOYs 
-L=Mtat.... +2, L=at+...:+4,, 


O11, cases Y- O(a Wore! Fae 
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It may happen that g®, will have other quadratic invariants. Any 


quadratic form symmetric in %4, ...., 2, after possible subtraction of M (x, x) 
takes the form 
(6) atot bT (%,+....+%,) +y (tbat -o +0 q 20) 


For k even let g; =; +D, aj=a, be Ay 441. Under this element (6) acquires 
the increment - 


aD’+BiDn+D (2H... . Hia) +D yd ("3t (Pat: +2,)D}, 
and this increment must vanish. After factoring out D, we find from the 
typical terms in %, &, %, that aby sy ==8+y=0 mod. 2. Hence defining x as 


in (2) we have when x=0 that a=0, B=y=1; and when x=2 that a= 8=y=1. 
When k is odd the increment is l 


oD+ BD (m+... +a) +y ("t") ppt, 


whence a +8- (Et +1} y=ß=0. If x=1, then a=ß=0, y=1; and if x=3, 


then 8=0, a=y=1. Hence 


(7) The g®, has the additional invariant quadratic form : 


x=0, MW'= Bolt.. HEr) H (Dlt. o o H Enin) 3 
x=2, M= +m (mt... 2a) + (Btt... Hinia) 3 
x=1, M'= l (2%... HEn1Va) ; 
x=3, M'=a + (att... HLan) 


Thus in all cases the g®, is simply or multiply isomorphic with the group 
of a quadric or with a subgroup of such a group. In order to determine it 
more precisely we shall determine its effect upon the system of integer linear 
forms whose coefficients are reduced mod. 2, t. e. upon the spaces S,_, in the 
Ia of %,%,....,%,. Any element of g®, is completely defined if its effect 
upon any n+1 linearly independent forms is known. 

All of these forms are comprised under the following types: 


(8). By, aT et ecaa tH, Che Vite p= By t+ tt -on +4. 


We shall denote by B(1) and C(l) respectively the aggregate of forms (8) 
obtained by taking all sets of / variables from mi, ....,2,; and we shall 
denote further by b,, bz, bs, bi and co, C1, Cy, Cg the aggregate of forms B(t), 
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C(I) for which I=1, 2, 3, 4 or 1=0, 1, 2, 3 mod. 4 respectively. From these 
aggregates the invariant form 


Cro... n= Sot+Mt....+a, (k even), 
` Bas, n= BF... ta, (k odd) 
is to be excluded. 
Let us consider first the 


Casa I: k even. 
It is then quite clear that 


C(l+k+1—2r) 
B(l+k+1—2r) 


number r of sub- 


(9) <A form a is unaltered, or is transformed into a form 


. even odd 
by A according as A has an or 
y d k+1 g Dai E41 odd even 


scripts in common with Guy If the form is altered, the subscripts of 
the transformed form are those which belong either to Ay... pai, OF to 
the original form, but not to both. — 


When a B is transformed into a C, and this C back into a B’, or a C into 
a B and this B back into a C’, the number of subscripts is increased by 
2k+2—2(r+7r’) where r, r’ is odd, even or even, odd. Thus forms B(1), B(V) 
‘or forms C(1), C (V) are conjugate only when I=} mod. 4. Moreover, forms 
Bil), C(U) are conjugate only when l’/=/+h+1—2r mod.4 (r odd). The 
latter condition depends upon the value of k and we find that 


(10) Under g®,, k even, there are four sets of conjugate linear forms, 
namely: 
x=0: bi, Co; be, G; bs, Cz; Dg, Cs; 
x=2: bı, Co; bz, Cs; bs, Co; Dy, C3; 


the linear form L being excluded. 


That all of the linear forms indicated actually occur in a conjugate set is 
readily verified. Indeed, beginning with B(y) (y=1, 2, 3, 4) we obtain 
C(y+hk—1) and also, if y=3 or 4, C(y+k—5). From these we get in turn 
all the admissible forms B (y), B(y+4), ...., B(y+2k); ete. 

Every linear form is paired by addition to the invariant form L with 
another linear form. These pairs are permuted by g®, as entities. For k 
even the pairs of forms are B(l),C(n—l). Recalling from (2) that n=4u+y 
(v=0, 1, 2,3) we have the following table of conjugate forms and their pairs: 
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x=0 x2 

es bg, Cy bi, Ce bs, Co 

Cs , ba Cy, bg Cs , ba C1, b, 

be Co bs, Ce by, Ce bs, Cs 
b C3, b C, b Gy, O ; 

(11) ĉi; 2 33 04 Sade 0» Us 
y= { by, Cy i bs bi, Ce k fe 
' Co Cg Co , Os Cg (Cy 
ie Co f fs ba, Cs by fös 
Co 


cı le C, by Cy 


Within any compartment conjugate forms are in line, paired forms in column 
and forms both conjugate and paired are indicated by }. 
Turning next to the 
a iss II: k odd, 
we find that 
(12) A form "et is unaltered, or is transformed into a form A E 


even _ odd 


r number r of sub- 
rı hasan oad ° even f 


„k+l according as Á; 


scripts in common with A 


The subscripts of the transformed form are found by the same rule as 
above. We find in all six sets of conjugate forms and the table analogous to 
(10) is 
(13) es bi; ba; ba; Di; Coy Cos Cry Cs; 


Læ=3: bı, bs; b2, bij Co; G15 Cz; Cs. 


where, as before, the form L is excluded. 

On adding the form L=B, , the forms B (l), B(n—l) are paired, and 
also the forms C (l), C(n—l). Hence the table formed, as in (11), of conju- 
gate and paired forms is as follows: 


x=1 x=8 
»=0{ by {by fb, {Oo {0 o p fba fb, [co {0 c 
bs Cy bs C3 
»=2{ {bi b: {bs i 5 o h Co fe fcs 
(14) b, C3 lg bs b, Cy 
pea { “PA bs Coy C3 bi, bs Co C3 
b, bs Cry Cp by, bi Cy Cs 
»=3 { b bs Co, Ce bi, bg Gi Ce 
bs b, Cgy Cy by, bz Cg Cy 
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In order to identify these linear forms with certain configurations of 
points and O, E quadrics associated [cf. F. G. I, $$ 1,3] with a linear complex 
or null system C, in an odd space S;,.,, the basis notation described in the 
next section i is very convenient, 


§ 2. The Basis Notation for C,. Certain Subgroups of the Group GC,. 


1°. With 2p+2 subscripts 1, 2,....,2p+2, the 2°—1 points of Spp 
(mod. 2) are indicated by 


Pis, Prose, Preiss, --- +, Where Py o a. = Peres, ...j2p42° 


Furthermore, Py» .... 4. represents no point, and among the subscripts of a 
point like subscripts cancel. The three points 


Pi is ’ P ijatil , Pii. ctasdia oda 


are on d line. By means of this condition all linear spaces in Spp can be 
.constructed [F. Q. IT, §1]. 

2°, The points P,,,... and Pjg... are syzygetic or azygetic, according as 
they have an even or an odd number of common subscripts. This relation 
between the two points is mutual and a point is syzygetic to itself. The locus 
of points syzygetic to a given point is an Ss on the given point, ‘and is the 
null space of the given point in the null system C,. - Hach null space may be 
named like its null point [F. G. II, Theo. 1]. 

3°. The 2° quadries Q, whose polar system coincides with the null system 
C,, divide into 2°*(2?-+1)# quadrics each containing 2—1 (241) —1 points 
and 2°-1(2?—1)0O quadrics each containing 2?~'(2?—1) —1 points [F. G.I, $83]. 

4°, In the base notation the # quadrics are denoted by 


Q1,2, seis, ptt = Opi, se 2p+2 (j=0, Iy iss o); 
and the O quadrics are denoted by 

Qie, ...., p = p14 41, «0, 942 (j=0, 1, sinters ). 
Thus if p is odd there is a quadric Q without subscripts, and this is an O or E 
quadric according as p=1 or 3,mod.4. A pair of quadrics determines a 


point, and a quadric and a point determines another quadric, by virtue of the 


relation 
Qai... TOn. t Patgecechsiaeeee =O [F. G. LI, Theos. 4, 6]. 


5°, A point lies on a quadric if half the number of subscripts in a symbol 
for the point together with the number of subscripts common to the symbols 
of the point and quadric is even [F. G.-II, Theo. 7]. 
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6°. The group GC, of the null system has the order 
NC,=2"(2%—1) (2%-*—1).... (2—1). 


It is generated by a conjugate set of involutions J,,.. each of which is asso- 
ciated with a Pin... The La... leaves every point syzygetic with Pan... 
unaltered, and sends every point P azygetic with P,,.., into the point P+P,,,.... 
[F. G. I, $1]. 


7°. The group of an O or E quadric has the order 


NE, = 207+ (291) (2-21) (241)... (2—1); 
NO, = 2-7 (204-1) (2-1) (2-4-1)... (2—1). 


siges. 


The involution J,,,... transforms a quadric Q into itself if P,,... is not on Q, 
otherwise it transforms Q into Q+P,,,.... The group of the quadric is 
generated by the involutions I attached to the points not on the quadric. 
This group is simply transitive on the set of points on the quadric and on the 
set of points not on the quadric. The points on Q added to Q furnish the 
remaining quadrics of the same type as Q; the points not on Q furnish the 
quadrics of the opposite type [F. G. I, $3, II, Theo. 7]. 

8°. The process of section and projection by a null space and from a 
null point is described in F, G. I, § 2, and used in §5. So far as we shall need 
it here the process is as follows: To fix ideas let the point be Py, its null 
space be Li. Then the points on L apart from P, are paired on null lines 
of the form ` 

Py, Pigi ’ Piris... . 


Projected from P,, these lines become the 2°*—1 points of an Sa (w=p—1) 
whose basis notation has subscripts 3, 4,...., 2p+2, and the above line 
corresponds to the point Pia... in Sera. The remaining 2°% ordinary lines 
on P,, of the form : i i 
Py, | Sy eee awe Ponts. 


have no trace in Sa. If points Pia... Pin... OD Ly give rise to null lines 

on Pa, or points Pin... Phn... 12 Sa, these points P’ are syzygetic or 

azygetic according as the original points P are syzygetic or azygetic. Thus 

the null system C, in Sp; determines its projection and section C% in Sai. 
9°, The 2°! quadrics on Py are . 


Qiri... = Deity... ? 


the sets of subscripts being complementary. These quadrics are paired under 
Ix, into pairs Qina... Qoan... The members of a pair have the same section 
42 ° 
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by L and the null lines on Py are either generators of or tangents to both 
quadrics. The points of S,,_, corresponding to a common generator or a com- 
mon tangent of the pair is a point on or off respectively the quadric Qira... in 
Sy, In this way the 2" quadrics on Py give rise to 2 pairs or to the 
27 quadric Q’ in Sı associated with CL. The quadric Q’ is an E or O 
quadric according as the original pair is a pair of E or a pair of O quadrics. 

We shall now apply the above notation to derive the generators, the order, 
and the structure of certain subgroups of GC,. The first group which we 
_ shall consider is that group Hy, which leaves the point P,, unaltered. There 
being 2—1 points Pı the order of A, is 


NH,=NC,-~ (2°?—1) =2"-NC,  (n=p—1). 


The null lines on Py are permuted among themselves by Hy, according to a 
group GC, of order NC,. For if Pas... or Piss... ig any point on Lag, then 
either | or Dong... Will permute the null lines on Py, just as the involution 
Ii... attached to the point Piu... of the derived space Ser will permute the 
points of this space. But these involutions generate the group GC,. On the 
other hand the elements of H, must leave the derived null system C; unaltered. 
Hence, to account for the above order of Ha, we must determine the elements 
of Hı, which leave P, and every null line on it unaltered. 

We had noted that I... and Degn... effect the same involution on the null 
lines on P. Since two involutions J are permutable if their points are 
syzygetic, we see that the involution 


Tai... 5 Lyt... Digi... = Bitni.. Linta. 


effects the identical permutation of the null lines. The same is true of the 
involution © x 
Iii. SLT gator it.. a = holna... Diit 


The two involutions Siu.... Taa... are associated with a null line on Py, the 
former symmetrically and the latter with P. isolated, and may therefore be 
named by the point Pin... of Siw. We shall therefore speak of Sp and Tp 
where P’ is any one of the 2°*—1 points of S,,_,. The 2(2**—1) ‘elements 
Tp, Sp, and the two elements 1, J,, constitute the group His, which leaves P,, 
and every null line on it unaltered. 

The group Hy, is Abelian with involutory elements and its multiplication 


table is: 
Lp Tps Lal p28 os 
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if P’, P’ are syzygetic, then 
T pil p= S PI4P 3 TpSp=T PI$Ply SpSp=S PILP' 5 
if P’, P’ are azygetic, then 
T pT p= T p, T pSp= prr, S pS = Tp 14P' ° 


The first two of these relations follow directly from the definitions of S, T; 
the first in each of the next sets is deduced by verifying the effect of the two 
members upon the 2p—1 linearly independent points Py, Pis, ...., Py op 433 
- the remaining ones follow directly from these by inserting factors Ig. 

The elements Tp, Sp of Hy, will interchange or leave unaltered the points 
on a null line of Py, which corresponds to P’ in S,,_, according as P’ and P’ 
are azygetic or syzygetic. We ask for elements of H, which effect the iden- 
tical collineation in Ly. Such an element would leave unaltered all the Spp 4’s 
on P; since these are null spaces of points on Ly, and therefore all the lines 
on Paa. If then it sends the point Pina... outside of Lis into the point Pay... 
it must interchange the null spaces of these points, and therefore interchange 
the points in which any ordinary line on P, meets these spaces. Thus 1, ly, 
are the only elements of H, which leave every point on La unaltered. 

The group H, contains subgroups simply isomorphic with the GC, and in 
fact a conjugate set of 2° such subgroups. Let Pinn... Posi... be the pair of 
points on any one of the 2* ordinary lines on Pae. Their null spaces cut Ly, 
in the same S,,_; which meets every null line on P, in a single point P. The 
2°*-1 involutions Js generate a group isomorphic with the group GC, on the 
null lines., Moreover, the group thus generated can contain no element of Hys 
since the order of the group of Py and Pra... is NHy»+2""=NC,. A group 
of this kind occurs for each one of the conjugate set of 2% ordinary lines. 
Incidentally we have shown that 


(15) The group which leaves two azygetic points in Sep; each unaltered, has 
the order NC,, and is generated by the involutions I attached to all 
points syzygetic with the two given points. 

No element Tp or Sp can leave an ordinary line on P,, unaltered. For if 
it did the one or the other of the two would leave each of the two remaining 
points of the line unaltered, and the group of one of these points and Py would 
have an element in common with Hy, contrary to what has been proved above. 
Hence 


328 Coste: Theta Modular Groups Determined by Point Sets. 


(16) The subgroup Hy, of GC,, which leaves a point Pu and its null space 
Ly, unaltered has the order 2.2. NC, (x=p—1) and is generated by 
the involutions I attached to points syzygetic with Pu. It has an 
invariant subgroup H of order 2. 2°" which leaves every null line on 

* Py unaltered. The factor group of Hy, under Hy is a GC,. Also Hy, 
an Abelian group, has an invariant g, which leaves every point on In, 
unaltered. The factor group of g, under Hy is a regular group on 
the X" ordinary lines on Py. The group Hy, has a set of 2°" conjugate 
subgroups GC, and is the direct product of Hy and any one of these 
subgroups. 


Let Q be a quadric on P,,. Its section by L: and projection from Ps is 
a quadric Q’ in S,,_, of the same kind. The points of Q’ in Sı arise from 
the generators of Q on Pa; the points not on Q’ arise from the tangents of Q 
on P. The group which leaves Q unaltered has the order -N C +291 (2? +1), 
the upper or lower sign being used according as Q is an E or O quadric. 
Since P.: is any one of the set of 2°-'(2°+1)—1 conjugate points on Q, the 
order of the group which leaves Q and P,, unaltered is 27NQ,. Clearly Q 
and P., are unaltered by involutions I attached to all points on Ly, which are 
not on Q. Moreover, in S,,_, these generate the GQ,. Hence the group of 
Q, Py». must contain an invariant subgroup of order 2° which consists of 
elements Tp or Sp. If Paa... is not on Q, then Pisa... is not on Q and Tgn... 
. leaves Q, Py, unaltered. If Pin... is on Q, Ping... also is on Q, and” Sin... 
` leaves Q, P unaltered. That the group of Px, Q is generated by the involu- 
tions Z.attached to points on L, but not on Q, follows: first from the fact 
proved above that they generate the factor group GQ. Secondly they 
evidently generate the elements Tp where P’ is a point of S,,_,; not on Q’ and, 
since among these points P’ are 2” linearly independent points, the products 
of these must according to the multiplication table above, give rise to an 
‘element Tp or Sp. for every point P’. But as we have seen, ony elements Sp, 
are admissible when P’ is on Q’. Now the group of Q, Py is also the group 
of Q, Q where Q=Q+P,,, whence . 


(17) The subgroup of GC, which leaves two quadrics Q, Q of the same type 

each unaltered has the order 2°*°NQ,, and is generated by the involu- 

` tions I attached to all points not on either of the two quadrics. It has. 

an invariant Abelian subgroup which consists of the involutions Tp, or 

Sp, according as P' is not or is a point of the projected quadric Q’ in 
S-i. The factor group is simply isomorphic with the group of Q’. 
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We see also from what has been said above that 


(18) The group Hy, which leaves all null lines on Pa, unaltered, has a sub- 
group of order 2” corresponding to each pair Q, Q of quadrics on Py. 
This subgroup is a regular group on the ordinary lines on Py. 


Two quadrics Q, Q of different kinds, such that Q+ Q=P,,, meetein their 
common section by La. Each is unaltered by the involution 7 attached to any 
point not on either. But all such points are on Z,. Any null line on Py 
(which is not on either quadric) touches the quadrics at a common point and 
contains therefore a point not on either one. Hence these involutions will 
generate the group GC, on the null lines of Pia. Moreover, Z will leave every 
null line and also Q, a unaltered. Hence the order of the group of Q, Q is at 
least 2NC,. The group of Q has the order NC,+2°-1(2?+1) and it is 
transitive on the quadrics Q of the other kind, whence the order of the group 


of Q, Q is 


NC, + {2° (2+1) } 122 +1) | =2N0}. 

Hence . 

(19) The subgroup of GC,, which leaves two quadrics Q, Q of opposite types, 
such that Q+Q=Pri, unaltered, has the order 2NC; and is generated by 
the involutions I attached to all points not on either quadric. It has 
an invariant g,, namely 1, Is, whose factor group is simply isomorphic 
with GCL. 

We wish now to determine the order and nature of the subgroup [J] 
generated by involutions [IZ] attached to all points syzygetic with a pair of 
syzygetic points Pi, Pg, and therefore to Py, also, excluding the generators 
Tyo, Is, Isu. We note first from the multiplication table above that 


I r= I sol 1258 re tare sera 125678 3- 


so that the elements excluded as generators appear in the group [J]. The 
group is an invariant subgroup of the group H,)'s,, the subgroup of GC, which 
leaves Pi, Py each unaltered. The order of Hy s4 is 


9%-INC,+2(2—1)=2"-NC,, (w =n—1), 


since the 2(2**—1) points Py, syzygetic with Py, are conjugate under Hy. If 
we apply Theorem (16) to the points P’ of S: and determine thereby the 
group H; in S,,., we find that the involutions [I] generate a factor group of 
permutations of the points P’, or null lines on P,,, whose order is 2°°"NC,,. 
This factor group corresponds to the invariant subgroup of the group [J] 
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made up of all elements Tp or Sp of Hy, which leave P, unaltered and which 
are generated b} [I]. The pair Tp, Sp, leave Pz, unaltered only if P’ is one 
of the (2°-*—-1) —1 points distinct from Pu and syzygetic with Pu. These . 
pairs are generated by [I] as are also the four additional elements 1, Leg, 
IsLi, Lials, Whence the required invariant subgroup is of order 2°°-*, and 
the order of the group [I] is 2° *NC,, and its index under Hy, s, is 2. Hence 


(20) The group generated by the involutions [I] attached to all points syzy- 
getic with two given syzygetic points, but not on the null line of the two 
points has the order 2°°-"*NC,, (x =p—2). It has an invariant subgroup 
of.order 2*°-*, whose factor group is GC,,, which effects the identical 
permutation on the null planes through the line on the given points. 
This invariant subgroup has an invariant subgroup of order 2®—> which 
effects the identical permutation on the null lines through one of the 
given points. The group [I] itself is an invariant subgroup of index 2 
under the group of the two points. 


Given four quadrics Q, Q’, Q”, Q” of the same type such that Q+Q’'=Prw, 
Q+” =P, Q+”=Pu, Q+ =Pyu; we ask for the order of the group 
generated by the involutions [J] attached to points on none of the quadrics. 
In Ser the pairs Q, Q’ and Q”, Q” become quadrics R, R” where R+R” =P, 
and according to Theorem (17) the group generated by [J] has a factor group 
of order 27"NQ,, which corresponds to an invariant subgroup of [J] consisting 
of those elements of H 1 Which leave each of the four quadrics unaltered. 
These are the identity, all elements Tp for which P’ is not on either R, R”, 
and all elements Sp for which P’ is on both R’ and R”. Such points P’ are all 
points in S,,_, syzygetic with Pg, including P;,, whence the group has the order 
2—1, Hence 


(21) The group generated by the involutions [I] attached to all points not 
on the four quadrics which arise from.any one by transforming it by 
involutions I attached to three points on one of its generators is of 
order 2*°-"NQ,, (XW =p—2), where Qu is of the same type as the given 
quadrics. It has an invariant subgroup of order 2*°—" whose factor 
group is isomorphic with GQ,. 


If, on the other hand, Q”, Q” are of a type opposite to that of Q, Q’ then 
in Sw; R, R” are unlike quadrics, and we apply Theorem (19) to find the 
group of order 2NC,, in Sapı. Here the only elements of Hy are 1, Isls. 
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(22) If Py», Pa is a tangent to Q at Py, the group generated by involutions 
I attached to all points not on the four quadrics Q,Q+Py, Q+Pu; 
Q+ Prog, is of order 2NC,, (n =p—2). It has an invariant subgroup 
made up of 1, Ise, Lss, luli Whose factor group is simply isomorphic 
with GC,.. i 


The groups described above include all which appear in the next section 
where the sixteen cases of g®, are discussed. 


§3. Identification of the Group g®,. 


This identification will be effected by comparing the permutations of the 
forms b, c under the operations of g®, which is generated by the transposi- 
tions such as Ty, and by A;,.... 441 With the permutations of certain sets of 
points or quadrics in the finite geometry of the null system under involutions 
I attached to certain points. In order that the isomorphism may be one-to-one 
it is necessary that the geometric objects in the conjugate set which correspond 
to B, ... B, and Cy be explicitly given; and secondly, that the conjugate set of 
forms b, be explicitly attached to a conjugate set of points. The first require- 
ment ensures that under a given element the transforms of a ...., Bp, % can 
be uniquely determined; the second requirement ensures that the conjugate 
set of generating involutions can be determined since the transposition T.s has 
the invariant linear form B,. So far as the other forms are concerned it is not 
necessary to identify them, but we shall usually do this sometimes explicitly, 
sometimes only so far as they occur in pairs. 

In order to illustrate the easy passage from the permutation of the points 
to the algebraic transformation some invariant subgroups of g®, are derived. 
The same division as in $1 into sixteen cases is made, and in each of these 
the final description of the g®, is given in the table (30) at the end of this 
section where also a reference to §2 for a more complete description of the 
g®, is made. The notation for the geometry is that of §2 with subscripts 
1, 2,...., » with some additional subscripts selected from a, @, y, ô. 

Throughout the 

Case I: k even 


we shall identify the generators as follows: 


© Tala, As... 5L, aa, k+l a. 
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For the cases v=0, 1, 2; 3 coming under x=0 we identify the conjugate sets 
- of linear forms with the following sets of points in the finite geometry: 


v =0, 2:n-+2 subscripts 1, ... y n, a, b. = Py) a= Pia; 
b:=P,., by= Pag; bs = Pissg, C= Prag} b= Pissis Cs = Pisga » 

v =1, 3:n+3 subscripts 1, ...., n, a, B, y- b=Pu, =P; 
b,=Pig, Co=P ag; b= Pasis Ca = Piga; b= Piss, Ca = Prag - 


(23) x 


II 
> 


One difference between these cases is noteworthy. When +=0, 2 paired forms 
are represented by the same sets of points, but this is not serious, for we need 
only to identify completely the conjugate sets bs, c, and bi, Co in order to 
identify completely the conjugate set of generators, and the conjugates of the 
reference forms. But when »=1, the forms b;, ¢ are paired, and when v=3 
the forms b, ¢, are paired, and in this case the forms of a pair must be 
separated, as they are in fact by the above notation. It is to be understood, 
of course, that the notation b= Ps indicates 


B, a= Pu, By, ae By s=Px, ete. ; l 


, Se Ož, 9, 


We have next to verify that in each of the four cases the generators Tiz, 
Ay .....x41 permute the forms just as the corresponding involutions Js, D... 43,6 
permute the corresponding points. The ‘rule for permuting the forms is given 
in §1 (9), that for permuting the points in $6, 6°, 2°. The consideration of 
a few typical instances which will be omitted here shows that the two sets of 
permutations are isomorphic. i 
, The generating involutions are the involutions J attached to all points of 
the sets Py, Pie... eta: ‘The various cases now divide as follows: l 
y=0. The generators are attached to all points not on the quadric Qg- 
Here. 2p+2=n+2=4u+2, p+1=2u+1 and Q; is an E or O quadric i in Spa 
according as u=0, 1, mod. 2, or n=0,'4, mod, 8. 
y=2. The generators I are attached to all points not on the quadric Q. 
Here 2p+2=4u+4, p+1=2u+2, and Q is an O or E quadric in S,,_, accord- 
ing as u=0, 1, mod. 2, or n==2, 6, mod. 8. 
"y=. The generators are attached to all points not .on the quadrics Q, 
Qg, of opposite type. Here 29+2=—4u+4, Qn—1=4u—1=n—2. 
y=8. The generators are attached to all points not on the like quadrics 
Qs, Qy Here 2p+2=4u +6, 2n—1l=4u+1=n—2., 
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The salient features of the group in each of these four cases are tabulated 
in (30) at the end of this seċtion, and in each case a reference to § at is made 
for a more complete description of the group. 

The four cases which come under x=2 do not differ materially from the 
four just considered, and it will be sufficient to set forth for them.a ‘table 
analogous to (23) and to indicate in each case the position of the generators I. 
The details for each case can then be supplied from table (30). 


v =0, 2:n+2-subscripts 1, ...., n, a, B. by=Pip, C= Pusa; 
(24) x=2 b= Pig, C= Piap; bs=Prssg, Co= Pag; b= Pis, =P. 
v =], 3:n+3 subscripts 1, ...., n, «a, B, y. ba=Piz, Cg Piga; 


bi= Pig, Co=Pap; bi= Piss, Ci Pia; ba Pig, Co=Prrag - 
The generators I are attached to all points which, 


when v=0, are not on the quadric Qu; 

when v=2, are not on the quadric Qag; 

when v=1, are not on the like quadrics Qag, Qay; 
when »=38, are not on the unlike quadrics Qa, Qasy- 


. A reference to the table shows that when »=3, g®, has an invariant g,; 
when v=1, an invariant g=. As an example of the transition from the | 
collineations in the finite geometry to the linear transformations of the 
variables a, ...., 2%, we shall derive the equations of these invariant sub- 
groups beginning with y=3. 

According to Theorem (19) the invariant g, is the involution Igy. Under 
Ipy the point Pyg becomes Piy=Pa, .....na g 20d Pag becomes Pyy=P,... ap: 


Hence the form B, becomes cy , and the form C, becomes „Ba, ner ae - But 
this is precisely the effect of the linear transformation 
a= (i=0,1,....,0; D=atat....+,). 


When v=1, the null lines on Psy, the point common to the two quadrics, 


are either 
Par Piss Pad aa OF Poy, Pre, Po... „a 


On taking a section and projection from P,, the subscripts 8, y are ieoppea ` 
and the pair of quadrics Qag, Qay becomes Qa in S,,_,, while the null lines are 
either points Pj, or points Pie, according as the number of subscripts 3£0 or 
=0, mod. 4. Points P/i, are not on Q, points Pia, are on Q4. According to 
Theorem (17) the elements of the invariant subgroup are either 
| Lels, nma OF Lisssls, ...., n, a2 By « 
43 . 
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Taking the first as a sample of its type we find that it transforms Pag, Pig, Pog 
into Ps, .....n,8) Pag, Ps,.....n,0,8) and therefore sends Cy, B,, Bs into By... 4, Ba, 
Ci, ....., respectively, whence it is 


eeney 


e.. 


Laz toH Cs, Pee nd s =2; +B, 2, s= + Cs, Beng a (i=1,2; JEB an). 
The general element of this type is obtained from this by shifting sets of four 
subscripts from the form C to the form B and is | 

U=B+C, =v; +B, x,=4,4+C 
(t=1, ....,40+2; 7=4¢+3, ...., ”) 
BD ig aes Os ES R 
Similarly we find that the general element of the other type is 
=H+B, r=; +0, 2=2,+B 
(i=l, ...., 40; j=4e+1, ...., 0) 


We take up now the 


Case II: k odd. 
There is a sharp difference between the cases x=1 and x=3. When k is odd 
the generators $1 (4) generate a group gi} on the variables 2,,...., x, alone, 


and g,°} is necessarily isomorphic with g®,. In the case x=3 there is accord- 
ing to $ 1 (7), an invariant quadratic form which contains the variable x), and 
from the invariance of this form the effect of any element of g®, upon a can 
be found when its effect upon the variables 2, ...., 2, is known. Hence in 
this case the group g,° is simply isomorphic with g®,. However, in the case 
x=] there may be an invariant subgroup of order u of g®, whose elements 
have the form. i 
Rath ys m=; (=l, .... n; j=l, ... a u), 


and then g®, is in w—1 isomorphism with g/%. 
We shall therefore consider these cases separately and begin with 


Case II 1: x=1, 


and determine first the group g,@. According to table (14) we have now four 
conjugate sets of forms bi, ba, bs, bs, and the sets b,, b, must be completely | 
identified in order to determine respectively the linear transformations and 
the conjugate generators. We shall take for ° 


y=0, 2: subscripts 1, 2, ...., n, a, 8, 
v=1, 3: subscripts 1, 2, ....,”, a, 
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We identify the generators and forms b as follows: 
(25) Ty=ly, A, ri, sae, E413 bo= Py; b= Pia} bs = Piesa; bi = Piss - 


Then from $1(12) we find that these linear forms are permuted by the 
generators precisely as the points are permuted by the involutions J, and we 
_have only to identify the location of the generators. 

v=0. The generators belong-to all points not on the like quadrics Qa, Qa. 
Here 2p+2=4u+2, p+1l=2u+1, 2n—l=n—8; and Q., Qg are E or O 
quadrics according as u=0, 1, mod. 2. 

vy=2. The generators belong to all points not on the unlike quadrics Q, 
Qag. Here 2p-+2=4u+4, 2x—1L=n—3. 

v=1. The generators belong to all points not on Qa. Here 2p+2=4u+2, 
p+i=2u+1, and Q, is an # or O quadric according as u=0, 1, mod. 2. 

v=8. The generators belong to all points not on Q. Here 2p+2=4u+4, 
p+i=2u+2, and Q is an E or O quadric according as u=1, 0, mod. 2. 

These facts concerning gi,“ are collected in the table: 


gl: x=1 
vo pit Basler Invert Quayle aera 
0 g= GQ,-s Q= itv=ù $2 (17) 
(26) 2 2 GC, § 2 (19) 
1 GQ. Q=Gifv=,  §2,7° 
3 GQ,-s Q=6itv=/ § 2, 7° 


In order to obtain a representation which will separate the forms C, we 
will use when 
v=0, 2: subscripts 1, 2,...., 2, a, B, Y, 8; 
v=1, 3 : subscripts 1, 2,...., n, a, B, y3 


and in all four of these cases will identify the generators and the forms C as . 
follows: 


(27) Ty=ln, Aye, pn h,s,...., 241,085 a= Pua; Cs = Pissg; Co= Pay; Ca = Piep. 


Then the generators affect the forms c as is required in ẹ§1 (9). Moreover, 
the behavior of the forms b can be deduced from that of the forms c for 
B,=C,+C,. Taking up the four cases in order we find that when: 
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v=0. The generators belong to all points not on any one of the four like 
quadrics Qay, Qasi Vay» Gas, and the group is described in §2(21). Here 
2p+2=—4ut4=n+4, p+1l=2u+2 and the quadrics are of type E or O, 
according as u=0, 1, mod. 2. 

y=2. The generators belong to all points not on any of the pairs of 
unlike quadrics Qa, Qs, Gays, Gays. Here 29+2=4u4+6=n+4+4. 

v=1. The generators belong to all points not on the pair of like quadrics 
Qays Vey. Here 29p+2=—4u+4=n+3, p+l= Auta and the quadrics are E 
or O quadrics according as u=0, 1, mod. 2. 

y=8. The generators belong to all points not on the like quadrics Qa, Qs. 
Here 2p4+2=4u+6=n-+3, p+l=2u+3 and the quadrics are of type O, E, 
according as p=0, 1. 

Thus a comparison of these results as listed in table (30) with ihe n 
(26) above, shows that g®, has an invariant G, whose factor group is g,®, 
and that u—=2"~ except in the case v=2 for which u=2. When p=2*" the 
subgroup G, must consist of elements of the form 


=U tF, a=, (i=1,.... n) where F=s, t8, t... +8 (OZ2jzn). 


When u=2 G, consists of the identity and the single element F=L the 
invariant linear form. 


We take up finally the 
Case IT2:x=3. 


If in this case the forms c are- completely identified, the transformations are 
determined. For all values of v ‘we take ; 


(28) Tieg, A,, Lesh, =h, a R413 b= Pi, b= Pisu. 


Then for various values of vy we represent the forms c as follows: 


Subscripts 
v l,....,% and 0o 0 Oz Cy 
0 a, B Qa Qi Qiza Qies 
(29) 2 a, 8 Qag Qia Qizap Qissa . 
-1 a, P, y Qey is Qipy use 
3 a, By Qa Qiay Qisa Qissay 


v=0,2. The generators belong to all points syzygetic with Pap: Here 
2p+2= 4u+2= n+2 and S,,,=S,_3. 

y=1,3. The generators belong to all points syzygetic with the azygetic 
triad Pey, Pyas Pag. Here 2p+2=—4u+4=n+3 and S,, ,=S,». 
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This completes the discussion of the sixteen cases, and the structure and 
orders of the various types of g®, are readily ascertained from the table (30). 
Order of 





po g O ae aei 
i 3 E è , 0 » 5 
0 GQ,-1 Q= O if y = 4 7 
1 2 GU, (19) 
AERTS ua Q=8itv=$ oT 
T3 gr GQ. Q=itv=) an 
0 2 gmi . GQ, q=Fitv=] (21) 
3 E | oe 
sce) gn GQ,-s o=b itv=, (17) 
(30) 2 22° GC,_s (22) 
3 1. aQ Q= 5 itv=4 (17) 
0 GQ q=Fitv=t 7° 
ae re ie 
asia 2 Gi Q=f ita, (17) 
2 aa Q=sity=? 7° 
3 2 > GC. ~ (19) 
0 1° aC, | (16) 
ali GC, 6°, (15) 
w=34 g gant GC, (16) 
3 GC,» 6°, (15) 


t 


[In this table the subscript of Q and.C is the dimension of the space in 
which the quadric or null system lies. ] 

It is proved in P. S. IT (27) that the groups g, s and g, „r are simply 
isomorphic and a transformation T which sends the one group into the other 
is given there. This transformation is degenerate modulo 2, so that it is 
' not necessarily true that the modular groups gf, and gẹ% are simply 
isomorphic. We should expect, however, that some sort of isomorphism per- 
sists, and this is found to be the case. In the table below the distinct asso- 
ciated cases are opposite each other. We find from (30) that either the 








* These factor groups are discussed in full in Dickson’s “ Linear Groups,” Chapters Mf, VIII. 
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associated groups are simply isomorphic, or one has an invariant subgroup 
(noted on the margin) whose factor group is simply isomorphic with the other. 


x 


` 


x’ =v—x—?2, v 


~ 


(31) 


~- 


e 

i REAREA 

Q 

w 
Hh Oo oO 
DoH We Oe 





Gora 


` 


l Y: 2, 3 » ; 
We are above all interested in the sets P%,,,, which may be required to be 
self-associated.. The four cases in question here abstracted from (30) are: 


p mod. 4 2p +2 mod. 8 Invariant Subgroup Factor Group 
0 2 GO xy 
(32) 1 4 GAp+1 GO ey 1 
2 6 GOs 
3 0 G2p +1 GO 


We shall show in the next section that the requirement that the set P#,,. 
be self-associated does not reduce the group gÉ sp when p is odd; but that 
when p is even this requirement reduces the group to one with an invariant G, 
whose factor group is GC,,_,. Thus in all cases the self-associated set defines 
a modular group in the finite geometry of S,,.,. In order to impose the con- 
ditions for self-association most conveniently, it is necessary to consider the 
ultra-elliptic set P§,.9. l 


§4. Modular Groups Determined by ens. 

Congruent ultra-elliptic sets P}, Pf lie on projectively equivalent norm- 
elliptic curves E+}, E*+, When E’** is projected upon E*+!, PF is projected 
upon a set on Ẹ*t! whose elliptic parameters ui, ...., u, are expressed in 
terms of the elliptic parameters u,, ...., u, Of PE by means of a linear trans- 
formation—an element of the group e,,. The generators of e,, are the 
transpositions of the w’s and the element 4, .... 44; which is (P. S. IT (32)) 


peters 


WU go (ty tee Aa) (¢=1, ...., &+1), 

Ay ky È i 
an j k—1 : 

ee R (ty... gis) (J=k+2, senigi NYa 


All the elements of e, , have for coefficients rational numbers with denomina- 





tors which are factors of k+1 or of a 
[P. S. I 687)]. 


according as k is even or odd 
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Let us consider the effect of these elements upon linear forms, 


Byth + Taug + Eas +24, 


with integer coefficients #,,....,%,. This is transformed by 41.44: into . 
the form - 
miu fag. baka, i 
where 
; k—12 ; 
y= By be oe (M+... HEr) (i=1, ....,&+1), 
=z; (f= h+2,...., 0). 
Hence 


Bo, = Ba, + (k—1) r, — (k+1) E E E 
If therefore 








(33) È n= (k+1)a, (k even), or Bae at a, (k odd), 
where m, is an integer, then also 

È= (k+1)a, (k even), or È = tty (k odd), 
where z, is also an integer. If we set 
(34) Y= X (k even), or n=? (k odd), 


we find in either case that 


Yo=Yot | (k—1)yo— (Git... ++ Gey) fo ; i 


(35) a ==m,+ | (h—1) yo (Mi +... +41) | (i=1,....,4+1), 
ga, (j=k+2, .... n). 


‘This linear transformation (35) is precisely the generator Ai... 41 Of the 
group g,,- Hence 


(36) Under the group e,, linear forms with integer coefficients œ which 
satisfy the relations (33) are permuted contragredtently to integer 
linear forms under the group In w. 


Hence within the totality of integer linear forms defined by (33) we shall 
have a modular theory identical with that of g,,, which has been discussed in 
the preceding sections for the modulus 2. 

In the case of the ultra-elliptic set P?,,. the single condition for self- 
association is 

Uy ut oe 6 H Uppe =O. 
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This is a linear form included in the aggregate (33). It corresponds to the 
point 0,1,1,....,1 for the group g®, or through the medium of the invariant 
polarized fai m to the linear form B,, ....,n. When p is odd, By, i8 the 
invariant form L so that the requirement B, 

group Irop. IE, however, p is even, the form B, .. >(see cases x=0, v=2; 
x==2, v=2) is represented in the finite geometry by the point Pag, and we ask 
for the subgroup of g..,, which leaves P,g unaltered. When p=0, mod. 4, 
there is an invariant O quadric Q not on P,, so that the group reduces to that 
of the O, E quadrics Q, Qag. When p==2, mod. 4, there is an invariant O 
quadric Qas not on P,, so that the group reduces to that of the O, E quadrics 
Qasi Q. In either case the group is reduced from a GO,,,, to a group with an 
invariant G, whose factor group is a GC, ,. Now if a group H has an 
invariant subgroup Z with factor group F, and if F has an invariant subgroup 
I’ with factor group F’, then H has a larger invariant subgroup I” which. con- 
tains IJ whose factor group is F”. Hence we can state that 


(37) The group Go+2,, (p odd) has an invariant subgroup whose factor group 
is GCap of p=3, mod. 4; or GOs tf p=1, mod. 4.. If p is even the 
GTOUP Japs, p has a subgroup g’ which consists of those’ elements ‘which .. 
leave m+ ....+&42 unaltered, mod. 2, and g’ has an indariant sub- 
group Ghost Jacior group is GC x4. 

The above theorem concerning Jop+2,p can be translated at once to apply 
to the simply isomorphic Cremona group Gsp+2,p which is projectively attached 
to the point set-P%,,., the subgroup g’ of the theorem being that which is 
determined by the projective conditions for self-association. Thus the fact 
that the self-associated set defines groups which are isomorphic with those of 
the half periods of the theta functions in p variables confirms the existence of 
a connection between the absolute inyariants of the self-associated set and the 
theta modular functions. In case p=1, mod. 4, there is indicated further that 
in this connection an odd theta-characteristic is isolated. 


BALTIMORE, April 15, 1918. 


On the Asymptotic Solution of the Non-Homogeneous 
~ Linear Differential Equation of the n-th 
Order. A Particular Solution. 


-© By W. Van N-Gisnunson: 


The asymptotic development* for the irregular integrals of a homo- 
geneous linear differential equation has been obtained by both Hornt and 
Love. Horn has published several papers on the case where the roots of the © 
characteristic equation are all distinct, while Love has taken up the case where . 
the roots of the characteristic equation are unrestricted as to their order of 
multiplicity, incliiding the case of distinct roots as a special case. 

In this paper we shall consider the non-homogeneous equation where the 
roots of ‘the: characteristic equation are distinct, and follow, at the outset, the 
method employed by Dini§ in his researches on linear differential equations. 
In Section I the two theorems stated and proved by him will be generalized so 
as to apply to the non-homogeneous equation and combined in one theorem. 
In Section II we shall determine a particular solution of the given equation. 
To this end we shall make use of the researches of Love} in the homogeneous 
linear differential equation by employing his solutions. The particular solu- 
tion thus obtained of the non-homogeneous equation will be in the form of 
quadratures. The determination of the asymptotic development of the par- 
ticular integral found in Section II will form the content of Section IIL. 


Sxsotion I. 


Take for consideration the non-homogeneous linear differential equation 


y +a, (ey +a (ey +... .a,(@)y=X (a), (1) 





* « Asymptotic Development i in Poincaré’s Sense,” cf. Aota Mathematica, Vol. VIII (1886), p. 297. 

t Journal fir Mathematik, Vol. CXXXVIII (1810), pp. 159-191. 

t Annals of Mathematics, Second Series, Vol. XV (1914), pp. 145-156. Also AMERICAN JOURNAL OF 
MATHEMATIOS, Vol. XXXVI, No. 2 (1914), pp. 151-166. 

8 Annali di Matematica, Ser. 8, Vol. II (1898), pp. 297-324. Ibid., Vol. 111 (1899), pp. 125-183. 
Important contributions have-also been made by Poincairé, Kneser, Birkhof, and others. 
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in which the coefficients are real or complex functions developable, asymp- 
totically, for large values of æ in the form 


a,(2) ~a*| a, + % A Mes a els i=1,2,.... n} k=0,1, 2, 
while the first n—t derivatives also possess asymptotic developments. The 
function X (Œ) will be considered as ie of asymptotic development in the 


form 


xiaj b+ 4 4... |, 


where m, bo, ba, bg, ...., are real or fos quantities and b, #0. 

We regard y for the present as a known solution of (1). Let us choose 
n auxiliary functions 2z,,...., 2, of x, which, with their first n derivatives, are 
continuous for large values of x, and such that for the same values of œ the 
determinant 


Pe eae N 
i r tt {(a—1) 
£ Ro. “Bee sais we es ce 
Q(x)=}" a % ii (2) 
PT Da Po aes aa ye ge-d 


never vanishes. Place 
S taln) +09 (a5) 9°? + vee Han (201) y]2;(%1) day 
= f X(a)e(m) dar; i=l,... n (8) 


where 8; are sufficiently large, positive, real quantities, or infinity, and æ takes 
on. large teal values.* It is understood that, for the interval of integration, 
all the functions -here appearmg including y and its first n Benya vO: are 
continuous. 

An integration by parts gives 


P;, oy" HP; ye 4D, yr +... +R, aY 
= J [y(m) Za) +X (me (t)ldm+co, (4) 





where 
i; 1 ? t 
Pioi Piim hlii S aS Piros ey Pi, n m Eiln Di, ny 
Zen sf oa ; (n) 
Lp 2 lig Pi, n1 = FiO H E (2an) FE (2 Ona) +... eee”, (5) 
— ta—D (n—2) e 
C= [Pr Y HD Oe FP nY ene : 
amli) i=l ey 
e 
*In treating the homogeneous equation, Dini takes f, = f: ==. .. -== Pn, while Horn, in a similar 
discussion, places, as convenience demands, §,==f;—....—f,y==@ and Beg . == Pnp where O<0<n 


and $ is real and positive. The second method is the only one which seems applicable, to the problem in 
hand, in order to insure the convergence of all of the integrals. 
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For the values of æ under consideration the determinant 


ee es cee eee ee sero 


sees eter eee se were 


never vanishes, because 
nin —i) 


P(@)=(—1) ?  Q(#). 


The value of y from equations (4) is found to be 


yla) =g (a) +B f(y (a)k(a, %)+X(m) Ka, %))dm, (6) 





where 


saga aaja Bo” 
Za Zhe 2T E 
hla, m) = ELLE) ana (0, m) = ED, 


q:(x) is the cofactor with respect to the i-th row of the last column of Q (æ). 

The formula (6) may be used as a recursion formula. By repeated 
application of the recursion formula the value of y as given in (6) can be 
expressed in the form of an infinite series as follows: 


y(2) = Èm (2) +7 (2), T oo 


where 
n z n Oy R D 
pe) = Bf kanada: X f dey ta) dae. BY (ya a) 9 (tr) aay 
n 3 n Iy- a Tyi 
n= J, bela 2) da D J, La) dla... 2 S, acer Dri) ADi 
n Ea : F 
-È f *K,(ay_1%)X(m)da,, A=1,2,3,..... 
foal f, 


In the above u(x) =g (x) and +(x) =0. 

The expression for y as given in (7) is still regarded as a known solution 
of (1). The form of the solution being here obtained, we can proceed at once 
to state how an unknown solution could be built up. Choose n auxiliary func- 
TIONS 2i, By, eses Bn of x which, with their first n derivatives, are continuous 
for large, positive, real values of z, and such that for the same values of x the 
determinant Q(x) as given in (2) never vanishes. The functions Z,,...., Zn 
` of Œ can now be formed according to (5); also A(x), g(a), k,(@, a) and 
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K,(a, 2) as given in (6). In building up A(x) it should be noted that 


Gy, ....+,¢, are now arbitrary constants and not functions of the betas. To 
simplify the work choose all the c’s equal to zero except c,. The function g(x) 
cA, (x) : 





will bècome g,(x) = where A,(x) is the cofactor with respect to c, in 


Q(x) 
A(x). Represent the corresponding values of u, (s) and y(x) by m, (2) and- 
y, (æ) respectively. 

We shall now state and prove the following: 


Turorzm I. Suppose that a large, positive, real number B can be found 
such that for the values of 8, either equal to 8 or œ, and for all values of x 
greater than B the series 


- ye(2) =È (tn, (2) +m (2)) (8) 


satisfies the following conditions: : 


(a) The series Xu, (£) and Im, (æ) converge. 

(b) The series for y, (x) when multiplied by k,(x,%,) may be integrated 
term by term with respect to 2, from 8 to æ, or from # to œ in case 
8: equals œ i=1, ...., V where 0OSv<n. 

(c) The series (8) defines a function y, (x) such that each of the integrals 


f u (2)Z(z)di and f(a) X (a) de (or f yew) Z,(a) dae and 
B B D 
y fe () (0) de in case B,=0; i=1,....,v where 0<v<n) has 


a meaning when g >ĝ. f 
Then for such values of « the function y,(x) is an integral of (1). 


Proor: The values of p;,,2=1,...., n; k=1,....,n—1 are given in 
(5). Place i 


(2) = f y, (2)Z,(2)da, E E an E E eee 
l P, i 
Jer Z d i (eo) = "e, X (x) dx, Elah 
@, (7) SJ v0) (a)da+e,; (2) Sa) (ajde, s n 
Pio Pi.. - -Pi n dit 


; 
Pn, 0 Par one “Pn n—2 Pa +d, 7 


| Pio a e ccc eeee Pi, n—-1 n(n—1) 


A (£) = seine hate teas! Bok Suess: se biel wie ce coves et Me = (—1) 2 Q(z). 
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Now by condition (c) the series (8) may be written 


Ye) =9.(0) +È f (he a, 0) y(t) +E (4 %)X(0m)) day. (9) 
By substituting the values of g,(x)k,(a,2,) and K,(#,2,) in (9), and faking 
account of equations (3) we find that ° 


y(x) =4,(%)/A (x), 
so it suffices for our proof to show that this function is an integral (1). 

To do this consider the system of n functions o, 1, ...+) Nn, each 
defined for all values of æ sufficiently large by means of the following system 
of n linear equations: . 

Pa, Na F Ps,1Mn—2t Ds, 2n E BEA +P., nan =p th, s=1, 2, bain n. (10) 
foll th l 

Tt follows that p =A, (%)/A(2)=y,(2). (11) 
By differentiating (10) with respect to x and making use of (5) and (11), we 
find that 

2,(O0—X) +p, oh HP, 1% +04 20s+ +--+ n-a, S=l,....,m, (12) 


where 
0 =n, t a (L) n,-2+45(%) nis t...- Hana (©) Mot Gy (©) ros (13) 


=n anae; O= Naa; es On = Mmo. ` (14) 
The system (13) consists of n a equations in n unknowns. 
Upon noting that 0, b= 230g Pi, b41 = ae b i PE the discriminant of 


the system reduces at once to (—1)""Q(a), and Taw does not vanish for any 
_values of œ under consideration, whence 
l 0—X =b == e.. = a=; 
or, by (11) and (14), 
Peet i 8=1, 2, -crog 
Substituting these values in (13), we find 
yP +a (a) ye +a, (a)y... . +a (2) y =X (2), 
which was to be proved. 
Ssction II. 

In this section we shall endeavor to-choose the auxiliary functions g....2, 
in such a way that the above theorem may be employed to obtain a particular 
solution of (1). The complementary function corresponding to (1), i. e., the 
general solution of 


y +a(2)y° +a (a) y* +... . +a, (2) y=0 (15) 
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has already been obtained by Horn and Love. We shall suppose the charac- 
teristic equation of (1), viz., 
W" +d, pW +a, pw FP +... +a, p= 0 (16) 

to have n distinct roots w,,....,W,. Consider, now, the functions -Z,(%) 
which octur in k,(#, 2), 1=1,....,”. These functions are all of the form of 
the left member of the differential equation l 

A,2—G, 12 +0, 92’ — E A +... + (—1)"2=0,7 (18) 
an equation of the same type as (15). A fundamental system of solutions of 
(18) will be, according to the results obtained by Love,* 


g(a) Seg sueP, (vw), tol, ....,%, : (19) 
where 
: k-+1 at :—1 
h(a) ad T ie T Ha,g Te FA; 1%, (20) 
and P,;» is of the formt 
8, 3; ô; +e, & . 
P o(a) =b t e p. tale, t=1,....,2, 


where p is an arbitrary positive integer and lim g; ,(#) =0. 


By choosing the auxiliary functions as in (19), viz., the solutions of (18), 
the functions Z,(#) vanish, and this assures the vanishing of k,(#,~,). The 
value of y,(@) as found in (8) then becomes 


y (2) =) +E f K(x, %)X (a) dey. (21) 


The first term of the right member of (21), viz., g,(z), is a particular solution 
of the homogeneous differential equation (15). To obtain a particular solu- 
tion of (1) set c, in g, equal to zero, thus making g, vanish. Then we have as 
a particular solution of (1), 


y(a)=B fK(a,%)X(%)dm, i=l... m (22) 


provided the conditions of Theorem I are satisfied. Of these three cönditidis, 
(a) is satisfied inasmuch as the series reduces to a single term; (b) is satis- 
fied because the functions k,(#,2,), i=1,...., vanish. It will be evident 
that (c) is satisfied when we obtain the asymptotic development for the right 
member of (22). 








* Annals of Mathematics, Second Series, Vol. XV (1914), PP 145-156. Also AMERICAN JOURNAL OF 
MATHEMATIOS, Vol. XXXVI, No. 2 (1914), pp. 151-166. 

f In this paper the functions P (w), generally written with subscripts, will have tho form of Avie 
here given. 
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By taking the auxiliary functions as above stated, and replacing X(x) by 
its value, the expression for y(x) in (22) becomes 


y(a)=2 Tengu O-OD, (g) eHgR—80P, o(a,)day. (28) 


: Szction III. 
The Asymptotic Development of y(ax). 
Taking y(x) as given in (23), the discussion of its asymptotic TEN 
ment will fall into two parts—Case 1 and Case 2—according to the behavior 
of f,(). 
Case 1. 
Suppose f,(w)3£0, i=1,...., n. We shall order the /’s so that * 
RIR (0) 12 RUfale) 12 BUfa(2) 12. .. 2Rif,(#)] >0 
> RU feas(2) 12 Bove (2) 12. ZRF, (#)] 
when v is large, real, and positive. Let 6;, i=1,...., be so chosen that 
Bim bimer == ond CoS 6 as =b g, where 8 is to be taken 


sufficiently large. Then y(z) in (23) becomes 
y(2)=¥S,(0)+ È T(x), (24) 
i=1 t=o+1 
where’ 
S, (x) =—f Bea DEP (ee ee eP, oe aa i=l, ...., 0, 


FA) PEL om-DED, (g)e gp- P, (m) da, 104-1, 35 n. 
A 
Let s; be the dominant term in S;,i1=1,....,v. Itcan be written in the form 


si (2) el Pate oe ("EN (yy dy, i=l, «0. O 
2 f'(%) ` 
in which f{(2,)3£0, since f,(a)3£0 for x, sufficiently ange: An integration 
by parts gives 
$;(@) = elias ADETE; Loe ok 
He FB itp OP tre [Lea (0) Peds 


eo 
pen D gu ¢—a—DE f (751,007 ki 
gz 


He Hien puii PEP [1H e; (2) J)e eda, i=1,...., 0, 
where i , l 
Binoto Bites Yuno YiL pu: 








* By R(a) we shall mean the real part of a. 
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are easily determined constants, and 


lim g (x£) =lim g, (£) =0. 
By repeated application of integration by parts the exponents of the 2’s 
throughout are continually decreased. After / applications of integration by 


parts, the part still affected by the integral sign, call it I,(a), is'the following: 
I,(a) a=: elt ger o—(n—Dh (yi ie gma ok +1) ae Yani gP—to oik 


Heee HY hpu opetan LE e g(a) ] etda, i=l, n., 
where the y’s are easily determined constants and lim e; a(x) =0. Suppose / is 


chosen so large that R(m—a, .—l(k+1))<—2. Since ce" i=1,.... v jsa 
monotonic decreasing function of x, a positive quantity M, may be found such 
that 

M, 


|I; (2) Isla" rtfir. (27) 


For l greater than unity the last factor here appearing may be made small at 
pleasure with large values of Œ. By referring to (25), (26) and (27), it is 
readily seen that s; and consequently 9;, 1=1,....,v can be represented 
asymptotically in the form f 

Ais 


TON ENERE E oh (28) 
Let t; be the dominant term in an i=v-+1,. n. An integration by 
parts gives 
t; pnts c= TAa - sunt ok 
on Pires tr Ot ae, (2) Je“ 5 
pee, (Y, i ge Qi g—k—l 
He TY, pp% eae TT +6,9(%) 1) da, i=v+1,...., n, (29) 


where By10,--++) Bunpoi 800 Yiros----3 Ytp, are easily determined con- 


stants, and, . 
lim &,1(&) =lim & (£) =0. 


After l applications of the integrations by parts, the integral that still remains 
is as follows: 


1,(a) O aA (Yi p o Cr eve teED 
uh 
. B 


Peace EP ogee ee terre! EL esta) |e da, 
i=v+1,.... n. (80) 
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For large values of 8, and for «>, each term in the integrand of (30) is a 
monotone increasing function of a, in the interval of integration. A positive 
quantity M, can be found such that ` 


M; 


[Z(@) | <| 27- |a ? t=v-+1,....,. * (31) 


For / greater than unity the last factor here appearing can be made small at 
pleasure for large values of x. From (29), (30) and (31) it follows that t, 
and consequently 7,,i1=v+1,...:,n, can be developed asymptotically in the 
form l 


A, 4A i 
nos har eeh (32) 
Case 2. 
Suppose f,(x)=0 where r is one and only one of the integers 1,...., n. 


Only one f could be identically zero for the roots of the characteristic equa- 
tion (16), are distinct. 

Referring to (23), the part arising from f,(x), in the expression for y (s), 
is as follows: 


u(x) sate one, of Za i ae af Satele) 





aP 


d M—Aiy 9 d, 4 dutela) 
Sa (ano4 T 7 | dz, 
where p and g are arbitrary positive integers and lim e (x) =lim e,(#)’=0. It 


follows that 
stk Bı B, ` 
uqa) ~ aneen] Bo A + a ae ar a 


provided that m—a,,+s, when s takes on the values —1,0,1,....,q—1. 
If, however, m—a, >=, then the development of u(x) is 


u (g) want etd [B+ 2 Ha Ta [é + A + 3 pau | log a. 


That part of the expansion of (23) arising from1=1,....,r—1, r+1,....,” 
takes the same form-as (28) or (32) of Case 1. 

In summary we are able to state the following: 

Tuerorem II. In the differential equation 


y +4, (21) y*? ale) y+... +a, (2) y=X(2), (1) 
45 =~? 
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suppose that a, and X are real or complex functions of x developable asymp- 
totically, whén x ts large, real, and positive, in the forms 


ee: am ce ah FS a T ee 


X (a) ~a” K fe ae ee |; bO, 


while the first n—i derivatives z a,(%) also possess asymptotic developments. — 
- Consider the roots w,....w, of the characteristic equation 
Way pW +4, 9" +.... +4, = l 
as all distinct. Let 2 represent certain determinate functions of ~ of the 


form 
aila) = eae oP (a), 
where 
—1 


od 
f(%)= iy ab + Qi, —k $ on E Oe + s... +a; 1%, 


and 
Ci 1 Ci 2 . 
P,(2)~| eyo 2 + 8 4. stele i=1,....,%, 
when a is large, real, and positive. Then for the same values of œ there exists 


a particular solution, y(x), of (1), which can be developed asymptotically as 
follows: 


(a) yasar] 4+ 44 


a if REO, i=1,....,0, 


(b)  y (x) war "Pkt pan + = TE FT ael if f,(%)=0, where r is one and 


only one of the,values i 2, ...., n, and if at the same time m—a, o FS, 
_ when S takes on the values —1, 0, 1, 2.... 


(ec) y(t) ware ve | B+ Bi + - +... asno [a+ zt sui [ios x, 


if f,(a)==0 where r is one and only one of the values 1, 2,...., n, and if 
at the same time m—a,,>=S when S is minus one, zero, or a positive 
integer. 
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A Collineation Group Isomorphic with the Group of the 
Double Tangents of the Plane Quartic. 


Bry ©. ©. BBAMBLE. 


Introduction. 


The group of the double tangents of a plane quartie is isomorphic with 
one of a series of groups arising in connection with the theta functions. This 
one is associated with the division into half-periods for p=3. Its immediate 
predecessor associated analytically with the division into half-periods for p=2 
is the group of order 16-720 associated geometrically with the Kummer * 
surface. A similar onet is determined by the division into thirds of periods 
for theta functions for p=2, and is associated geometrically with the lines of 
a cubic surface. In all these cases isomorphic collineation groups have been 
discovered and discussed in considerable detail, but no collineation group 
isomorphic with the group of the double tangents has been discussed. It is 
the purpose of this paper to derive such a group. The group being connected 
with the quartic curve, by proper mapping methods a collineation group is 
obtained in which the variables are irrational invariants of the quartic itself, 
The equation of the quartic and its double tangents are obtained in a form 
whose symmetry and simplicity leave nothing to be desired. A complete 
system for the collineation group and associated canonical forms of the 
quartic are obtained. The collineation group appears in seven variables. 
That this is the smallest number of variables in which this group can be 
represented as a collineation group is evident from a theorem of Wiman in 
Weber, “Lehrbuch der Algebra,” Vol. II, p.376. The results obtained are 
applicable to the solution of the equation of the double tangents of the quartic, 
and should also be valuable for discussing certain invariants of the quartic and 
configurations of the double tangents. The quartic appears with an. isolated 
flex and may throw,some light on the hitherto unsolved problem of the flexes. 








* An account of this group in relation to the Kummer surface is to be found in Hudson’s “ Kum- 
mer’s Quartic Surface,” which appeared in 1905. . 

+ This group was discussed by Burkhardt, who gave an historical account .of the matter up to the 
time of his papers (about 1890). They appeared in the Math. Annalen, Vols. XXXV, XXXVI, XXXVIII. 
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I. 
The Cremona Group Gy g of Pi in Sy. 


Two sets of seven points in a plane, P? and Qj, ordered with respect to 
each other, are congruent under the Cremona transformation C,, with p F-points 
if p of the pairs p,, q; (i=1,2,....,7) are corresponding F-points of C,,, and 
if thé remaining 7—p 20 of the pairs p,, q; are pairs of ordinary correspond- - 
ing points under C,,. The number of projectively distinct sets congruent to 
P? is the number of types of Cremona transformations. To determine this 
number the following theorem * is necessary: 

The general Cremona transformation C,, (m>2) with p F-points is pro- 
jectively determined when there are given the order m, the p F'-points, their 


p 
multiplicities subject to the conditions Sim, Lr,=3(m—1), and the posi- 
1 1 
tions of four corresponding F-points. 


The possible transformations to be considered in connection with P: are 
given by the following table where q; is the number of F-points of multiplicity 7: 


C Cs C, Dy Cs Ds De Dr Dz 
ay 3 4 3 6 0 3 1 0 0 
he 1 3 0 6 3 4 3 0 
Og 1 1 2 4 T 


C is used to indicate a transformation with six or fewer F-points, D one with 
seven F’-points. Using in addition the collineation C, we find the number of 
transformations C,, Ca, Cs, Ci, Cs, Dy, Ds, De, Dr, Dg to be respectively 


(0) (2): Ca) G) 6) (6) GE) (a) (@) (a) (0) 072.288. Bet 


since P? and Q? congruent under D; are projective, there are only 288 pro- 
jectively distinct types of congruence. 

The sets P} and Q? are mapped upon the points of a space S, by taking 
them in the canonical form: l 


F}: (1, 0, 0), (0,1,0), (0,0,1), (1,1,1), (%;, Yi U), (t=1, 2, 3), 
Q7: (1,0,0), (0,1,0), (0,0,1), (1,1,1), (a, 4,4), (J=1, 2, 3), 
and regarding 2, s, 2s, Y1, Y2, Ys, U AS the coordinates of a point in Są. 


Then, if two sets of points are congruent under a Cremonae transformation in 
S,, their maps in S, are corresponding points under a Cremona transformation 








* Coble, “Point Sets and Allied Cremona Groups,” Part II, Transactions of the American Alathe- 
matical Soctety, Vol. XVII, p. 348. 


Group of the Double Tangénts of the Plane Quartic. 353 


in S. The general Cremona transformation in S, can be expressed as a 
product of quadratic factors. The effect in S, corresponding to a quadratic 
transformation in 9, is that of an involutory Cremona transformation. More- 
over, any Cremona transformation of the kind considered is a product of 
transformations corresponding to quadratic transformations in 8,. Any 
quadratic transformation in’S, with F-points at points of P? can be obtained 
from a single one by permutation of the points. Hence Gy 2, the Cremona 
group of P? in S,, can be generated by the symmetric group of order 7! and a 
single transformation in Ss corresponding to a quadratic transformation in 4. 
_The number of operations in G}, is clearly the same as the number of types 
of congruence of sets P? if further it is required that P} be ordered. G,» is 
thus seen to be of order 7! 288. 
i IL 
Point Sets on a Cuspidal Cubic. 

The cuspidal cubie curve C,=23—a,23=—0 is given parametrically by 
=t; %=t; %=1, the parameter of the cusp being t= and that of the 
flex being t==0. Hence given C,, a set of seven points P? is determined by 
seven parameters t, (t=1,2,....,7). If, on the other hand, seven points 
only are given, they determine a net of cubics containing among them twenty- 
four cuspidal cubics. Thus the fact that C, is given is equivalent to the 
assumption of a single solution of the cusp equation of degree 24 of the net. 
P? determined in this way is general. 

The condition that two points coincide is 


t,—t,=0. . (1) 


The condition that three points t; be on a line is 


: ¥t,=0. (2) 


The condition that six points t; be on a conic is 


¥t,=0. (3) 

The quadratic transformation A, with F-points at tı, ta and t, sends Cy 

into another cuspidal cubic C; whose points can be named by means of the 

same parameter t. Ci can be sent by a collineation into C}. This operation 

sends a point ¢ on C, into a point ¢’ of C,. To determine the effect on the 
parameters we note that if 


=t ti (ht tett), (4) 
u+ += tittHtthttit ts 


then 
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- That is, the requirement that to three points on a line correspond three points 
on a conic through the F-points is satisfied. This gives the effect of the trans- 
formation on an ordinary point. It is clear that the condition that a point 
coincide with an F-point goes into the condition that the corresponding point 
be on the opposite F-line. Hence 


t—t=tthth, | 
= and by means of (4) we obtain the relation 
| ty=ta—$ (tit te+ ts). 


The effect of A is then that of the collineation on the parameters given 
by the equations 


ti=t— $ (tittat ts) , ta=t—$ (tittat te), 
te= t — $ (tittat ta), h=t+4 (Aittetts), 


where t,, t and t; are F’-points, and t; ordinary points. 

The aggregate of operations obtained by taking products of A and per- 
mutations of h, ts, ...., t constitute the group T; s of P? on C,. An element 
of T; can be looked upon as the operation of passing from one P} on C, to a 
congruent one named by seven other values t4. We get in this way 288 pro- 
jectively distinct sets of points on C, congruent in some order. Hence there 
are 71288 projectively distinct ordered sets. T, the collineation group on 


i=4, 5, 6, 7, 


the variables 4,,...., t is of order 71288. 

Only the ratios of the ts are essential since the transformation t;=uwt, 
represents a projectivity of C, into itself and therefore the sets 4,....,¢, and 
uty, ...., by are projective. 


Invariants of Ty. 


An invariant of T, is a function of the ts unaltered by the operations 
of Ty. The condition that two points coincide is sent by As into the con- 
-~ dition that two points coincide, or that three points be on a line; the condition 
that three points be on a line is sent into the condition that two points coincide, 
that three points be on a line, or that six points be on a conic; the condition 
that six points be on a conic is sent into the condition that six points be on a 
conic or that three points be on a line. The algebraic expressions for these 
conditions ((1), (2) and (3) of IL) are permuted as stated, but may change 
sign. Hence , 


=L (ht) HA (htt tt) HA (htt tt th tts tte)'=9 (8ai—4ay), 
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where a; is a symmetric function of the ¥’s of degree i, is an invariant of Tr» 
of degree 2. Likewise are found, 


L=} (ht) +E (tthe bh) +E (a —h)‘=8 (Ba}—4ay)%, 
K= (ih) +2 (ttt) +E)’ : 


—27a$—108ata,-+-192d?a?—96a3—72a%a,+ 24.4,040;—3602-+ 72024, 
+48a,a,—724,a,—288a, 3 


which are invariants of degrees 4 and 6, respectively. J, is seen to be a 
multiple of Jj. i 


IV. 
The Quartic Ct Arising from a Set of Seven Points. 


The plane E, of P7 is-mapped upon a plane E, by the cubic curves on P}. 
To the cubics of E, correspond the lines of E,. Hence to two residual base 
points of a pencil of cubics of the net on P} there corresponds one point of EĻ. 
If, however, a double point of a curve of the net on P? is taken, it alone corre- 
sponds to a point of H,, for the two variable intersections of curves of the net 
have coincided. Since the Jacobian is the locus of double points of the net, 
the correspondence between the Jacobian of the net on P} and its map in Æ, is 
one to one. The Jacobian of the net on P} has double points at the points of 
P}, and being of order 6, will have 6X3—7 xX 2=4 variable intersections with 
curves of the net. That is, the map of the Jacobian squared, since pairs of 
points have coincided on it, is a quartic curve C* in E,. The cubics of the net 
with a double point map into the lines of C*, but the twenty-one degenerate 
cubics P,,, consisting of the line t,t; and the conic on the remaining five points, 
and the seven cubics Pw, with a double point at a point of P}, map into the 
twenty-eight double tangents of C* in such a way that the seven Po; give rise 
to an Aronhold set. The twenty-four cuspidal cubics of the net map into the 
flex tangents and the twenty-four cusps into the flexes of Cf, 

The operations of T, , transform P} into Q7, and transform the net of 
cubics on P} into a net on Q}. The curves Pu and P, of the net on P7 are 
transformed into the curves Qu and Q; of Qj. The effect of the generating 
transformation Aj, on the curves Pa; and Py is to send them into Qu and Qu in 
such a way as to bring about the following permutation of the pairs of 
subscripts: 

(01, 23) (02, 31) (03, 12) (45, 67) (46, 57) (47, 56), 


the other pairs being unaltered. 
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- _ Hence, the effect of the product Asg,Aig7A197 1S that of the interchange of 
subscripts 0 and 7. G, together with the transposition (07) generates a sub- 
group of T, z, the symmetric group Gs, of the permutations of 0,1, 2, ...., 7. 
By comparing the notation above for the curves P with the Hesse notation of 
the double tangents [ik; i, k=1, ....,8; +k] of the quartic, it is seen at 
once that Gs, and Ay; effect the same permutations on the curves P as the 
subgroup* E and the substitution Piss, which generate the group of the 
double tangents, effect on the double tangents. Since the order of T, sis that 
of the group of the double tangents of the quartic, 

T, x is simply isomorphic with the group of the double tangents of the 
quartic. 

V. 
A Net of Cubics on P}. 

We will obtain the quartic map of the Jacobian for the net of cubics on 
ti, tg, ...-, t formed by taking the three following base cubics 

C,=—2,23-+23=0, the cuspidal cubic above; 

O= ilg — Ay Hig + Bye — gly Hq, + A423 — lglg + Alots — Mt =Ù, 
the cubic on t, ...., t having no term in 2,73 and passing through the cusp 
of C; 

Cotai + Xj (CLr — Cats) ty (C03 — C5 Mpg ) + Ct — C123 + Caa N5 — Cot =), 
the cubic on f,, ...., ¢; having no term in 2,2§ and touching C, at t=—4a,. 
The a; are symmetric functions of t, ...., ty of degree i; ‘the c’s are given in 


terms of the a’s by 
Ch = 4a,—44,6,_1 + aid, 2 . 


VI. 
The Jacobian J[C,C,C;,] and its Map Ct. E 

We have now to determine the Jacobian J of C,, C,, and C;, and obtain 

the quartic map of J? by means of the equations 
w= Oy =C, mS Ce. 

J =24.971%,—3 64,2103 + 480,0}m,% + (—24.0,+34,6,—3¢,) rins 

T (—836as— 601C, + 66g) V123 -+ (72a, + 6 d9¢,—6¢,) LAs 

+ (—48a;—3a3¢,—64,¢,-+ 6a,¢,+3¢;) r+ (2445+3a,¢3—3.a,¢,) ria 

+ (—36as—6436,+ 3a —3 aca + 6e5) vit i 

+ (725+ 12a,c,+ 3a,¢;—34,¢;—12¢5) 1113s 





*« Finite Groups,” Miller, Blichfeldt and Dickson, pp, 362-365. 
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+ (—108a,—9 a5¢,—9a4Cg-+90,65-+ Dez) cingars + (6de + 6ds — bme — bc) rivas 
+ (—3 acs —3 ats +3 aC +3 co) wiwi + (—6G5Cz—3 age, +H 3a +60) 2405 

+ (12a9¢,+645¢3 ++ 6a, — bao — 60,0, —-126,) 1,240, 
+(— 180;6,—12490g—6. 50,3 4405 +3 daca + 6090, 4-1 20,6,+ 18¢,) nat 

+ (180,034 6 age,+3a5C5—3 AgC,— 6 AgCg—18.04Cy) 2155205 . 

-+ (—6arc,—3 aes +- 3agCa f- 6a) titat + (30r —3azto) m 

+ (—3a5e,+ 34,67) 0$ -+ (3 deC, +83 a50 —3 åg —6 azca) L303 

- + (— 94,6, —6 age; —3. 50g + 3.4,6,-+ 6agCg+ 9a) virs 
+ (Sacs -+ 6agCg—64,6,—9 ag0y) 7523 + (—9,Cg—3 Age, + Ba5Cg+Ia4Cy) wears 
+ (Gacr —6asco) twit (—3a7Cg+-3agCy) 23 =0. 


; . 
(2) expressed in terms of the cubics C,, C,, and C;, i. e., the map C* in 


E, if the C’s are regarded as reference lines is: 
(Z)= (64a 00050 —83 24g044g(t,— 64.0, 050,07 + 320,03050, 

—64.a}a3050, + 64a}4,4,0,4,—64.4,0;—64a,054, + 128aja,a,0, 

—64a $q2a, + 64.45490,—64.0,0,090,-+16a2a?-+16a%a2+ 16aiazas 

—3 2a, 90308) CI+ (8ajasa,—8a{@,434,-+ 80 a}a,d;,—7 2a4a,a30, 

+16a%aia,+16a3ai—16a%a,a,+16aia,a,—1120%a,;a,+ 64a,a2a, 

+ 64.450407—3 204040447 + 64.03 + 64.0100; +320,0,0445—32030,0j05 | 

—3 2.547 —3 2. Gg 505+ 320, g050g) C8C,+ (84, 42030,—8.020, - 

+484,4,@,+ 8a,a,4,—16a,a2a,—16a?+ 16 4145@5—16a%a,a,—164,0,) CiCs 

+ (164,¢,—164,4,45 + 8aja;— 2a{a5 +-8a,4,0,-+ 80ra; — 48007) CiC.C5 

+ (atai—4a'a,—S8ata,+16a7a,a,+16a%a,a;—8a$a,a,—8070,0; 

—16afa,+32a,d_a,—32a,434.-+ 16a;—32a,0,4;-+ 16a?ai—64a,a,) C?C3 

+ (aj—44,a;-+-8a,) CiC3+ (af—4aja,+8a%a,—16aia,+32a,4;) C103 

+ (Bata,—3at—8a,a—16a,)0,C2C,+-(3a?—4a,)C,C 'C3—C,C3+16C3C,—0. 

The quartic C* is only projectively determined since the net of cubics is 

- only projectively determined by the choice of seven points, that is, C,, Ca, and 
C; can be any linearly independent cubics of the net. Moreover, any transfor- 
mation sending the net of cubics into a net of ¢ubics transforms C* point by 
point into itself. Suppose such a transformation is given by the equations 
s; =qi(x'). Then C;(x) goes into C,[q,(2’)....J=Ci(2’). A point of C* is 
given by y,=C,(x) where x is a point of J. But-the transform of the point 
is y; =0;(x'). Since Ci(a2’)=C,[q(a’)....]=G,(2), yj=y,; and the point is 
unaltered. The curves Pa and Py have, however, been permuted and the 
coefficients are those derived from the transformed Aronhold set and are in 
general altered in form. For, if the transformation A, is applied to the set - 

46 . 
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of points t, ....,t,, and to the cubics Ci, Ca, Ca we obtain a new set of 
points ti, ...., t, and three new cubics Ci, Cz, Ca whose coefficients contain 
not only the symmetric functions of the points t, ...., tz, but in addition the 


F-points ti, t4, and tg. Likewise the transform of C, by A, 3, that is, the map 
of JIC, C}, Ci] by Ci, Ch, and Ci will contain the F-points t, È, and ti, 
besides the symmetric functions of ti, ...., tz. ‘If, however, C,, Cz, and C; 
were cubics covariant under Ax, then since J also is covariant, the coefficients 
of the quartic C* would be invariants of A, and since they are symmetric 
would be invariants of Z,,. The cubics C,, C,, and C, are mapped into the 
reference lines of the plane E,. Since C, is covariant and is mapped into the 
known flex tangent, a triangle of reference determined uniquely by the flex 
would arise from a set of cubics covariant with the cusp cubic. The problem 
of finding the above-mentioned invariants of T, is then reduced to that of 
finding the coefficients of C* referred to a triangle of reference covariant with 
the flex. 

A simple way to determine such a covariant triangle is to take 

(1) for x, the line C,, the flex tangent; 

(2) for a, the tangent to C* at the intersection of C, with C* one than 

the flex (0, 0, 1); 
(3) for z, the line joining 0,0, 1 with the intersection of æ, with the polar 
line of 0,0, 1 as to the polar conic of 0, 1, 0 as to C*. 

The above choice of reference lines gives the follows linear transforma- 

tion of the C’s to the new variables a: 


Cy=%, Ch=Aa+%, Cs=ut +a, 


where 48A=3a{—8aja,+ 8a,a;+16a, and 16u =— af + 4aja, — 8aia, + 16aja, 
—32a,d5. 

The following expressions 4,, invariants of degree i of T,,, are such 
numerical multiples of the coefficients of the transform of C* as to remove 
fractional coefficients. a, is the coefficient .of xa,a,2, where i, j, k,l are 
1, 2, or 3. 

Ag = Arg = 38 a?—4a,. i : 
Ag =48ans = 18 a8 — T2aide+ 96 aha + 32a;45—96 aja, —3 244,05 + 964,45 — 64050, 

+48ai+ 384a,. l 
A, =48 ans = — 27a} + 144.a}a,—192aja,—160ajaz+ 192a;a, +3 20a}a,0,— —192a%a, 

—128aia,a,—160a3 a2-+-1284,0,0,—23040,0,-+768d,0,-+-3840,0;—256a3. 

A yp= 16 4393 = 3.4)— 20 afa,+ 3 2aias+32afa?—32a%a,—96a°a,a,+32a'a,+ 64ata,a, 
+80aja}—128aja,—128aja,a,—256aja,+ 256a%a,a,+ 128a%a,a,+5124,4,0, 

—512a,a,;4,;—1024a,a,+ 2563. 


~ 
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Aj 691204343 = —117 a? +- 936 a a,—1152a%a, —2352a%a?+ 5376 aja,a3+4608ala; 
+1536a%a,0,—2816a%a2—6912a%a,—5376asaia,—8064.aSaea,-+1152a%a,ay 
—20736a'a,—4608aia2a, + 8064.ata,a2 + 34560 aia,a,+ 23040 aia,a,— 2304 ata} 
+12288a%ata,+ 2304 a8a,a2-+-307 2a3a,a,a,-+55296a%a,a,—10240a%a8 
—55296a'a,a,—36864.a'a,a;,—18432a%aza,—21504a%a,d305-+ 6144.a3a,a2 
++ 12288a2a2a,—55296a%a,a, + 101376 a2a?—110592a,a2a, +737 280,d,030, 

_ 24576 a,0,4,4,—18432a,a2a, + 6144.a,0,07 + 22184.0,4,0;,—11059 2a,a,a% 
+55296a,a,a7+36864a,0,4.—55 296 aza,+13824a,a,0;—8192a3 —110592a,a, 
—110592a3. 

Ay, == 168 6433,= 27 at — 25 2a%a,+ 384a}'a,+ 752aiai—384.a}°a,—2176ai}a.a, 
+384a9a,—608a%ai+-1792a%a,a,+1568a%a?—768a{a,4 2816 claza; 
—1280aia,a;—2944ala,a,+768aia,—1536a%aza,—3968.a%a,a3 + 281 6asaray 
+2432a%a,a;+1280a%a?+ 4608a%a,4a,a,—2048a%a,a, + 2048 a5a3—51 20a% asa, 
—2048a'a,a,—1024aiaia,—51 2ata,a,a;—1024.a{a,a?—4096 ajaza, 
+8192afa,a,-+ 819 2ata,a3—1536 aia? + 4096 alata, + 2048a%aza,-+ 2048a8a,a2 
+16384a8a,a,—12288a'a,a,—307 20 a?a,asa,—4096a7a,a,a,-++ 819 2a%a,a? 

— 2048 ataza,—2048a%a,a,4;—12288a%a,a,-+12288aiai—8192a,a,0,0, 
+-327684,a3a,-+8192a,4,040,~~-819 24, 0,02 +4915 2a,a,a,—2457 64,50, 
+16384a,a,a,—245 76 ag4505-+ 8192.0,02-+-4915 2a? . 

Ay=9* 16 on = 68a%—756aa, +115 2a}a, +3 264aia3—1152a4a,—9600a#a,a, 
+1728a3a,—56000a8 + 8448a}a,a,+ 7056aPai—1152aa,+ 24576 aU a2a, 
—12288aia.as;—138244}'asa,+4608a}'a,+ 2816 a)°a{—16896a}aza, 
—34944a"a,a? + 6144aa,a,+ 21504alazas + 6912aa?—17152a%aia, 
+22016afaga,;+53760aia,asa,—29184ata.a, +17408ajai—10752afa,a, 
—30720a%a,a,+ 6656 a8aka, +3481 6asaiai —5120 afaias—76288.a%a,a,d5 
——21504a%a,aj—46080 afaga,+52224 afa,a, + 61440a%a,a,+ 20736 aia? 
—20480alaza,a,+106496ajaza,—31744aia,a8—8192aja,aga5 + 114688a'a,a,0, 
+72704aia3a,+36864a1a,a3—24576aia,a,—73728a1a;a,—8192a%asa, 

— 4096 afaza,a,—8192a‘aza? + 30720 afa,aia,—299008afa,aga, 
—237568a%a,a,a;—61440a%a,a2+11264a8ai + 4096 asazas—225280a%asa,a; 
—8192a%a’ +-73728a8ai— 21299 2abasa, + 22937 6araia,—4096aia,aza, 

+ 24576a'a,a,a3+139264.a5a,a,a, + 245760 a5a,a,a,—12288aiaia, 

+229376 abata, +385024.a5a,a.4,+172032a'a,a2+ 180224a5a2a, 
+147456a%a,a,+-778240 atazasa, + 81920 ajazasas—819 20 atajaz 

—2867 20 aja,a5@+ 40960 aja,0,4443—3 27 68aja,0j—122880 aja,a,a, 
—245760aja,a? + 819 2ataka,;—36864aiaia?—409600aja,a,a,—466944 afa,a,a5 
—425984ataia,—466944ata,a? + 147456 aja?—3 27680 ataza,a,— 819200 a%a,a%a, 
+163840a}a,a,4§—39321 6aja,aga,+ 163840 ajasa,—16384.a;a5a,05 
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+65536a%a,a + 196608a%a,a;a, +393216a%a,a2—262144a%a2a, 
+1572864a%a,a,a5+ 29491 2a%ai 983040 aiata,a, +5898 24.07a2a2 
+1572864aja,430,4,—39321 6ata,a,a54g—13107 2a2a,a%a,+ 13107 2a%a,4,02 
—393216aia,a? +327680ajaga,—13107 2a%a2a,a,—81920a°%aia? 
+-65536aja,a{a5 + 393216 aja,094,-+39321 6aja,a,a,—393216aia,ag 
~~1179648aja5ag-+ 1179648a,a$a,a,—1179648a+a,0,0?—2621444,a,0°a, 
+393216a,a3a55-+ 262144.4,a,a{a,—13107 2a,a,a,a% +393216a,0,0% 
—15728644,a,a90,—1179648a,a%a, + 11796484,a,42 +589824.a2a2 
—1179648 4,434.0, —3932160,0,0547+ 5898240320? +5 242882, a%a, 
—393216a;4,4;49+ 65536030; —15728644,a? + 2359296 a;a60,. 


The equation of C* referred to the chosen reference lines covariant with 
the flex is 


3 Area -+144.4,,0%0, +16 A 92a, + 69124 ntti 2304 ALT 
+2304A 9x20? + 110592.4,0,%,42—110592a,08 + 176947 2022, =0. 


VII. 
Double Tangents of C*. 


‘The double tangents of C* in E, are of two types: 

. (1) The type (07) are the maps of the cubic curves Py of the net in E, 
with a double point at t;. There are seven of this type and they 
form an Aronhold set. 

(2) The type (ij) are the maps of the cubic curves P, of the net in E, 
consisting of the line ¢,t, and the conic on the remaining five points. 
There are twenty-one of this type. _ 
To determine the equation of the double tangent (07) the equation of Py 
must first be found. The curves of the net having a common tangent at t; 
form a pencil whose equation is 


k (a@g— 203) +i + (aeai — ttti) 02a — (Og — tagit; —a,ti) wid, 
+ (G — tilg — A Agt;— aati) 0E — (0s — hly — A gh, — agti) 2122s 
+ (Ag— tls — hlt tti) 00g — (Ar — ale — tasti — asti) U3 0, 
+ (G10, — hasti — aet) ©2005 — (— Mart — hrti) a=. 
There is a single member of this pencil with a double point at ¢,. This is the 
curve for which k has such a value that the point ¢,, when substituted in a 
derivative with respect to v, makes it vanish. This value of k is 


k= ti + gti + (4,4,—dg) ti — istit (00—045). 
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The map in EL, of the curve of the above pencil for this value of k, that is, the 
equation of the double tangent (02) is 


A [t+ ati + (arag — as) ti — ast; + (@g—@,45) ]Cy— (a+ 2t,)°C,.+C,=0. 
The equation of the line tt; is : ua 
t+ (S2—S1) DaF S1822 =0, 


where s, is the symmetric function of t; and t, of degree k. The equation of 
the conic on the remaining five points is 


a+ (a, — a103) 283—0053- (Ca — 0i) t2 — (C8— a103) 2g — (Sg — a104) V =0, 


where c, is the symmetric function of the five points other than t; and t. To 
obtain the equation of the double tangent (ij) in E, we have to find the: map 
of the product of the equations of the line and conic above. This product 
expressed in terms of C,, Ca, and Cs, that is, the equation of the double 
tangent (ij) is, after removing numerical fractions l 


4 (0105 H 81533— 8180104) Ci — (@,—28,)’C, +0350. 
VII. 
Proof of the Completeness of the System of Invariants. 

The determination of the i's depends on the separation of the double tan- 
gents of the quartic and the isolation of a single flex. The ts are then pro- 
jective irrational invariants of the quartic. Any function of the ts of proper 
weight is therefore a projective invariant of the quartic. Hence any invariant 
of T; is an irrational invariant of the quartic, such that the only irrationality 
present is that of the flex. Such an invariant is expressible rationally and 
integrally in terms of the coefficients of the quartic and of the coordinates of 
the isolated flex. But since the quartic has for coefficients the invariants A,, 
Ag, Ag, Aw, Az, Ay, and A, and the coordinates of the flex are 0,0, 1, every 
invariant of T,, is rationally and integrally expressible in terms of the 
invariants Áz; Ás, As, Ai, Aig, Ay, and Ag. Moreover, it is obvious when 
special values are given to a,, @, ...., that no one of the invariants A, can 


be expressed rationally and integrally in terms of the others. Hence none of 
them is superfluous and 

The invariants A,, Ag, As, Ay, Án, 4u, and Ay, form a complete system 
for the group Tis. 
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ms IX. 
The Jacobian of Ag, Ay,...+, Arg. 
If an expression is alternating under operations of T, , it contains as a 


factor*t,—t, and all its conjugate values under the operations of 7,,. Hence 
it has asa factor l y 


a a 7 j 
J=N (i—i) (hH tH) (a t,), 


which is an alternating expression of degree 63. 

The Jacobian of A,, A,,...., Ay is an alternating expression of degree 
63 and is therefore to within a numerical factor the product J. Since J at 
most changes sign when the operations of T, a are carried out, its square is an 
invariant of degree 126 and is rationally expressible in terms of the invariants 
Aes Bus Mv ong ities. 

X. 
The Group Tss of Pi a Set of Base-Points of a Net of Quadrics. 


There are in general an infinite number of projectively distinct sets of 
eight points in space congruent to a single set P§ under a Cremona transfor- 
mation which can be decomposed into a product of cubic Cremona transforma- 
tions with F-points at points of Pj. If, however, P$ is a set of base-points of 
a net of quadrics we can make use of the following theorem: 


If P} ts a set of base-points of a net of quadrics, there are only thirty-six 
projectively distinct sets congruent in some order to P3.* 

There are then thirty-six types of congruence if no account is taken of 
the order of the points. If we require that P} be an ordered set we have, 
since P§ can be ordered in 8! ways, 8136 types of congruence. The aggregate 
of operations transforming P} into the 8136 congruent sets constitute a group 
which we will call 7,,. Any one of these operations is, as presupposed, the 
product of cubic transformations which can be obtained from a single one by 
a permutation of the points of Pš. Hence Ts is generated by a cubic trans- 
formation and the symmetric group of permutations of the points of P§ of 
order 8!. Abstractly then Tss has as generators precisely the set to which 
the generators of T, . were shown to be equivalent in IV. T,, and T, are 
therefore abstractly the same group. . 





* Coble, “Point Sets and Allied Cremona Groups,” Part II, Trans. Am. Math. Boo., Vol. XVII, 
P. 877 (45). 
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XI. 
P} on a Cuspidal Quartic. 


A cuspidal quartic curve D in space is determined by the parametric 
equations 


a=, m=i, ay==t, m=1. i 
The condition that two points ¢, and ¢, coincide is ¢;—t,=0. 

4 
The condition that four points be on a plane is Lt,—0. 


8 
The condition that eight points be on a quadric is Lt,—0. 


XII. 
A Net of Quadrics on P3. Generators of Tes. 


Since we wish to consider P3 as the set of base-points of a net of quadrics, 
we determine P} by a choice of eight values t; subject to the single condition 


Si, =0, for the quartic above is the intersection of the quadrics 
Q,=2,0,—2=0 and Q,=27,%,—23=—0. 
A third quadric on P} is_ 
Q = 03 + b 90, %,— 301g + bin — bgl + bears— byes + baxi =0, 
where b, is the symmetric function of the t’s of degree i. Hence: 


P3 determined by the choice of eight ts subject to the single condition 
bi =0 is the set of base-points of the net of quadrics — 


YVI HYR F Y= 0. 


Generators of the group Ts, s of Pj determined in this way consist of the 
symmetric group of permutations of the eight ts together with a transforma- 
tion on the #’s corresponding to a cubic Cremona transformation Aj, with 
F-points ‘at points of P$, say at t, ta, ts, t,; for the effect of Aig, is to send 
the net of quadrics into a net of quadrics, and the cuspidal quartic D into 
another cuspidal quartic D’ whose points are named by the same parameter t. 
The quartic D’ can be sent back into D by means of a collineation carrying the 
point ¢ of D’ into the point t of D. Thus, can the transformation Aj», be 
regarded as a transformation upon the parameters t to new parameters 0’. 

The transformation 


titi (tittat t+ ti) (i=1, 2, 3, 4), 
ti=tit (titt tst t)  (J=5, 6,7,8), 
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is seen to have the effect of permuting the conditions that two points coincide, 
that four points be on a plane as does the transformation Aj.5,, and thus gives 
the effect of A», upon P3 in terms of the parameters ¢,. 


oe a XU. 
R The Quartic Dt. ° 
If we consider y1, Y2, Ys as the coordinates of a point in a plane, we have 
by means of the net of quadrics 


Qi + y292 +Y =0, 

a correspondence between the points y of a plane and the quadrics (yQ) of the 
net. To a pencil of quadrics or the elliptic quartic curve carrying the pencil 
corresponds a line of the plane. Corresponding to the quadrics of the net 
with a double point we will have a certain locus of points in the plane. Since 
in each pencil of the net are four quadrics with a double point, the locus is a 
quartic curve. Its equation in variables y, found by writing the discriminant 
of the net is l 


241 bey l — bey, Y2 

D'ss bay - 2(by:—Y2) — by Ys 
— bs — bey: 2 (beYi—Ys) — by 
Y2 Ys — by bbe 


= (— 45D eb, +0207 +4b:bsbsbs—4bib,bs + 16,bobs—40,07) yi 
+ (—2b:bsb; + 4b3bs +4056 0,1 6b, +407) yin 
+ (4b3b,—2b,bsb,—16b,b3+405b,) yfys + (—4b,b,—4b,b, +b?) yty? 
-+ (4babo—2bsbs +16b,) yiysys + (b3 —4be) yiys + 4boysys 
+ 4b yiys—fbsyiysys + EYY —4yzys=0. 
XIV. 
Complete System for Tas. 

The quartic D* consists of precisely the same terms as does C* above. 
The flex tangent now is the map of the quartie D which is unaltered by the 
operations of Ts,s. If we choose as base quadrics of the net quadrics covariant 
with D, since the discriminant is an invariant of the net, its coefficienis will be 
invariants of Ts. Since the quartic D maps into the flex tangent, we need 
not determine these quadrics, but have only to choose in the plane a triangle 
of reference covariant with the flex. The lines are chosen in the same way as 
for C*. The transformation is therefore of the same type as (5), removes the 
same terms from D* as (5) does from ( and is 


è © y=8y1, Y= byi t 3y, ye=3beyi+3y5. 
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The transformed expression for D* is 


3Bayi + 27 Buy! y t+ 3Byy ys + 81 Boys ys +27 Bey YY 
+27Bey ys + 81 Biyiysys' + 324y1y3 —324ys'ys=0, 
where B, is an invariant of Ts s of degree 1, whose explicit expressions are as 
follows: , £ 

B,=—4b,, 

By =—4b,b,+3b}+ 24b,, 

B, =—12b,bs—6b3); + 403+ 48b,, 

By=—4b,b,+ 53, 

By== 54b3b,—18b,b,b; + 868+ 10883 , 

By=—6b_bsb,—6bgb5be+12b3b,+4b5b,b,+ 26,63 + 1207, 

B= 2762b}+-108b,b,b;b,—54b,b3bgb,—18b,),b5b,—7 2b3b4bg-+ 27 b2b2 

+24b,b3b,—18b3b,b5b.+ 3b%b; —7 2,63 -108b2b,+-108b,bgb,. 

It is to be noted that great simplicity is gained in the complete system 
when the group is represented in eight variables whose sum is zero. This is 
to be expected since every term in which b, enters vanishes. Moreover, the 
notation for the double tangents is symmetrical. 

The lines of D* arise from the pencils of quadrics of the net. The quadrics 
in a pencil with a double point correspond to the meets of the line with D‘. 
To a pencil of quadrics such that the double points have coincided in pairs 
corresponds a double tangent of D*. Such a pencil of the net can be found by 
requiring that it contain the line t;t;. To do this we have only to require that 
the quadric contain a point of the line tt; other than t; and t. That is, the 
linear condition on the y”s is 

(3¢¢4+35,0,+3515293 + 38}5252—$1),—355) yi—3siys—3y,=0, 
where s, is the symmetric function of t; and t, of degree k, and c, the sym- 
metric function of the remaining six ts. This is the condition in the plane 
that the point y be on a double tangent, that is, it is the equation of the double 
tangent corresponding to a choice of two of the eight points of P§. The 
twenty-eight double tangents are thus all accounted for and are all of one 


type (7). 
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Proof of Pohlke’s Theorem and its Generalizations by 
a Affinity. 


Br Arnod Emca. 


1. Introduction. 


The purpose of this paper is to show how Pohlke’s Theorem, its generali- 
zations, and some related propositions may be proved in a comprehensive 
manner by making use of affine collineations in space. 

The theorem was first published without proof in the first part of Pohlke’s 
“ Descriptive Geometry ” in 1860, and may be stated as follows: 


Three straight line segments of arbitrary length in a plane, drawn from 
a point and making arbitrary angles with each other, form a parallel pro- 
jection of three equal segments drawn from the origin on three rectangular 
coordinate-axes; however, only one of the segments, or one of the angles can 
vanish, 


The first elementary rigorous proof of the fundamental theorem of 
axonometry, as Pohlke’s Theorem is sometimes called, was given by H. A. 
Schwarz.* Subsequently numerous other proofs of the theorem and, in a few 
instances, of its generalization for an oblique system of coordinate-axes were 
given.t 


* Orelle’s Journal, Vol. LXTII (1864), pp. 309-314, “ Elementarer Beweis des Pohlkeschen Funda- 
mentalsatzes der Axonometrie. 

+ von Deschwanden, who received his knowledge of the theorem from Steiner on one of the latter’s 
visita to Zürich, gave a proof in the Vierteljahrasohrift of. the Maturforsohende Gesellschaft in: Zürich, 
Vol. VI (1861), pp. 254-284, which, however, was not entirely satisfactory. 

In the same volume, pp. 358-367, Kinkelin gave an analytic proof. 

In Vol. XI, pp. 350-358, of the same publication, Reye, by means of projective geometry, generalized 
the theorem for oblique coordinates. 

Among others who gave purely geometric demonstrations of the e theorem, and constructive solutions 
of the problem involved may be mentioned: 

5 Pelz, Wiener Berichts, Vol. LXXVI, II (1877), pp. 123-128. 

Peschka, Ibid., Vol. LXXVIII, Il (1879), pp. 1043-1055. 

Mandel, Zbid., Vol. XCIV, II (1886), pp. 60-65. 

Ruth, /bid., Vol. C, II (1891), pp. 1088-1092. i 

Schur, Mathematische Annalen; Vol. XXV (1885), pp. 596-597. : 

Schur, Crelles Journal, Vol. CXVII (1896), pp. 474-475. 

Küpper, Mathematisohe Annalen, Vol. XXXIII (1889), pp. 474475. 

Beck, Crelles Journal, Vol. OVI (1890), pp. 121-124. 

Schilling, Zettschrift fir Mathematik und Physik, Vol. XLVIII (1003), pp. 487-494. oo 

Loria, Vorlesungen über darstellendc Geometrie, Vol. I (1907), pp. 190-194, 

Grossmann, Darstellende Geometrie (1015), pp. 26-29, __ 
and various other well-known texts on descriptive geometry make use of the theorem in the discussion of 
axonometry.® 
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I shall first investigate some of the properties of affine collineations in 
space, as far as they are related to the problem involved. Based upon these 
properties it will then not be difficult to prove Pohlke’s and a number of 
similar theorems. 


2. Definition, and General Properties of Affinity. 

Let OX, OY, OZ and O'X’, O'Y’, O'Z’ be two systems of coordinates, 
which, for the sake of definiteness, we assume as orthogonal; then the two 
spaces are defined as related by affinity when their coordinates are connected 

by the substitution 
T = Oy + UEH- Ayy + ase, 
S=4 y =b +b + by + dye, (1) 
© | =+ as + cry + cs. 


The classification * of affinities depends upon the properties of the matrix 


m—l a ay, 
b, b—1 b by ||. (2) 
G Cy Cs—1L G 


They form a projective twelve-parameter group and leave the plane at infinity 
invariant. - Parallel planes and parallel lines are transformed into parallel 
planes and parallel lines. Of particular importance for our purpose is the case 
where the rank of matrix (2) is 1, so that the values of all its determinants 
of orders 3 and 2 vanish. The geometric meaning of this case is that the 
_ points of a certain plane s are left invariant, and that corresponding points 
lie on lines all parallel to a definite direction. Moreover, when P and P’ are 
corresponding points and P, is the intersection of PP’ with s, then P’P,: PP, 
= constant. By a translation we can always make a), bọ, Co vanish, so that 
the origin O=O’ becomes an invariant point. In this case the special affinity 
H, whose matrix is of rank 1, may always be written in the form 

= g+ (s+ py +g), 

H=; y'=y+a(s+py+g2), (3) 

R= g+ 2s (s+py +92), 
where «+ py+qz—0 is the plane, all of whose points are invariant. Corre- 
sponding points lie on parallel lines whose direction is determined by the 
constant ratios: ° 


(aa) / (2-2) =s, (y'—y)/ (8—2) = s/s. 


* Pascal’s Repertorium, Vol. II (2d ed.), pp. 100-101. 
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The line joining any two distinct corresponding points P’(2’, y’, 2’), P(a, y, 2) 
euts s in a point P; so that f 
P’P,/PPy=1+4,+ Asp +g = const., 


as stated above. This constant is also equal to the value of the determinant 


1+”, Ayp "Ad 

A= Ag 1+Adp Aad 

As Asp 1+Asq 
_ of the substitution H. When A=0, then the homologous affinity H becomes a 

parallel projection on the plane s. The affinity is, in this case, singular. 
, Through every point P (x, y, z) of an affinity S there is just one system of 
three mutually orthogonal planes which is transformed into such an orthogonal 
system through P’(2’, y’, 2’). If these two systems are chosen as coordinate 
planes, © assumes the simple form 


De=a' =a2, yl=by, 2 = 02, (4) 
which is called a dilatation. As the two coordinate systems (which we may 


assume as having both the same sense) may be brought to coincidence by a 
rotation R we have the well-known - 


Tueorem I. Every affinity S may be considered as the product of a 
rotation R and a dilatation D, so that S=RD.* 


8. Homologous Affinity. 


We shall now consider in particular the affinity of type H. Such an 
affinity is also determined by two tetrahedrons whose corresponding points lie 
on four non-coplanar parallel lines. The planes of corresponding faces, and 
of corresponding planes, in general, meet in lines of a fixed plane s, the plane 
of homology. The parallel lines joining corresponding points pass through 
the game infinite point, called center of homology., We shall call H an homol- 
ogous affinity. 

The question is, whether it is possible to represent S in the form 
S=R,D,H, in which the substitution 

Dix =p, y'=py, 2’ =p2, (5) 
is a similitude. 
. For this purpose we first prove 

Tueorem Il. There always exist komaton affinities by which any 

ellipsoid is transformed into a sphere, and conversely. / 


Let /P+y/F+e2/P=1 (6) 


* Pascal’s Repertorium, loo. cit. Koenigs, “Legon de cinématique ” (1897), pp. 394-405. 











Emon: Proof of Pohlke’s Theorem and its Generalizations by Affinity. 369 


be any ellipsoid, and assume a>b>c. The two systems of circular sections 
are parallel to the diametral planes 
= c a? — pb? 
pa EEE. a. (7) 
Consider the plane s, whose equation is obtained from (7) by choosing the 


— sign, and which cuts the ellipsoid in a circle. Through this as a great 
circle pass a sphere, whose equation will be 


Phy tead?, (8) 
It is easily shown that the ellipsoid (6) and the sphere (8) are inscribed in 
two right circular cylinders whose axes are in the we-plane and have the slopes 


m= + V (b—e)/ (d — 0). i (9) 
Denoting the coordinates of a point of the ellipsoid by 2’, y’, 2’, and of a point 
on the sphere by 2, y, 2, and considering the cylinder obtained by taking the 


+ sign in (9), it is found that the ellipsoid results from the sphere by the 
homologous affinity H, defined by 





_„_ (a6 +b) Via—b) (VP—e8) [igh ra 
oe Fe — oja) F o(a] fe EE wtar), ais 
=) y=y’, 
7 (ac-+-b*) (b?— e) E eee 
a ETE [NEE tar), 


with s as the invariant plane, and the direction in the we-plane with the slope 
m= +V (b*—c*)/(a?—b*) as that of the infinite center of homology. Two 
corresponding points P’ and P of H are joined by a line cutting s in P}, so. 


that P’P,/PP,=— 





ot = constant. The slope m=— V (b’—c?)/(a—b*) in (9) 


determines another homologous affinity with the same property, which is sym- 
metrical with the first, with respect to the yz-plane. Now, an affinity trans- 
forms conjugate poles and polar planes and‘triplets of conjugate diameters of 
a quadric into corresponding poles and polar planes and triplets of conjugate 
diameters of the transformed quadric. Consequently, by the homologous 
affinity H~ any three conjugate diameters of thé ellipsoid (6) are transformed 
into three conjugate diameters of the sphere (8), which, as such, are orthogonal 
to each other. Likewise, any three conjugate radii OA’, OB’, OC’ of the ellipsoid 
are transformed into three rectangular radii OA, OB, OC of the sphere. The 
lines 44’, BB’, CC’ cut the sphere in three other points 4,5,C,, so that 
also OA,, OB,, OC, are orthogonal. The slope —m determines two other 
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orthogonal trihedrals on the sphere, so that their extremities lie twice in sets 
on. three parallel lines through A’, B’, C’. 

But any three non-coplanar lines A’A’,, B’BL,, C’C_,, which bisect each 
other at O, as conjugate diameters uniquely determine an ellipsoid with O asa 
center. By Chasle’s* or other + well-known methods the three rectangular- 
conjugate diametral planes, and the orthogonal-cohjugate diameters, axes, may 
be constructed. -Using these as coordinate axes, and denoting the semi-axes 
in the order of their magnitude by a, b, c, the equation of the ellipsoid may be 
written in the form (6). Then, by the method explained above we may con- 
struct the four orthogonal trihedrals on the corresponding affine sphere. 


4: A Certain Composition of Affinity. 


Iti is now possible to answer the question concerning the representation of 
a general affinity S in the form S=R,D,H. 

According to Theorem I, let R be the rotation, and D the dilatation, so 
that S=RD carries a point (x, y, z) into the point (2’, y’, 2’). Around these 
points determine the corresponding orthogonal systems of coordinate axes, so 
that by S the sphere K, a?+y*?+2=1, is transformed into the ellipsoid 
E, 2"/a+y"/b?+2"/?=1, with a>b>c. According to the method explained 
above construct the sphere K,, so that E is obtained from K, by a homologous 
affinity H. Determine the orthogonal coordinate system G, through the center 
of K,, corresponding to the orthogonal system through the center of E. The 
equation of K, with respect to G, is a+yi+e=—b* To G, apply the similitude 


Dp =2,=2./b, yr=ye/b, %=2,/d. (11) 


Finally, by a definite rotation Ry’ the system G,(2,, y,, &) is transformed 
into the original system G(x, y, z). Conversely, by R, the sphere 2+y’+2=1 
is transformed into the sphere K,, #{+yi+2j=1. By D,, K, is transformed 
into the sphere K,, 3+yitej=—b. By H, K, is transformed into the ellipsoid 
x /aety?/b+e2"%/e=1. With this the identity S=RD=R,D,H is proved for 
non-singular affinities. l 

It is also true for a singular affinity S,, in which all points (2, y, z) are 
transformed into points (2’, y’, 2’) which lie in a plane. If we choose this as 
the plane s, the dilatation D, will have the form 


D,;=x'=a%, y=by, gz'=0z. (12) 








* Beck, loo. cit, 
+ Fiedler, Darstellende Geometric, Vol. II (1885), pp. 329-330. 
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The homologous affinity H becomes a parallel projection upon a plane s, 
defined by 
a—b? 


b "2, y=y, e’=0, i (13) 


H =g =2— 
as is easily found from (10), by solving for a’, y’, 2’, and letting lim (c)=0. 
The ellipsoid becomes an infinitely thin disk E, in the plane $, whose contour 
has the equation 2”/a’+y"/b’=1, and we find again S,=R,: Di: H,. Hence 

Tsxzorem II. Every general affinity in space is the product of a rotation, 
a similitude, and an homologous affinity. In case of a singular affinity, in 
which all points are transformed into points of a plane, the homologous affinity 
becomes a parallel projection upon this plane. 


5. Pohlke’s Theorem and its Generalization. 


Chasle’s construction of.the axes of an ellipsoid still holds when the three 
conjugate diameters A'A, B’B_,, C’C_, are coplanar. As before, the three 
diametral planes cut the degenerate ellipsoid E, in three ellipses (A’B’), 


(B’C’), (C’A’), which are inscribed in three parallelograms as shown in Fig. 1. 





These ellipses are inscribed in an ellipse E, in s, whose half-axes we denote by 
a and b (a>b), and whose lines we choose as #’- and y’-axes, and the line 
through the center of £,, perpendicular to s, as the z’-axis. Then the equation 
of E, is precisely that given above as 2%/a’+y"/b°=1. The sphere K. with 
the radius b, concentric with E,, is now projected into E, by a parallel pro- 
jection H, as defined by (13). Conversely, by the same formulas for H,, and 
geometrically, it is easily verified, that to the ellipses (A’B’), (B’C’), (C’A’), 


2 


+ 
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and their circumscribed parallelograms, correspond on K three great circles, 
whose planes are mutually perpendicular, and their circumscribed squares. 
‘To the complete rhombohedral lattice-work, circumscribed and inscribed to the 
ellipsoid as before, corresponds a cubical lattice-work connected in the same 
manner tọ the sphere, so that the rhombohedral is the parallel-projection (H,) ° 





of the cubical lattice work. In this manner to the three distinct conjugate ` 
coplanar radii OA’, OB’, OC’, correspond the three equal orthogonal radii 
OA, OB, OC. There are, in general, again four such sets of orthogonal radii. 
The proposition is still true when one of the three coplanar radii, say OC’, 
vanishes. The ellipse (4’B’) has A'A’, and B’B!, as conjugate diameters, 
while the ellipses (B’C’) and (C’A’) coincide with the segments B’B_, and 
A'A',, Fig. 2. The contour ellipse E, coincides with the ellipse (A’B’). The 





homologous sphere may be constructed precisely as before, so that to the 
ellipses (A’B’), (B’C’= degenerate), (C’A’= degenerate) correspond again 
three orthogonal great circles on the sphere K, and to the, coplanar conjugate 
semi-diameters 0A’, OB’, OC’=—0, three orthogonal radi of K. 

‘When one of the angles, say the one between B’B!, and C’C_, is zero, 
Fig. 3, then the ellipses (4’B’), (A’C’) may be constructed as in the general 


t 
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case. The ellipse (B’C’) degenerates into a straight line segment F’F’,, 80 
that [OF] = [OF |= VOB’ +0C". In this case F, is the ellipse which bas 
A'A’ and F’F“, as conjugate diameters, and which with the ellipses (A’B’), 
(B’C’), (C’A’), and the corresponding circumscribed parallelograms and con- 
jugate diameters may be gonsidered as the parallel projection H, of a sphere 
K with three orthogonal great circles and the attached cubic lattice-work. In 
every case there exist equiaxial-orthogonal trihedrals’ (OA = OB = OC; 
f{AOB=q{BOC=<f{COA=90°) of which OA’, OB’, OC’, whether coplanar or 
net, form a parallel projection. Hence, we may state Pohlke’s Theorem in a 
generalized form. 

Txrorem IV. The vertex and the extremities of any three concurrent, 
coplanar or non-coplanar, straight line segments in’ space always lie in a 
definite order on four parallel lines through the vertex and the extremities of 
an equiaxial-orthogonal trikedral. In general, there are two distinct sets of 
four parallel lines each, and four sets of orthogonal trihedrals with this 
property. Not more than one segment, and not more than one angle between 
the segments of the given trihedral may vanish. 

As a general affinity S depends on twelve independent parameters, it is 
always possible to determine uniquely an affinity S in which any two proper 
tetrahedrons 7” and.T correspond to each other in a definite order. For 
example, P}P,P;P, to P,P,P;P,. But we have proved that S=R,D,H, so that 
T’ results from T by a rotation, followed by a similitude, and finally by an 
homologous affinity. When PiP,P;P; are coplanar, then the substitution H 
becomes a parallel projection H,, and S is a singular affinity, for which the 
determinant of the substitution vanishes. The result may be stated as 

Trrorem V.* If any two proper tetrahedrons P;P,P;P, and P P,P,P, are 
given, it ts always possible to determine a tetrahedron P%' PY Py Py similar 
(eventually congruent) to P,P,P;P,, so that the lines joining P; and Py, 
Py and Py, Py and Py, P, and Py are parallel. This is still true when the 
points P{P;P3P, form a proper plain quadrangle, or also when the segments 
P,P, P,P}, PiP; and the angles formed by them are subject to the necessary 
and sufficient conditions of Pohlkhe’s Theorem. 

This theorem clearly contains Poblke’s and Reye’s theorems as special 
cases. . 








* The first part of this theorem concerning two proper tetrahedrons has also been proved by Hur- 
witz in a recent communication to the Swiss Mathematical Society, an abstract of which in L’ Enseigne- 
ment Mathématique reached the author several months after this paper was sent to the AMERICAN 
JOURNAL OF MATIIEMATICS. 
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6. Related Theorems. 


From the connection between the rhombohedral and cubical lattice-works 
discussed above, we deduce without difficulty 


THEOREM VI. A plain hexagon with three pairs of parallel, opposite 
sides, with the sides of each pair equal, may always be considered as the con- 
tour of a parallel projection of a cube. The net of six parallelograms  con- 
structed with each two adjacent sides of the hexagon as a pair of adjacent 
sides of a parallelogram, is the projection of the edges of the cube. 

Completing the rhombohedral lattice-works, determined by P,P,, P,P,, 

P,P, and PPI, PP, P,P; as clinographic semi-axes of the rhombohedrons, 
and inscribing ellipsoids into these, with the clinographic axes in each case as 
triplets of conjugate diameters, we find. 

TueoreM VIL. If any two parallelopipeds (rhombohedrons) x’ and n are 
given, it is always possible to find a parallelopiped x’ similar (eventually con- 
gruent) to n, so that corresponding vertices of x’ and n” le on eight parallel 
lines (eventually counting multiplicities properly). 

In a similar manner we have 

Tuxorem VIII. If any two ellipsoids E' and E are given, it is always 
possible to find an ellipsoid E” similar (eventually congruent) to E, so that 
E' and E" are inscribed to the same elliptic (circular) cylinder. 

Likewise as a special case of the foregoing, 


Turorem IX. The contour of a parallel projection of any given ellipsoid 
upon a plane may be similar to any given ellipse. 


Finally, 


Tueorem X. Itis always possible to circumscribe two (may be coincident) 
right circular cylinders to any ellipsoid. 


Arithmetical Theory of Certain Hurwitzian Continued 
Fractions. . 


By D. N. LenmeER. 


ie Introduction. 


The following investigation is the outcome of the discovery, made some 
three years ago, of the curious fact that the denominator of the convergent of 
order 3n in the regular continued fraction which represents the base of 
Naperian logarithms is divisible by n. It was later found that the same is 
true of the denominators of the convergents of order 3n—2 and 3n—6, and of 
the numerator of the convergent of order 3n—3. Further, the convergents 
were found to recur with a period of 3n terms, or of 6n terms according as n 
is even or odd. l 

These theorems, discovered empirically, turned out to be remarkably 
intractable, and, although, a year ago, a method was discovered of establishing 
them, it would not apply to other continued fractions of the same general type 
for which the same or similar theorems seemed to hold. l 

The discovery of the regular continued fraction 

e= (2, 1, 2, 1, 1, 4, 1, 1, 6, 1,1, 8, 1, 1, 10,1, 1, ....), 
for the base of Naperian logarithms is- credited to Roger Cotes,* but to Euler t 
is due the rediscovery of it, and.the general proof of the law of the successive 
partial quotients by means of the solution of Riccati’s equation. Euler also 
found other remarkable continued fractions such as 
es (1554459, 41,9, 5 14 GS eee s 
(e*+1)/(e*—1) = (2s, 6s, 10s, 14s, ....), 
. et= (1, s—1, 1, 1, 85—1, 1, 1, 5s—1, Łł, 1, 222): 
Hurwitz ł has studied a very general type of continued fraction, to which the 
above fractions all belong. He makes use of the notation 


(dis das +--+ Gey film), falm), falm), --., fa(m)), (m=0,1,2,3,....), 
for the continued fraction whose partial quotients are 


Gis Qos oover Gey fx(O); O), o AO AA, AG), -e ACL), l 
fi(2), f,(2), AAE 
* Cotes, “ Logometria,” Phil. Trans., London- (1714), Vol. XXIX, p. 5.. s 


j Euler, Comm. Acad. Petrop. (1737), p. 121, edition of 1744. 
t Hurwitz, Vierteljahrschrift der Naturforschenden Gesellsohaft in Zurich (1898), Vol. XLI, p. 34. 
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where the q’s are rational, and with the possible exception of q, all positive: 
The functions f are rational, integral functions whose degrees may some or all 
be zero. If, however, the degrees are all zero, the fraction becomes an 
ordinary periodic continued fraction. If the highest degree found among 
any of tha functions is m, the fraction is said to be of the m-th order. An 
ordinary periodic continued fraction is thus a Hurwitzian fraction of order 
zero. Written in this notation the above fractions of Euler read: 


e= (2,1, 2m+42,1), (m=0,1,2,3,....), 
(e?4+1)/(eF—1) =[ (4m+2)s], (0; 12/3 E f 
e*=[1, (2m+1)s,1)], (m=0,1,2,3,....), 





Hurwitz has shown that if the irrational numbers & and ý are connected by the 
equation ë= (ay+)/(yn+8), where a, B, y, ô are integers such that aò —By 
is not zero, then if the regular continued fraction for y is of the Hurwitzian 
type, so also is that for £, and the functions f appearing in each expansion are 
of the same degrees, with the possible exception of those of zero degree which 
may appear in one and not in the other. 

In this paper we shall deal with Hurwitzian fractions in which the func- 
tions f are all of degree zero except one, and that one is of the first degree. 
We shall write the fraction in the form: 


(hi, ay see ey Ors Ary Qoy gy eee ny Aer) bm + ec), (m=1, 2, Bye eae), 


and taking first the case where the q’s are all absent, we show that, with cer- 
tain interesting exceptions, it is true for all such fractions that the numerator 
of the convergent of order 2nk—1, and the denominator of the convergent of 
order 2nk are divisible by n, while the numerator of the convergent of order 
| 2nk, and the denominator of the convergent of order 2nk—1 are congruent 
modulo n to (—1)**~?, so that the series of convergents repeat themselves, 
modulo n after 4nk terms, or after 2nk terms according as nk is even or odd. 

Exceptions to this rule occur when b is congruent to zero, modulo n, or 
when the numerator or denominator of the convergent of order kK—1 is con- 
gruent to zero, modulo n. The period of the convergents is Jo 80 suaply 
stated for these cases. 

The laws for the period of the fraction when the q’s are actually present 
are easily obtainable. : . 

In this paper we are not considering questions of convergence or diver- 
gence of continued fractions. Certain of the fractions involved are closely 
related to those called “semiregular” whose convergence has been studied by 
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Tietze,* and the rules for determining convergence or divergence of semi- 
regular continued fractions may be modified to apply to them. We are con- 
cerned here with the successive values of the numerators and denominators of 
the convergents, and not with the existence or non-existence of a limiting value 
to those convergents. The theorems obtained have to do with numbers which 
satisfy certain difference equations of the second order, and are thus, as Pro- 
fessar Birkhoff has remarked, extensions of Wilson’s and Fermat’s theorems, 
which have to do with numbers which satisfy the difference Saunt Uny == MU, 
atid u,,,—=au, respectively. 





I. 
Let A,,/B,, be the m-th convergent of the continued fraction 
(ai, Qs, Qs, -3 Oks ub), (u=1, 2, 3, TEP (1) 


where all the partial quotients are positive or negative integers or zero. Let 
also An/Bn be the m-th convergent of the fraction 
(aris Orgs +++ +) Qg, Gy, —bu—2M), (=I, 2,....), (2) 
where M= (A,2+By1)/Ara; (3) 
and we will suppose that A, is not zero. We will show by complete induc- 
tion that the following equations hold: 
Aya=Apa(—1)™, (4) 
A p= (Ay+MAna) (—1)" j (5) 
By using equation (4) we may interchange A and d’ in (5). 
To start the proof it is necessary to show that the formulae hold for r=1. 
The fractions (a, ET, S arı) and (@,_1,..--,@,, G) are inverse. (See 
Perron, “Die Lehre von den Kettenbriichen,” p. 32). We have, therefore, 
Aj_1/Ajy_s= (dh, Ug, ...-, Ay) =A, 1/B,4, and since the fractions are in their 





lowest terms, A. =A (6) 
k—-1 — + k-19 
By 1 =Ai-23 (7) 
and similarly, 
Ares =B, (8) 
Br- = Bie . (9) 


Equation (4) therefore holds when r=1, by (6). Also, from the definition of 
M we have, using.(6) again, MA,,=—A,.+B,,, sò that when r=1, (5) ` 
becomes 

$ Ay=— (Art åra tB). (10) 











* Tietzė, Math. Ann. (1911), Vol. LXX. 
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But from the definitions of the continued fractions themselves we have 
A,=b4A,1+Aps, (11) 

and A,=— (b+2M) Ay s+ 4r; . (12) 
or, using, (6) and (7), 
: Ay=— (DA, 1+24,o+Bs 4). (13) 
Substituting (11) and (13) in (10) it is found that equation (5) is trueewhen 
r=i. ` 

We now show that if equations (4) and (5) are assumed to hold for all 
values of r up to and including r=n, they must also hold for r=n-+1. 

By the fundamental formula of continued fractions (see Perron, loc. cit., 


p. 14), ; 
Aian- ApaAntBiiudAgwa ’ . (14) 
and assuming formulae (4) and (5) for r=n this gives 
Aarya = (—1)"4p 3 (Ane t+ MAn) + (—1)* 74), Be, 
and, recalling the definition of M, this becomes 
Aay =E (—1)* (4, 1442 +Ay2Ane-1), R 

and using (6) and (8) this is Aapa ™ (—1)"(Ar-14rns Birr), which, 
by the fundamental formula (14), gives: 

. l Aapa = (1) A atk) (15) 
which is formula (4) for r=n+1. 

Suppose now that formula (5) holds for r=n, so that 
A= (—1)"(4n,+MAn-1)- ; 

Multiply both sides of this equation by A, ., and add B,_,A,,_, to the left-hand 
side, and the equal expression, (—1)*"B,_,4;,_, to the right. We thus obtain 
Ay Ans +B, Ana = (—1)* (Areda MAp Ane 1—BrA nes) . 

Using (6), (7), (8) and (9), we can throw this into the form 

Ay AutBy Agua == (—1)*[a (Ay -rAne + By Ane-1) poe (Ap 2An + By -2Age-1) | . 
But by the fundamental formulae of continued fractions (Perron, loc. cit., p. 
14), this last equation may be written Anpe- ™ (—1)*(MA miye Aiai). 
To the left side of this equation add the term (n+1)báa+ns; and to the 
right side add the term (—1)"(n+1)bAuin-r, which,by equation (15) is 
legitimate, and the result is 
(n+1) DA inya t A (ntik? 

i = (—1)*?[— (n-+1) bA tata MA at tA mne] : (16) l 


es 
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But from the recurrent relation connecting the numerators in the continued 
fraction we have Aea = (+1) Aaret Aar and . 
Aang —[(n+1) b6+2M A gsyratA ies . 

Putting these values in (16) we get Amin = (— 1)" (Anin MA einer) 
which is equation (5) when r=n+1. If then (4) and (5) are true ‘for r=n, 
they must be true for r=n+1. But they have been shown to hold for r=1, 
therefore they hold in general. 

. II. 


e Consider now the continued fraction 





(2, Gri, Gras ++ -y Gey Gry Yy Aris Ars <- cy Gg, ry —bu—2M), 
(Gal, 2,....) (T) 


- where s= (B, —Ar)/4r, (18) 


and i y =— (2Bi_, tH 4rBr t+ 4raBi2)/4rBr. (19) 
We assume that A,= and B, are different from zero. We denote the 
(m+1)st convergent of this fraction by 4n/Bm, and show by complete induc- 
tion that the following equations hold: ; 
Bua=4Apa(—l)™, (20) 


Ba= (A4 +MAZ a) (—l (21) 
Equation (21) may be written, using (20), 
An= (Ba tUB) (1). l (22) 
We first show that the formulae hold when r=1. We have A; ,/By_,—a# 
= (0, Apt, r2; +++) a), OF Byy/(Aga—@By 1) = (Gris +--+) h) = Ab Bii 
=A,_1/A,2, and since all fractions are in their lowest terms, 
Byes i (23) 
y-1—UBy_1=Ay_s- f (24) 
From these two equations with (18) we get at once 
Ar- =B}, (25) 
which is formula (20) when r=1. e 
In the same way, using the relations By_./(Ay_s—@By_9) = (dpa, <- -3 Ge) 
=Aj_2/By_2= Br- Brz, we get r : 
By.=Bya, (26) 
pa OB, 1+ By, (27) 


whence, using the defining equation for x again, and remembering from the 
general theory of continued fractions that 


A,B, 2—B,1A,-2= (—1)*", (28) 
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Equation (27) reduces to 
Ay = [Bi 1H (—1)° 71/4, 1° (29) 
Now Ay=yAj;_i+4;., and using the defining equation for y together with 
(25) aud (27) we get from this, 
i r =— [Bhi tAr (Brt Bis) — (1) 1) / Aga. (30) 
Recall now the definition of M and we get A 
r t+ MAy =— [Bi HAB tB) —Ay By a— (—1)**— Bi. 1/Ara, 
. which reduces again, using (28), to ; 
Av +MA,=—B,, — (31) 
which agrees with formula (21) when r=1. 

We now show that if formulae (20) and (21) are true for all values of r 
up to and including r=n they must hold for r=n+1. We have, using again 
the formulae given in Perron, page 14, Ainiye =4r án t Brán, and 
using formulae (20) and (21), which are assumed to hold for r=n, this may 
be written: Aapa (—1)*44.4(ButUBus) + (1) "Ay Bara Putting 
in the value of M we get from this, 

Anta = (—1)" (Ar-Bnr HBrBnri) = (—1) "Bose 
which is formula (20) when r=n-+1. 


Starting now with the equation which comes from the way the continued 
fraction is defined, 
B a= (n+1)OB arnet B ate- ` (32) 
we write it, using the fundamental recursion formulae (Perron, p. 14), 
B inti = (n+1) bB nyiye- HArd ne + BioB a1 . 
This may again be written (since Boi), 1= 4, 1B at BysaBas), 
Bory [(n+1)b +M] Boyyes—Bea(ButMBur) +BreBarar, (83) 
but for r=n we have, by hypothesis, using (22) and (20), 
Bu tMBya=An(—l)*, By a= (— — Í) Aar 1° : 
Also, by (7) and (9), By 1:=Azs, By =By.. Putting plese values in (33) 
we get : 
Bosye= (nti) 64+ Boasyyrat (a1) (4; ALB, ad! Pi) (34) 
but again, from the construction of the fraction Anene- = Arán HBp-24hkis 
and (34) becomes . 
Boas = [(n+1)o+HM]B aiat (1A ae. (35) 
Now we have already shown that formula (20) holds for r=n+1 so that we 
can write Barna = (—1)"A ape In (85), and get 
* Basya= (—1)*"[((n+1) bM) Aarya t Aarne] . (36) 
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But again, from the succession of partial quotients of the continued fraction, 
Av gyp=—[ (m1) b+ 2M Anime at Agana (W=1, 2,8, ....). This in (36) 
gives Boarp =(—1) H (Ags MAn), Which is formula (21) when 
r=n+1.. These formulae therefore hold in all cases. ap i 
From the definition of M it would seem that k must not be legs than 3. 
With the usual conventions, however, that 4, =1, B,=0, A_,=0 and B aah 
the vieo pani derived above will apply when k=1 and k=2. 


Ii. 


We consider now the continued fractions (1), (2) and (17) with respect 
to any modulus n, and we assume that n is prime to 2b and to A, and to Bpi. 
The cases where these restrictions are not applied will be considered later. It 
is then possible to find two values of u, one odd and the other even, both less 
than 2n, which will satisfy the congruence 

bu+2M=0 (mod n). (37) 
Such a solution will furnish a zero partial quotient in the continued fraction 
(2) of rank uk, and the partial quotient of the same rank in fraction (1) will 
have the value —2M. Moreover, it is seen that the partial quotients of (2) 
read backward from this partial quotient exactly as the partial] quotients of 
(1) read forward, so that, taken modulo n, the two fractions are inverse as 
far as this partial quotient. We consider first the even solution of (37), 
which we denote by 2m. By the properties of inverse fractions we have (see 
equations (6), (7), (8) and (9)) Asn:r:=Aame-1 (mod n). But by equation 
(4), Asme- = — Am, so that 


Asm 1=0 (mod n). E (38) 


IV. 


The partial quotient of rank 2m is, as we noted above, congruent to —2M, 
the two preceding ones being ara and a... The recursion formulae for a 
eqnianiee fraction give 


A sar =— 2M Amr- HAm? (39) 
Aami = 44 1A ome a+ Aome—s ‘ (40) 
i Arm- = Oy 24m8 + Amp i (41) 


From these we derive, using (38) the congruences, 


A ome 9 A ome =E AA ont ’ 
A omg — lr rlanm = — At Aone s (mod n). 
A snp 4= (arilo + 1) Aeons =A . 


49 
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We infer the general law 

Aonta (—1) 4,24m (mod n). (42) 
The proof is made by complete induction. We see that the law holds for r=1. 
Suppose it true for all values of r up to and including r=t. Then since the 
continued fractions (1) and (2) are inverse modulo n as far as the partial 
quotient of order 2mk the partial quotient opposite A,,,, 18 the same, modulo 
n, as that opposite 4;. But we have Amt- =Asar—u-1y— 9: t4eme+, Where 
d: is the partial quotient opposite Asa: +). By means of (42), which by 
hypothesis holds for r=t this last equation may be written: ° 

Aomen =m [As (1) — q4 (—1)'] 
= (t) dem (At qy-14i-2) = (—1)**A, Ata, 

which is formula (42) for r=t+1. The formula then holds for all values of r. 
It may also be written 

Amrein = (— 1) AmA, (mod n). l (43) 
Returning with this result to equation (4) we obtain the congruence 

Amrop = (—1) Ams (—~-1)'*Ap, (mod n) 


= (1) A,r Ai,1 (mod n). (44) 
Put r=m in this congruence and get 4,, :==(—1)"™*'? Asmedgea (mod n), or 
A gp1[Aeme— (1) *°F? Je=0 (mod n). (45) 


In the same way, starting with equation (5), we get the congruence 

(1) P Aen Anr = Aene MAn (mod n), 
and putting r=m in this we get (—1)""P Aim Am= Ane MAn. But 
Ane = mbA mii + Ameo, Whence (—1)®® -P Aon Am = Am (mb + HM) Aye; 
which we may write in the form 

Aml (1L) — Arm] = (mb+M) An (mod n). (46) 
Now by (45) either A,, . is congruent to zero, or else Asm, — (—1)”*-? is 
congruent to zero, or perhaps both factors are. But if Aas is congruent to 
zero then A,,, 18 not, since, by the equation AmB y,1—Amse1Pap= (—1)™, Ans 
and A,,-1 can have no common factor. Therefore by (46), if A,,-1 is con-- 
gruent to zero, so is A,,,—(—1)"*-? also. If, on the other hand, Amr i8 
not congruent to zero, then by (45) A:,.—(—1)"*"? must be. Therefore we 


have in all cases, R ' 
Asn (—1) 7E (mod n). i (47) 


V. 
Returning to (42) with this last result, we get 
Aamir (—1) DA; y (mod n).. (48). 
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VI. 
From the equation A),,Bomt1—Asmt—1 Pomel we have, using (38) and 
(47), Bombe (—1)**- (mod n). . | (49) 
i VIL. 
onus (47) with (44) we obtain l 
Aimer = (— 1L) Aa (mod n). (50) 


This formula shows that apart from sign the values of A;,_, read backward 
and forward the same, from r=0 to r=2mk—1. When k is.odd the signs are 
all the same, while if k is even the signs alternate. It is easily shown that the 
same theorems apply to the continued fraction (2). Corresponding theorems 
hold for the denominators B,,_,, but to establish them we must consider con- 
tinued fraction (17). 

VILI. 


It will be observed that after the partial quotient y in (17), the succession 
of partial quotients are the same as in (2). Let us call P,/Q, the r-th con- 
vergent to the fraction 


[akis Ores +--+) Gay h, — (bu +2M)], (u=2,3,....). (51) 
We have then, l A 





AP = AYP, +A; ° (52) 
B? =BYP,+By.,Q,, ` (53) 
A, =4; P,+Ai-19,, (54) 
B, =B, P,+ By Q,. ; (55) 
Solving (52) and (53) for P, and Q, we get a 
P,= (—1)* (By14; —4¥Br), (56) 
Q =(—~1)"(— _ BUA + AY r)- (57) 
Similarly, from (54) and (55), 
P, = (>1)"(Br4,—ArB;), (58) 
7 Q= (—1)*(—B,4;+4),B,). (59) 
From (56) and (58) we get 
, ig T E E A BA ALB (60) 
ami from (57) and (59) we get 
l —By 4; +4; B; =—B,4,+ A,B... (61) 


‘Eliminate By’ from (60) and (61) and we get 
B, (AA) —A, Ay) —A, (Ay .B,—Ay Bi) = (—1) eas (62) 
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We proceed to find the values of the quantities in the parentheses. We know 
from (6) that 4, eae Also from (30), 
=— [Binat 4ra (B+B) —(—1)*")/ Ara; 
while from < A,=— (bå, +24, +B), and from (25) Ay, =—B,4. - 
Putting tlrese values in the coefficient of Bi in (62), replacing B, by its ‘value ` 
bB,+1+B,_., and remembering that 4,_,B,.—A,.B,_, is equal to (—1)*™, 
we get easily Ay ,4,—A/A,,—=(—1)*~. The coefficient of A} also reduces. 
For we have By=—(b+H) Biy_g+ Bis; or, using (8) and (9), . 
B,=—(b+M) Ay ot Bi-s- : ? 

Using the same reductions as before, the coefficient of 4, may be made to take 

the form (— IEM, so that (62) reduces to ; 
Ten A! =MA;,—B;. (63) 
If now in this last equation ` we put rk— 1 in | place of r, and make use of (20) 
` and (50) this may be written: 

l (=1)'By =B MAn (mod n). (64) 
Again, put r=2hm in (63), and note that Aj,,=(—1)"*t?- (mod n), 
Bony a= (—1)"=*” (mod n), and by (22) 4jc=Boart+UBomr1, and get on 
reducing, Boma==—B'y, (mod n). (65). 


IX. 
The partial quotient of order 2mk in continued fraction (2) is zero, 
modulo n, so that we may write the following congruences : l 


+ ‘ 
Bonk =B imt , . 
r 7 , ae mkt) 
Bint 1=4 Bime + Bins (—1) PFD, 


; ; : (mod n) 
Bem —1= 2B emr + Bomi, 
ER ERA Gul atlas E E rote š 
whence we obtain: 
Bime =B — Bone, by (65), 
Bimm (—1 ) doar 
Bims- — Bomy , (mod n) 


Binare — A, (— Bome) + (—1) F, 
Bim a= (h0 +1) (—Beme) Og (—1)"*, 


* 


From these congruences we infer the following which is easily established by 
complete induction = - 


Bims (—1)"(—4, sBomi— (—1) "Y B;a) (mod n). (66) 
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Put r=2mk—1 in this last congruence and get 


Bi=A ane sBaget (—1)""*? Bags (mod n). = (67) 

But By=1 and Amt- ari Aene =L, Beme-1—U1Bomt-2= Beams, 80 that 
‘A sye—g==4,_.(—1)™**? (mod n), and (67) reduces easily to ° 

Bon ™= — Banse (mod n). (68) 


But since the partial quotient of (1) of rank 2mk is —2M, and Bim a=, 
we have Bon=—2M (— —1)™+ -Bima (mod n), so that, by (68), 


Bem =—M (— —j)™HH (mod n). (69) 
Returning with this value to (66) we get 
Bigs = (—1)"¢#?4"1(B,_ MA, 4) (mod n). (70) 
| X. 
Reading backward from B,,,, as in the derivation of (66) we arrive at 
the formula Byge-2= (—1) "P49 (BY. MA’) (mod n). (71) 
In this formula put r=tk+1; then 
Beme—ea= (—1) 9 (Big =M Aa) (mod 2), (72) 
and this with (63) gives Bony a= (—1)"4t?t*"4i,_, (mod n). But, by 
(20) this gives p a ae(— 1) MOOR, (mod), = (73). 


which is the same relation between the B’s as (50) between the A’s. 


XI. 
From (72) and (73) we get easily 
Bra (—1)' (Bra MAr) (mod n), (74) 
while (71) gives the corresponding formula: 
Biya==(—1)'(Bas—MAy 1s) (mod n). — (75) 
XII. 


Let m now be the odd value of u less than 2n which satisfies the congru- 
ence, ub +2M=0 (mod n), and suppose first 2m is greater than this odd value 
‘go that 2m—m’=n. We have’ , f 


Asm 3=0S 4 Agn1+AgraBara (mod n), - (76) 
dame =(—1)"* Ay Aon t AnaBne (mod n). (77) 

Eliminate 4, from these two equations and get 
Banya An, (—1)*-™*™ (mod n). (78) 
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But by (50) and (73) we know that m : 
| Agea=(—1) OP" Ag (mod), (79) 


| By a= (—1) 9" By, (mod n), (80) 
so that? |; A,,=—B,,-1 (mod n). l l l (81) _ 
But Asge1=AgpA grat Bu rAgea=Anra (4, +Br-1), 80 that by (81) we have 

Ag, 1==0 (mod n). l o? {82) 
Also Bigp=AgpBap-+BaxBays; and this by (81) gives 
Baye=0 (mod n). l (839 


Again, Ans = Adu + AusBa =—AuBuat+ A+B, by (81), and by 
(82) and (83) this gives 


Ag=(—1)"" (mod n). (84) 

And, finally, from the equation A...B.;;—Asap1P agp = 1, WE derive A 

Bag i= (—1)™— (mod n). (85) 
XIL. 


Suppose next that m’ is greater than 2m so that m’—2m=n. We have 


wee AmA nr Aam +A gp iBoms ’ Aya = Apron + Ant 1Bem—a E 
'” Put in these the values of A:,., etc., already derived, and these equations - 
pecome © (Ays dy MA (mod n). -| (86) 
l (—1) H Awr =4n (mod n). =- (87) 
(—1)™"B us =B,,—MB,,, (mod n). (88) 
(—1) "Bo. 1=B,, 1 (mod n). ; l (89) 


From these we get , ; 
Ant By as (1) HH (Anm t MA mit Bos): (90) 
But, recalling the definition of m we observe that the fractions (1) and (2), as 
far as the km’—1-st term, are inverse modulo n, so that 


Aurin (mod n). , = (91) 
i - Aara ™=Bwr (mod n). aa (92) 
Ban a=Ayy-s (mod n). (93) 
l Bar s= Bans (mod n). .. (94) 
Also by (5), since m’ is odd, —A mi =4 mwi MAn. . 
Further, since the m’k-th partial quotient is zero in (2), , 
Am=An,-s (mod n), (95) 


* .. whence, from (92) and (95) P 
Am tMi =— Bm (mod n), | (96) 
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which in (90) gives Age +B yy 120 (mod n), and this is the same formula as 
(81) for the case where 2m is greater than m’. Formulae (82), (83), (84) 
and (85) therefore hold whether 2m is greater or less than m’. 


From the equations , i i 

Ains =Le tH Aont-B any (97) 

, Aini = Arye Anr- + Aan 1B ans » (98) 

Baz =BonrAone+ BonraB ants (99) 

. A . Bay a=BayAam—1t+ Benr—P ona) (100) 

we now derive f 

Ay, =B,,,=1 (mod n), (101) 

Ag 1= Bi =0 (mod n). (102) 


From these results it appears that taken modulo n the series of convergents 


repeat themselves with a period of 4nk, but if k is odd as well as n, the period 
is 2nk. 


XV. 
We now extend the above results to the fraction 
(ai, Qz, Qg, --. -3 Griy UDC), (u=l, 2,3,....), (103) 


where, as before, n is prime to 2b, and to A,_, and B,_,. It is clear that there 
will be a partial quotient ub+c=0 (mod n), after which the fraction is of the 
type (1). Call P,/Q, the r-th convergent of (103) and as before 4,/B, the 
rth convergent of (1). Then we have, u being determined by the congruence 
ub+c=0 (mod n), 


P irena =P aA HP aBer (mod n). (104) 
Patons =P arAsn t Paraben (mod n). (105) 
OO As i Ope Bags (mod n). (106) 
Quint =Q u4 t Qar—iBoge (Mod 12). (107) 
But we have also, 
P preni =P onb pei H Penaga (mod n). (108) 
Pares =Po P ar t Ponu (mod n). (109) 
Qu +2ne—1==VeneP u t Ran- (mod n). (110) 
i : Quienk = Qan. uz t+ Voner9ax (mod n). (111) 
Using (82), (83), (84) and (85), we derive from these, 
Paral (1) "7" — Pons] =Po- (mod n). (112) 
Pal (—1)""—Pone] =Po (mod n). (113) 
Qual (—1) "7 — onra] = Qand ata (mod 2). (114) | $ 


Qal (—1 ) Qan] =Q. a (mod n). 2 (115) 
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Eliminate now Pası from (112) and (113) and obtain ` 


; i (Parar — Ppr. pari) [(—1) 7 Pann] =0 (mod n). 
Then, since the first factor on the left is +1, we have 


. Pays (1) (mod n). | oe ~ e 
Similarly, from (114) and (115) we get, i > 
Qayx-1== (—1)"* (mod n). o (417) 


Also, by (112) and (113), Pas-1Qa1=0 (mod n), Pas-Qu=0 (mod n), and 
since Q,, and Qu can not both be congruent to zero on account of the equas 
tion Pur Qura— Pn 1 Qe = (=)? we must have 


Pus- 1=0 (mod n), - (118) 


‘and, similarly, : 
l Q0 (mod n). (119) » 
XVI 


The above results may be extended to fractions which have a set of 
“irregular” or non-periodic partial quotients followed by partial quotients of 


the sort considered in fraction (103). Such a fraction would be of the form : l 


Ay 9a» ney drs ag Qoy 40 + Ma, LDH), (u=1, 2, 3, snc 
For this fraction there will be r aon neces convergents, after which the- 
periodicity begins, the length of the period being the same as for the fraction 
-(103). The two successive convergents which close each period will, however, 
not be-congruent respectively to +1, 0 and 0, +1, but to the (r—1)-st and the 
r-th convergents respectively of the fraction (g1, 4, --.-, dp)» 


XVII. 


We consider now the special cases which have been ruled out in the state- ` 
. ment of our theorems, and take up first the case where b is congruent to zero, ` 
modulo n. This will include also the case where b is actually zèro, in which ` 
case the fraction is an ordinary purely periodic continued fraction. We may ` 





write it in the form (a1, as, @,....,@). The convergents of order k and k—1 
are connected with those of order 2k and 2k—1 by the following equations: 
, Ag =Aj+A,B,, Bar =B,A,+ BB, 


Ag 1.=A,A,1+ApiBir, By 1~=B,Apit Bin. 
` Now, these are seen to result from the same process as that by which two © 
linear homogeneous substitutions are compounded, so that if we call T, the 
substitution, l l 


A,, By. 
, n=( » Bs ), 
° \Ara, Bi 


